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TRANSLATOR'S PREFACE. 

The treatise of Professor Christiansen, of which a translation is here 
given, presents the fundamental principles of Theoretical Physics, 
and develops them so far as to bring the reader in touch with 
much of the new work that is being done in that subject. It is 
not in every respect exhaustive, but it is stimulating and informing, 
and furnishes a view of the whole field, which will facilitate the 
reader's subsequent progress in special parts of it. The need of such 
a book, in which the various branches of the subject are developed 
in connection with one another and in a consistent notation, has 
been long felt by both teachers and students. 

The thanks of the translator are due to Professor Christiansen for 
his courtesy in permitting the use of his book. The translation was 
made from the German of Miiller. The first draft of it was 
prepared by the translator's wife, without whose aid the task might 
never have been accomplished. 

W. F. MAGIE. 
Princeton University, September, 1896. 
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INTRODUCTION. 

In tho Science of Physics it is assumed that all phenomena are 
capable of ultimate representation by motions, that is, by changes 
of place considered with reference to the time required for their 
accomplishment. We therefore begin with a brief discussion of the 
theory of pure motion ' (Kinematics). We will treat first the motion 
of a point. The continuous line traced out by the successive positions 
which a moving point occupies in space is called its path. The 
symbol 8 represents the distance which the point traverses along its 
path in the time L In measuring these quantities the second is 
used as the unit of time; the centimetre, as the unit of length. 
The measures of all the magnitudes which occur in the discussion 
of motions may be stated in terms of these two units. 

Motions are distinguished by the form of the path, as rectilinear, 
curvilinear, or periodic. Eectilinear and curvilinear motions are 
sufficiently defined by their names. A periodic motion is one in 
which the same condition of motion recurs after a definite interval 
of time; that is, one in which the moving point returns after a 
definite time to the same position with the same velocity and direction 
of motion. 

Rectilinear motion may be either uniform or variable. It is uniform 
if the moving point traverses equal distances in equal times. In this 
case the point traverses the same distance in each unit of time, and 
the distance traversed in the unit of time measures its velocity. If 
the point traverses the distance 8 in the time t with & uniform motion, 
the velocity c is the ratio ot s to /, or (a) c = s/t, A velocity is 
theref(j{^re a length divided by a time. 

If a point moves on the circumference of a circle with a constant 
velocity, the radius vector drawn to this point sweeps out equal 
sectors in equal times. In this case the angle which is swept out by 
this radius vector in the unit of time measures the angular velocity. 

A 



^W I 



•fi- ^r^ri ..- :.:.-^ : .r-r-:- -: :.::^ -.zi— - . . ri .. * i^'i-rs motioD 
-t ■"i-c^.i'^i "^ = = = 1 "_ir "-iri Lki'i. in the 

^ji.'y: 'A ik r t,r^ - zi: " ■:. - ~zj' is. Jk motion 

i* v*r-i-..^ ^ .: .i :.. : -n l: : . : i-n Tit iz.-.^ ~il>::tT daring 
•h-i :in-7 * > -_l*.' -s. iit ■■:..•.■:■ t--li ti:*:! lir zoint muBi 

rfi^vr --.:'..—-i_T ..: .r:-- : -.-*=.-•-: -^-r i^-r^::^!.':^ ::: lie tune /j. 
Tl-s ri.t5*:. T-. ..:..:- i-r,*-. :• „- .: ■::■: r.-^r^ : j.ii*.- -Jla: U uken into 
cori.-:;-::*:: .-- Ti-r .-ir. — — i^-. i'.v:--r t zz^:.: iini- if A# and 
-J v,ir.L.r. r.-i:-*.--r. ■--«.- 7:_- _-.- > -— ctr^i "t />•/?, and 
reprT-rr.:- :::^ -t1:.:.-- -fc-. :.i- ......ii': ti^i :-c ii;:::n U variable. 

The vclxliT :: i -.:_i:l xi.^ - -■.i > -i^-^iti-*- i- riereforc given 
by the r..-?: i^-er^i::^ ::n± >-..: .: .t-^- ▼-.:i rwp«: to time. 
The increm-rn: j.- :: :i-r ■ s-,.-.'^ iir-^^ :^-= iLzn-r-cLeaen: •.//, divided 
by 'yV. represcnii :if= •--•^-■■r^ -.^n: Ti.il'i :»j iraTersrf at this rate 
in a uni: of zin^-t. 

We mav isirin* ir":>rir^.- ^ t-^v-^ ^^: :;c Tc:«xi:y. as ako fcr 
all thtr orh-r phvrl.ul - v - - :>-^s vi_.:i t- sj^'z :■;. measure. But 
«il phenom^rri^ 'i-rt-rr.-i :-_:--: nii.M ::" =:.k?.f«. iSfi Juiv one of them 
cun therefore r>:- meAsirri iz :cr:z-* .:" :i-: >♦ i.> ^.'-ii-* of bwas /«^i 
and /!//<>•. As nr.:: o: - j^^ * -art t^Jcf :*r z-i=* •;•: a cubic centimetre 
of water at the temptrjkiort 4* C . .j: :i- , •: ^ ^ ^ unit of length, the 
c*:n(inuirK ; iis uni: of ::xne. :he •- . -i. Iz ,x-:ri5:Jwith the absolute 
unitij all others are -.ille^i :>:-:>•:' ;r >>•.: iiuia^ These may always 
>je expressed in term* of :he j*:^:l.i:.e :iri:5w The dimtuswM of a 
deriverl unit express the mi::r.cr in 'x-zl:z :: involves the absolute 
units. If we expre«« len^^ih by 'L\ c-iio by \^fj and time by [1\ 
we have for the dimeuaions of velxi-.v 'LI~-\ 

We will follow the notation inirL-iuced by Nei»ton, and write for 
'// '// the abbreviation i. SimiLiriv ■ is us^^l to represent dxldi^ .etc. 

In general, the velocity of a niovin:: bixiv varies ^"ith the time; 
the veUx;ity i.s then a function .>f the time. If the moving pomt 




'»t tune, that in, the accdtrathm. The equation defining p is 

t\n p-( v" - r'l it" - /'; = Af. A/ or /» = </r, (// = r. 

:'.»nMj »; ./x/// ^, we have p = d;^,tlt ^d's,dt- =s. The acceleration, is 

M.*^M:for*: t.f,r. Hftcorid differential coefficient of length with respect 



INTRODUCTION. 3 
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to time. Since the difference between two velocities is itself a 
velocity, and the difference between two times a time interval, wo 
obtain from (b) for the dimensions of acceleration [Zr~2]. 

If the velocity increases by the same amount in each equal interval 
of time, the acceleration is constant and the motion is said to be 
uniformly accelerated. As may be seen from the foregoing discussion, 
it is in this case only that the acceleration is measured by the 
increment of velocity in the unit of time. If the acceleration is 
variable and a function of the time, the motion is said to be variably 
accelerated. 

We will consider next the cvrvUinear rmdion of a point. Let ds 
be an element of the curved path. The direction of motion of the 
point changes. It coincides at each point on the curve with the 
direction of the element of the curve at that point, or with the 
tangent to the curve. If the element ds makes the angles a, ^, y, 
with the axes of a system of rectangular coordinates, and if dx, dy, dz 
are the projections of ds on the axes, then 

dx — ds cos a ; dy = d8 cos P ; dz = ds cos y. 

The elements dx^ dy, dz are the edges of an infinitely small rectangular 
parallelepiped, whose diagonal is ds. Forming the expressions 

dxjdt = ds/dt . cos a, dy/dt = ds/dt . cos ^, dz/dt = ds/dt . cos y 

or x = 8 cos a, y = tf cos P, z = s cos y, 

we see that ac, y, i are the projections of the velocity of the moving 
point on the axes. In this way a velocity may be resolved into 
three components in three directions at right angles to one another. 
This resolution of velocity corresponds to the representation of a 
curve in rectangular coordinates. The velocity x is that with which 
the moving point departs from the ^;r-plane. Instead of dealing 
with the motion of the point expressed in terms of elements of the 
enirey we introduce three other motions which produce the same 
result^ namely, a motion of the point in the x-axis with the velocity J; 
a motion of the x-axis with the velocity y in the direction of the 
y«xi8, during which the a^axis remains parallel to its original position, 
and a motion of the 2^-plane in the direction of the ^axis, with the 
Telocity £, during which the xy-plane remains parallel to its original 
position. 

K a, 6, and c represent the coordinates of the initial position of a 
pointy and if this point is considered as affected simultaneously by 
two motions, whose projections on the ^-axis are .r^ and a^ the 
whole distance traversed by the point in the direction of the a- axis 
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CHAPTER I- 

GENERAL THEORY OF MOTION. 

Section I. Freely Falling Bodies. 

The investigation by Galileo of the motion of freely falling bodies 
was the first step in the development of modem physics. It is 
advantageous to start from the same point in our study of the 
' eabject. Gralileo concluded from his experiments that all bodies falling 
freely in vacm will fall at the same rate. This is one of the most 
important discoveries in natural science, since it shows that all bodies, 
independent of their condition in other respects, have one |>roperty 
in common. No parallel to this has been found in Nature^. It pbitits 
to a unity in the constitution of matter, of which we certainly do 
not as yet appreciate the full significance. 

Galileo's conclusions have been confirmed by the careful experi- 
ments of Newton, Bessel, and others. Gulileo concluded further, 
• that (he distance s traversed by a falling body in the time t is proportional 
io the square of the time, so that (a) s = ^gf\ where ^ is a constant. 
The constant g is called the acceleration of gravity. The falling body 
baa a uniformly accelerated motion, since 

dsjdt =s=gt and d'^s/dt^ = s = g. 

Its acceleration is therefore constant. This second law of falling 
bodies is not to be considered a fundamental law in the sense in 
which the first is.* In the time t immediately following the time /, 
the body traverses the distance o-, which is determined from the 
equation .? + <r = ^(/ + T)2^. By the use of equation (a) we obtain 

* Later reeearcbes have shown that the value of the force of gravity depends 
on the distance of the falling body from the centre of the earth, and therefore 
ff varies during the fall. However, the variation of (/ is so slight that it has 
not yet been detected by direct experiment on falling bodies. 



(JENKIJAL THEORY OF MOTION. [chap. i. 

(b) fr = gfr ■{■ l^ffT'. During the time t the velocity is variable, but if 
V is th<? mean velocity during that time, we will have r = <r/T = /7/ + i^. 
If T is infinitely small and equal to <//, we have (r = ds, and neglecting 
ytlt in comixarison with ///, (c) v = ihi*U = k = gf. The vdocUy iherejon 
inrmiaea projtf/rtionulh/ io the time, and g represents the increment of 
rehtrity in the unit of time. 

The b^Kly falls through the sjMice s in the time /, which, from (a), 
is determined by (d) t = j2si'(f. 

The velocity at the time / is obtained by substituting this value 
of / in (c); making this substitution, we have (e) r = j2Ag, We 
reach the same result by eliminating / between equations (a) and (c). 
From the laws of falling bodies we deduce the Uiw of inertia. 
In order to explain the fact that the velocity of a falling body 
increases uniformly with the time, we make the assumption, that 
a hufhj retains a relocUy once imparted to it unchanged in magnitude and 
direction ; any change of its velmty is due to external causes. This law 
is called the principle of inertia. 

At the time (^+t) the velocity r is r' ^gt-h-gr. The initial velocity 
is here gt, to which, in consequence of an external cause, namely, 
the force of gravity, the velocity gr is added. Under the action of 
gravity the body traverses the space ^t =^ gtr ■{■ \gT' in the time t, 
immediately following the time /. The falling body traverses the 
space gtT during the time t, with the velocity gt attained at the 
end of the time t ; the additional distance ^gr^ traversed by the 
falling body is due to the action of gravity during the time t. 

The principle of inertia holds not only when the increment of 
velocity is in the same direction as the original velocity, but also 
when it makes any angle whatever with the original velocity. This 
principle justifies the application of the methods of geometrical 
addition to the motions and accelerations of Ixxlies. 

The laws of falling bodies leiid also to an answer to the question, 
how forces are to be measured. It is evident that the gain in 
velocity of a body, and its pressure on a support, that is, its weight, 
are properly regarded as actions of one and the same force. The 
incrcjising velocity of a body in its fall is an evidence of that force, 
and the increment of velocity in the unit of time gives a new measure 
of it. This definition shows what l)efore Galileo's time was not 
clearly understood, how the combined action of several forces may be 
measured. The increments of velocity corresponding to the separate 
forces are combined by the method previously described, and the re- 
sulting increment gives a measure of the combined action of the forces. 
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Section II. The Motion of Projectiles. 

We will apply the foregoing principles to the motion of projectiles, 
wiiich is closely connected with that of freely falling bodies. We 
conndor 

1. Vertical projection, both downward and upward. 

Gkdileo, in his study of the motion of projectiles, proceeded on 
tlie assumption that a body which is given an initial motion in any 
direction retains this motion, which is combined with that imparted 
to it by gravity in accordance with the laws of freely falling bodies. 
H'%t the time / = 0, the velocity u is given to a body, directed 
vertically downward, its velocity r, after the lapse of the time /, 
JB (a) v==u + gt, and the distance traversed is (b) s^ut-^^gt^. If 
the body is given the initial velocity «, directed vertically upward, 
the corresponding formulas are (c) (d) v = u~ gt 9.nd 8 = ut-^gl^* 

2. Projection in a direction inclined to the vertical. 

Let a body be projected in the direction OA, making an angle a 
with the horizontal. Let OA represent the initial velocity i^ (Fig. I). 
The space which the body 
would traverse in the time 
I if gravity did not act on 
it is OB = uL The body, 
however, does not reach B, 
but^ at the end of the time 
ip is beneath B at the point 
C, so that BC=\g^. Let 
the X-axis Ox and the y-axis 
Off lie in the vertical plane 
eontaining 0B\ then the 
eoordinates of the point C 
at the time / are 

(e) a;=07) = ttfcosa, 

y = C7) = tt< sin a - yt^. 

By these equations the posi- 
tion of the body at any 
tame is determined. During 
the time-element dt the coordinates x and y increase by 

(f) dx^ueoAadt and dy^^usinadt- gtdt. 
The distance ds traversed in the time dt is determined bv 

d«« = rfx« + dy^ = [(u cos a)2 + (u sin a - gt)^]dfi. 




Fig. 1. 
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The velocity v is given by 

(g) (h) v = 8 and v^ = i^ = J^ + jf^ ==u^ - 2 ugt sin a + gH\ 

The components of the velocity parallel to the axes Ox. and Oy 
are respectively v . dxlds and v . dyfds^ or, by (g), are equal to x and y. 
From equation (f) we have (i) x = u cos a ; y^u2AVi a-gt Hence 
the horizontal velocity is constant, while the vertical velocity 
diminishes uniformly; this follows because the only force acting is 
directed vertically downward. 

If / is eliminated from the equations (e) we obtain for the equation 
of the path (k) y = a; tan a - Q^]ih . (1 + tan^a), where h = Jm^/^ is the 
distance through which the body must fall under the action of gravity 
to attain the velocity u. Equation (k) shows that the path is a 
parabola. The range, or the distance reckoned from 0, at which 
the path cuts the a?-axis, is given by (k) if we set y = 0. Wo have 
= tana-^pa(l + tan2a)/tt*. The range Wy or the particular value 
of X given by this equation, is W— u^ sin 2a/g ; the maximum range 
is attained when a = ^ir. 

If the velocity u is given, we may determine from equation (k) 
the direction in which a body must be projected in order to reach 
a prescribed point. Transposing, we obtain 

tan a = (2h ± JV^ihy- x^)/x. 

This equation shows that there are in general two directions in 
which the body may be projected with the initial velocity u so as 
to reach a prescribed point. If the expression under the radical 
is zero, there is only one possible direction. If the point to be 
reached by the body is so situated that ^h- - 4hy - x^<0, tan a will 
be imaginary, and the body will not reach the prescribed point. 



Section III. Equations of Motion por a Material Point. 

In the theory of motion we use the word force to designate the 
causes, known or unknown, of a change in the motion of a body. 
If a body at rest is set in motion, or if a moving body comes to 
rest, these changes are ascribed to the action of a force. If the 
change is sudden, the force acting on the body is called an instanianeoHS 
force or impulse. Close examination shows, however, that finite 
changes in the motion of a body are never instantaneous, but occur 
only in a finite time. This time may, in many cases, be very smalL 
The motion of a body, which is measured by its velocity, may vary 
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both in amount and in direction. The velocity of a freely falling 
body varies only in amount ; the velocity of a body revolving round 
a centre varies in direction, and sometimes also in amount. Experi- 
ment shows that all changes in the direction, as well as in the 
amount of velocity, arc due to external causes, which act during a 
longer or shorter time, but never instantaneously. 

We may set aside all questions as to the origin of force, and 
measure the amount of a force by its action. We may take as a 
measure of a force either the space which a body, starting from 
rest, traverses under the action of the force, or the velocity which 
the force imparts to the body in a given time. There is no essential 
difference between these two modes of measurement, but generally 
the velocity produced, or better, the change in velocity, is used for 
the purpose. We measure the amount of an impulse by the cJmnge in 
rtlocUy imparted to the body by the impulse^ and the atnount of a constant 
force acting eoniinually vpon the body, by Hie change in velocity which 
'iratrs in a sec4md. Newton assumed further, thai the force is proportional 
to the quaniiiy of that which is set in motion, that is, to the mass m of 
the Itody, He therefore set F=f,m.b where b is the acceleration of 
the body, and / is a factor dependent on the units of force, mass, 
and acceleration, or on the units of mass, time, and length. If we 
8et/=l, then F=m.b, and we obtain the following definition for 
the unit of force : The unit of force is that force which imparts the unit 
f*f acceleraiian to the unit of mass, or which imparts to a body in a second 
the unii of momenium (cf. XVI.). This unit of force, called a dyne, 
is therefore that force which, acting for one second, imparts to a 
mass of one gram the velocity of one centimetre per second. Hence 
the dimensions of force are MLT~^ (cf. Introduction). 

The force with which a body is attracted by the earth is called 
its weighty and is measured by the product of its mass and the 
acceleration which it would have if it were falling freely. If a body 
18 prevented from fieilling by a support, it exerts a pressure on the 
support which is equal to its weight. Conversely, the support exerts 
the same pressure on the body, in accordance with the law of acfhm 
and reaction. This pressure may be determined by the balance, by 
the elasticity of a spring, etc. 

Since the velocity which is caused by a force F may be resolved 
into components in the directions of the three axes of a system of 
rectangular coordinates, so, in the same way, the force F may be 
resolved into components aJong the three coordinate axes. If these 
components are represented by -Y, Y, and Z, wo have F- = A'^ + Y- + Z^, 
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We may also resolve force? into their components in other ways. 
These will be treaterl later. 

If a >x/dy moves with the velocity r in the direction JB (Pig. 2), 

and if a force act« on it in the direction AC^ 
the fuith of the body may be determined br 
the method used bv Galileo to obtain the lav 
of the motion of projectiles. Consider the motion 
in the time r. In that time the bodv will tia- 
verse the distance JM = rr, in consequence of 
its initial velocitv : in the same time it will 
traverse the distance AX=lyT^ under the action 
of the force F, if y represents the acceleration 
due to the force F, If the parallelogram AMDS 
is constnicted, D will be the position of the hodf 
at the end of the time t. 
lA:i the direction of motion make the angles a, p, y with the axei 
0X» OV, OZ of a system of rectangular coordinates ; let the direction 
of the force make the angles A, /i, v with the same axes. If the 
coonlinates of the ]X)int A are r, y, and -, the jr coordinate of the 
fKiint D is (b) / + AM cos a + DM co8A = r+rrcoso + Jyr* cos A. Since 
the coonlinates are functions of the time, we may obtain an expression 
for the J'-coordinate of D by the use of Taylor's theorem. Applying 
this theorem, we obtain (c) r + .'T + A>r-+ .... By comparing (b) and 
(c) it follows that (d) (e) rcosa = .i- and yco8A=a^. In a similar 
way we obtain ?' cos fi — //, y cos /x = // ; /• cos y = i, y cos v = i. The 
synibfjls >, //, i represent the velocities along the coordinate axe«; 
this appears also if we write r-ds/dt, and notice that cosa»(//:</j; 
etc., so that r cos a = rfj^/r/ir . ^ = :»>. From (e) it follows further that 
my cos A = mJr. Since my is the force F^ J'X"^ + Y* + 2P and my oot A 
represents the x component .V of the force F, we have (f) X^mr; 
similarly V=^itti/, Z=mz. These equations (f) are the equations cf 
motion of the particle m. If X, }\ and Z are given Amotions of the 
cf>ordinates, of the time, and sometimes of the velocity, eqaatioM 
^f) will determine the motion of the mass iw, if its position and 
velocity are given at the beginning of the motion. To determine 
the motion, however, it is necessary to integrate equations (f), which 
can be done in only a very few cases. If the motion is known, 
that is, if r, y, and : are given as functions of the time /, these 
equations may be more easily api)lied to find the force which canaes 
the motion. 

^^e will now consider some examples. 
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1. Motion in a Cirde. 
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Let a body of mass m move with constant velocity in the circle 
ABC^ whoffe centre lies at the origin of coordinates, and whose 
radius is R (Pig. 3). Let T represent the time of revolution, or 
period. If co represents the angular velocity of the body, and if the 
;<;-axis is drawn through the point occupied by the body at the 
time ^ = 0, we have x^Rco%(td)j ^ = ^ sin (o)/). It then follows 
from (f) that Jr«sffia5= -mw*/^co8(w/), Y=mj/= -muir 11 sin (tat) or 
X= -miolhcj Y= -mtahf. The force acting on the body is, therefore, 
/*= \/X--ry'=mu^R. The cosines of the angles made by the direction 
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of the force with the x- and y-axes are respectively -cr/R sind -yjR, 
The fimse is tlhierefore directed toward the centre of the circle. If 
V represents the velocity of the body in the circle, we have 
»«^«-2fl-^/r and F='mv^/R = ^Tr^mR/T^, The accelerafim directed 
kward the centre^ the so<aUed centripetal accel^ation, is equal to r^/R = Ru)^. 
F is called the centripetal force. This result was first obtained by 
Haygens. 

2. The Motion of Projectiles, 

Let a body be projected from the origin of coordinates with the 
Telocity « in a direction which makes the angle a with the horizontal 
i^axis ; let the positive ,v-axis be directed upward. Then 
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fr''*m *rt^ fio^ition of <t|iilibriiim to the point /*, which the body 
'^^^'^pii^ ;%t th4^ time /, the force which ixrg«$ it toward O may be 
^xt vjTuU V/ - iMi;V, where ^ is a constant. The components of this 
fffp^A Af^ X^ - ffid:% V= -nu-v, and the equations of motion are 
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[lie integrals of these equations are 

x=^a^ cos kt + \ sin kt, y = ajcos kt + htfim kt, 
Arhere a^, b^, a^ b^ are constants. If the coordinates of the point F 
it the time ^ = are Xq, y^, and if the components of the velocity v 
it the same time are Uq and Vq, we have 

With these values of the constants, the equations become 
X = XqCOb kt + ujk ,Bmktj y=yQ cos kt + vjk . sin kL 
The components of the velocity are 

x= - kx^sin kt + UqCOB kt, y= -ky^sinkt + VQCOskt. 
If, when ^ = 0, the point P lies on the axis Oy, and if its initial 
velocity v is parallel to the x-axis, v^Uq and Vq = 0; and 

X =s Uq/A; . sin kt, y = y^co^ kL 
For two values of / which differ by 2ir/k, the values of x and y 
are the sama The motion is therefore periodic. The period is 
T==2irjh If we divide the first equation by ujk, the second by y^, 
and add the squares of the right and left sides of both equations, 
we eliminate t, and obtain the equation of an ellipse as the equation 
of the path of the body. 



Section TV. The Tangential and Normal Forces. 
Let MAD (Fig. 5) be a part of the path of a body whose mass 
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is m, let AB be the tangent to the path at the point A, AC, the 
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direction of the force F acting on the body. The directions of the 
motion and of the force lie in the plane of the path. We chooie 
this plane for the a;^-plane of a system of rectangular coordinatei 
whose ;c axis lies in the direction AB, The normal AH, drawn to 
the same side as the force ACy is taken as the positive y-axis. The 
equations of motion are mx^^T^ ini/ = N. 

T and N are the cbmponents of the force in the direction of the 
tangent and of the normal, and are called in consequence tangeniial 
and normal forces. If the small arc AD is represented by «, if J 
is the centre of curvature of the curve at the point Ay and if the 
radius of curvature AH is represented by E, the coordinates of i) are 

;r = i2 . sin {s/R)y y = R-Rcos (s/R), 
Hence x = 8. cos (s/R) - sin (s/R) . fi^/R^ 

i/ = 8, sin (s/R) + cos (s/R) . i^/R, 

If s is very small, we may set cos (s/R) = I and sin(s/i?) = 0. We 

have then x = 8y y==8^/R=^t^/Ry 

and therefore T=ni8 and N=mi^/E, 

that is, the tangentud force is proport'wnal to tJie acceleration in the paA. 
The normal force is proportional directly to the square of the velodiy^ aid 
inversely to the radius of curvature. 



Section V. Work and Kinetic Energy.* 

If a particle, under the action of a force 5, moves along a path iiL^ 
whose direction is that of the force Sy the force is said to do work 
equal to Sds, If the direction of motion and the direction of the 
force make the angle 8 with each other, we must use the compoMri 
of the force in the direction of motion, instead of the total force 5; 
the work done is Sds cos 6, If the body moves in a given path tf 
under the action of the tangential force Ty the work done by motioi 
through the element ds is Tdsy and the work done in the path v 

is given by the integral \ Tds. If the velocity of the partide ii 

represented by v, v = ds/dt and 2' = iiu = mv. Hence 

(a) / Tds = / mvcdt = ^ni'i^ - h^^o^t 

where Vq represents the velocity of the body in its initial position % 
The quantity imi^y or the product of one half the mass and the 

* Kinetic energy is also called actual energy or vis vtuo. 
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iquare of the velocity, is called the kinetic energy of the body. 
B*rom equation (a) ihe gain in kinetic energy is equal to the work done 
^y the tangential force^ or is equal to the work done by the total force, 
since in the calculation of the work as it has been defined it is 
aecessary to consider only the component of the total force which 
acts in the direction of the path. If a, j8, y are the angles which ds 
makes with the coordinate axes, and X, Y, Z the components of the 
force jT, then the following equations hold : 

r=-Yco8a+ Fcos^ + iTcosy, 

f^ cos a = (2a;, ds cos P = di/f dscosy = dz. 

The work done by the force T in the infinitely small distance ds is 

Xdx+Ydy + Zdz, 

Equation (a) then takes the form 

(b) \(Xdx + Ydy + Zdz) = ^mv^ - Imv^^. 

This equation may be applied to advantage in many cases, especially 
if the force is a function of the coordinates only. If the path is 
also given, we may use this equation to determine the velocity at 
any point in the path. 

1. Example, — Let the jc::-p]ane of a system of rectangular co- 
ordinates be horizontal, and let the i^-axis be directed vertically 
upward. Let a body of mass m be situated on the ^-axis, and let 
the only force acting on it be gravity. Its components are 

X=0, r= -mg, Z^O. 
We have therefore J (Xdx + Ydy + Zdz) = - fiig{y - b), if the body 
begins to move at the point y = b. From (b) we obtain 

(c) i^=^v,^-2g(y-b). 

Hence the velocity is determined by the y-coordinate alone. This 
example is discussed in II. 

2. Example. — ^The force is a function of the distance of the particle 
from a fixed point. Let the force be a repulsion and a central force, 
that is, one whose direction passes always through a fixed {)oint 0, 
We take this point as the origin. The components of the force 
which acts at the point (x, y, z) are 

X^f(r).x/r, Y^f{r).ylr, Z=^f{r).zlr. 
Using these values, we have 

f(Xdx + Ydy + Zdz) = ji^(xdx + ydy + zdz). 
Since r* = a^ + y* + ;?S and therefore rdr = xdx -^ ydy + zdz^ the work 
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which is done by the force during the movement of the body (rom 

the point A to the point B is I f{r)dr, if r^ and r are respectively 

the distances from the point to the points A and B, Let tbe 
velocities at the points A and B be respectively Vq and r, then 



\mv^ - ^mvQ^= rf(r)dr. 



The gain in kinetic energy depends only on r^ and r, and is con- 
sequently independent of the form of the path. The general cod- 
dition which must be fulfilled that the work done may depend 
only on the initial and final positions of the body, and be inde- 
pendent of the path traversed, will be examined in the next section. 



Skction VI. The Work Done on a Body during its Motiox 

IN A Closed Path. 

If a body describes a closed path ABCD (Fig. 6) under tbe action 
of a force whose components are Jf, Y, Z^ the work done upon it u 
determined by taking the integral (a) ^iXdx-k-Ydy-^Zdz) over tbe 
whole path. If the body, moving from A with the velocity r^ 




Fig. 6. 

traverses the closed path in the direction indicated by the arrov, 
and returns to A with the velocity v, the work done is equal to 

Supposing v>Vq, kinetic energy is produced during the motion, airf 
will increase continuously if the motion is continued. On the other 
hand, supposing v< r^, kinetic energy will be produced if the body 
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traverses the path A BCD in the opposite direction. Now, we know 
by experience that a body, under the action of forces proceeding 
from fixed points, after traversing a closed path, returns to the 
starting point with the same kinetic energy which it had when it 
started. It is therefore important to investigate to what conditions 
the components of the force must conform in order that the integral 
(a), taken over a closed path, shall be zeroj that is, the conditions 
which must hold in order that a body, moving through a closed 
path, shall return to its original position with the same kinetic 
energy with which it started. 

If the integral taken over the closed path A BCD equals zero, that 

/ABO rCDA 

(Xdx+Ydy + Zdz) + j (Xdx + Ydy + Zdz) =^ 0, 

where the letters connected with the integral signs indicate that the 
first integral is to be taken over the line ABCy the second, over 
CD A J we have 

/ABC rADO 

(Xdx + Ydy + Zdz) = j (Xdx + Ydy + Zdz), 

If the work done during the passage of the body from one point 
to another is independent of the ^th and dependent only on the 
initial and final points of its path, the components X, F, Z are 
single valued and continuous functions of the position of the point. 
Before we deduce the general conditions which must hold in order 
that the work performed by a force shall be dependent only on the 
initial and final points of the path, we will determine the work 
done in the case in which the area enclosed by the path is 
infinitely small. Through the point (Fig. 7), whose coordinates 
are x, y, 0, we draw the lines Ox^ Oy^ Oz parallel to the coordinate 
axes, whose positive directions are determined in the following way. 
If the right hand is stretched out in the direction of the positive 
2>-axi8, a line drawn from the palm will give the direction of the 
positive y-axis, and the thumb that of the positive ^-axis. A 
positive rotation around the a;-axis is that by which the +y-axis 
is brought by a rotation through a right angle 
into coincidence with the +;2;-axi8. This rule, 
by cyclic* interchange of the letters a:, y, z^ 
gives the directions of the positive rotations 
about the y- and 5f-axes. If OBDC is a rect- 
angle in the y.T-plane, and if its perimeter is 

*That IB, if y is replaced by ar, z wiU be replaced 
by y, and x by z. 
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traversed in the direction OBDCO^ the motioD bj which h it trafc fae d 
Li laid to be in the positive direction. This eoliTentioD as to the 
sign of the direction of rotation shall hold iD all oar sobseqiiait 
work. If we set OB = dy, the work done by the trajufer of the 
b^xly from to B equals Ydy. If the body moves from B to D, 
the work done is (Z+dZ/dy^di^ydz. The work done in the psth 
JjC 18 -(Y-¥dV/2z.dzyJy, and that done in the path CO la -Zds, 




Fig. 7. 

Hence the total work done is (dZ/'di/-dY'/dz)dydz. In general, the 
work done by a force during the movement of a body around a 
surface element dS^ which is parallel to the y^plane, is 

(b) F.dS,== (dZ/dy - d V/dz)dS^ 

In the same way we obtain 

G.dS, = (dX/dz - dZldx)dS, ; 

n.ds,=^ (d y/dx - dxfdy)ds,. 
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F, Gf and H are the quantities of work done during the movement 
of the body around a unit area at the point 0, when perpendicular 
to the a:-, y-, and ^-axes respectively. 

If OABC (Fig. 8) is an infinitely small tetrahedron, whose three 
edges OA, OBj OC are parallel to the coordinate axes, and if the 
body moves on the boundary of the surface ABC in the direction 
given by the order of the letters, the work done is equal to that 
which is done by moving the body in succession about OAB^ OBC, 
and OCA. By this set of motions, the distances AB, BC, CA will 
each be traversed once in the positive direction, while the distances 




-X 



Fio. 8. 



OAy OBf OC will each be traversed twice and in opposite directions, 
so that the work done in them is zero. The work done during the 
movement of the body about the surface ABC=ds is, therefore, 
(c) J .dS=F.dS .l + 0,dS .m + H.dS .n, where /, ?», n are the 
cosines of the angles which the normal to the surface dS drawn 
outward from the tetrahedron makes with the coordinate axes. 
Hence the work / done during the movement of the body around 
unit area is (d) J='Fl + Gm + Hn^ where I, m, and n determine the 
position of the unit area. 
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€r2rikft ik nzTf. "Ti jSi-^sz LfcT* /= "■ fiff &II posiiofis of the 



When :he ^vz^r.-.'Zj^, 'A K^xAz'dyz. i *ri 5kTi*£€»L ih* expresdon under 
the irxU:^4u siz"- '.-- ' * i^ tr-r- c-:-ii.z-Ir:c dife^LnAl of a function V 
of -', «/. :. Trtei:-:* A' = ?r?/, J'='-r"S. Z^':V~zz. Tbc equations 
of condition 'e* fcrt 3iri=£€?i bj liif ^s^xspiion. The function Fis 
M^ yAt*JtW- of the i^tir:^ fvr-:-** : t* here o^CAin for the first time 
the mathematic&l deirii::oii of this fiiiicti«Mi- Tho^e diflerenttil co- 
efficients with r€spc>:t :o -•. v. : tre :Le «>nip:»nrnt5 of force J, F, Z. 
If /" if a v^ue of the pxenti^l of the acting forces^ V' is also a 
%alue. if r"=r^C. where '.' is a constant: ?ince 

A'=jrr^=rr r-% etc 

The value of the potential therefore involves an unknown or arbitrary 

constant. We will reium to the conrlieraiion of this point in the 

next section. 

If the e^^uations of condition 'e are everywhere satisfied, the 

work done durin;: the move me lit of the bodv about a surfisure is also 

zero when the surface is finite 
The surface mav be divided into 
surface-elements, as shown in Fig. 9. 
If- the l:*cJv Uioves about these 
/ \ elements one after another in the 
same direct i-'O. the total work done 
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will e«iual zero. It is here assumed 
that the forces A", I' Z are con- 
tinuous and single valued func- 
^^*'- **■ tions of the coordinates. Every 

line-element thus introduced will be traversed twice in opposite 
directions, with the exception of those which form the boundary of 
the finite surface. 

Tho»M; forces or systems of forces, which are such that the work 
done by them is independent of the path in which the body is trans- 
fene^l from its initial to its final position, are called consermtire forces. 
The HKist imjiortant examples of such forces are those which act 
from a fixe^l [xiint, and have values which dei>end only on their 
distance from it. If the force acting at the point P depends only on 
the distance of that point from the origin of coordinates 0, that is, 
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if it equals /(r), then X^f(r) . it/r, since x/r is the cosine of the angle 
which the line OF makes with the a^-axis. We have similarly 

Z=/(r).x/r, Y^f{T).ylr, Z^f(r).z/r. 

If we set /(i)/r=i?, then X^JRjCf Y=Ey, Z=Rz, We have then 

'dZI?>y = dlljdr . yzjr, dY/dz = dBldr . yz/r. 

The equation of condition dZ/dy-dV/dz^O is therefore satisfied. 
The same is true of the other equations of condition (e). 

The work done during the movement of the body about a surface 
is given by the integral \(Xdx + Ydy + Zdz). This work is also done 
if the body moves in succession about all the surface-elements into 
which the finite surface is divided (Fig. 9). In this process the 
motion must be uniformly carried out in the same sense. From (c) 
this work is equal to \(Fl + Gm + IIn)dS. If we substitute the ex- 
pressions for Ff G, n formerly obtained, we have, by the use of 
(a) and (b), 

(\{X , dx/ds + F. dy/ds -f Z . dz/d8)ds 
= \\ [(^^/^ - c^F/^2)/ + (dX/dz - 'dZldx)7n 
+ (dY/^x - dXldy)n]dS, 

where 8 is the perimeter of the surface S, and /, m, n are the direction 
cosines of the normal to each surface-element. Equation (f) shows 
that the line integral along a closed curve may be replaced by a 
8ur£Eu^integral over a surface bounded by this curve. The only 
conditions which the surface S must fulfil are that it shall be bounded 
by the curve and have no singular points. The theorem contained 
in (f) was discovered by Stokes. 



Section VII. The Potential. 

The only applications of the potential that we will discuss are 
those like the foregoing, in which the work done during the motion 
is completely determined by the initial and final points of the path. 
That this may be the case, we must have 

dZ/dy=dY/dz, dXldz = dZ/dx, dYJdx^dX/dy. 

We exclude from the discussion all cases in which these equations 
do not hold. 

Let the components of the force in the field be JT, Y, Z. Let 
there be a unit of mass at the {)oint (Fig. 10), whose rectangular 
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coonlinates are a,h,rf and let it move from to P along the path & 
The work F done by the force during this motion is 



(a) 






it l>eing assumed that .V, F, Z are the partial derivatives of a single 
function F, which itself is a function only of x, y, z. The work 
required to transfer the unit of mass from any point to P is 
equal to the difference of the potentials Vp and Vq ^^ those points, 
or is equal to the difference of potential. Such differences of potetiiial 
are all that aiu h directly measured. The value of the potential itself 




X 



Fig. 10. 



involves an unknown constant, and therefore cannot be completely 
determined. If wo assume that the potential is zero at the point 0, 
then Vp is the potential at P. Hence the potential at any point is the 
work required to transfer the unit of imtss to that point from a point 
where the potential is zero. 

The potential F is a function of the coordinates. The equation 
(b) V{Xf //, z) = C, when C is constant, represents a surface which is 
the locus of points, such that the amount of work required to 
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transfer the unit of mass from a point where the potential is zero 
to any one of them is the same. K different values of C are taken, 
we obtain a system of surfaces, which are called levd or equipotential 
surfaces. Let PF and QQ^ (Fig. 11) be two infinitely near surfiwes 
of this system ; let the potential on FF be F, and on QQ be F+dF. 
Liet ds be the element of an arbitrary curve crossing these surfaces, 
which is cut off by them. If the force acting in the direction of 
ds is r, the quantity of work Tds will be done by the transfer 
of the unit of mass from P to 
Q; this work is also equal to 
V^-Fj^^dF We have, there- 
fore, (c) T.ds=dF or T^dFjds. 
Hence the force in any direction 
at a point is determined from the 
potential; the relation between 
force and potential being given by 
equation (c). Since the direction 
of the element ds is arbitrary, we 
may substitute for ds the elements 
dr^ dy, dzj and obtain for the com- 
ponents of the force X^dF/dx, 
r= dF/dy, Z= dF/dz. From equa- 
tion (c) the force is inversely pro- 
portional to the element ds drawn 
between the two equipotential sur- ^ f n 

faces F and F + dF, If the 

direction of ds is that of the normal to the surface PF, the force 
has its greatest value. If a series of lines is drawn which cut the 
equipotential surfaces. orthogonally, their directions are the directions 
of the force at the points of intersection. Such lines are conse- 
quently called lines of farce. The tangent to the line of force at a 
point gives the direction of the force at that point. 

If Pi and P2 are two infinitely near points in an equipotential 
surface, no work need be done to transfer a body from P^ to Pj, 
for Fp^'-Ff^^O; the force acting on the body is perpendicular to 
the direction of motion. 

1. Example. — OravUy.— If at a place near the earth's surface we 
set up a system of rectangular coordinates, so that the xz-phine is 
horizontal, and the positive ^-axis directed vertically upward, then 
Jr=»0, F— -fng, Z=0. Hence we have F= -tngy, that is, the 
equipotential surfaces are horizontal planes. 
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done equals 7fi^a. Hence the velocity of the body at the foot of 
the inclined plane B is v=j2ga, and is the same as that which it 
would have at C, if it were to fall freely through the distance AC. 
If a body moves on the curve AB (Fig. 13) under the action of gravity, 
we determine the velocity at ^ in a similar way, from (the initial 
velocity v^ at A and the distance of the fall AC. That is, we have 




Fig. 13. 

imr^ - ^iuVq^ = m/ja, and therefore (a) v- = Vq^ + 2ga. The time t required 
for the movement of the body from ^ to i^ is 

where (Is is an element of the path AB. 

2. Example. — The Pendulum. — If we suspend a body A (Fig. 14) 
at the end of a weightless rod which can swing freely about the 
point 0, it is compelled to move on the surface of a sphere whose 
radius is equal to the length I of the rod. We will treat only the 
simple case in which the departure of the pendulum from its position 
of equilibrium is small. If, at the time / = 0, the body starts from 
rest at A, it will move in the arc A BCD through the point C lying 
perpendicularly under 0. If we set OA = lj ^AOC=^a, lB0C=6, 
and if A A' and BB' are drawn perpendicular to 06', then the velocity 
which the body gains in moving from A to B equals that which would 
be gained if it were to fall freely from A' to B\ The distance from 
-^' to JB* is A'B' = I (cos 6 "CO^a^ and therefore the velocity at B is 

V = J2gl (cos - cos a). 
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For v=^0, or for ^= ±a, the pendulum bob will be at rest, and is 
then at A or Z>, if ^DOC = ^AOC. The time / taken by the 
body to move from ^ to ^ is found by substituting this value of f 
in (b). We thus obtain 

(c) / = - I^Idej^2gl{cos ^ - cos a). 




This expression is easily integrated if a, and therefore d, are so 
small that we may set cos^^l-^^-^ and cosa=l-Ja2. The ex- 
pansion of the cosine in a series is of the form 

cos a;=l- 0-2/2! + a^/4!-..., 

and if x is very small we may neglect terms of higher orders than 
the second. Making this restriction, we have 

and by integration (d) 6 = acos {Ujgjl). If t-Jg/l^^^iw^ we have ^ = 0; 
the body moving from A reaches the lowest point of its path in 
the time < = Jw . Jl/g, The time T required for the movement of 
the body from -4 to Z> is twice this, or (e) T=irsfTjg, T is called the 
period of oscillation.* The period of oscillation is directly proportioiwl 

* In the case of the ]>endulimi here treated, which swings in a plane, it must 
be clearly understood that by the period of oscillation T only one advancing 
or returning beat is meant. In other periodic motions, the period of oscilla- 
tion is the time between two instants, at which the motion of the body is 
precisely similar, that is, at which the body has the same velocity and direction 
of motion; or, it is the time required for both the advancing and returning 
beats. 
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to the square root of the length of the pendulum^ and is inversely proportional 
to the square root of the acceleration of gravity. 

The equation (e) holds only for very small arcs. In the case of 
finite values of a, we use the formula 

(f) T=^.^-.(l + (j ; 2)W(i a)+{hl)\inHk «)+...). 

It is only for very small arcs that the oscillations of the pendulum 
are isochronausy that is, independent of the size of the arcs. If the 
arc is not infinitesimal, the period will increase rather rapidly with 
the length of the arc. 

The pendulum may also be studied in the following way. Let 
an oscillating body of mass m be at the point £, and be acted on 
by the force ing. We may represent this force by the line OE 
(Fig. 14). Draw EF perpendicular to OB; then OF and FE are 
components of the force OE. The magnitude of the tangential force 
is m^sin^. If we set BC=Sy and reckon the tangential force posi- 
tave, when it tends to increase *•, we have P= -m^sin(s//), and if 
we assume 5 to be very small, P= -nigs/l. Hence the equation of 
motion is (g) m'8 = P or »= -gsjL By integration we obtain, by 

a suitable choice of constants, (h) s = a cos (tjg/l). This equation 
corresponds to (d). 

If a body is compelled to move on a given surface, the deter- 
mination of its motion is in general very difficult. We will not 
enter into the discussion of the general case, but will consider only 
the motion of an infinitely small body on a spherical surface, when 
the body during the motion always remains near the lowest point 
C of this surface, and when gravity is the only force acting on it. 
We may then assume that the component of gravity which moves 
the body is directed toward the point C, and that it is equal to 
mgs/l, when I represents the radius of the sphere. This assumption 
gives the motion treated in III., Ex. 3. The path is an ellipse and 

the time of oscillation is T=2'n'Jl/g. The time of oscillation is 
therefore independent of the form and dimensions of the path. 



Section IX. Kepler's Laws. 

In our deduction of the principal theorems of the general theory 
of motion, we proceeded from Gklileo's laws of falling bodies. We 
turn now to that force of which gravity is a special example, and 
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from whose prc^witiei the laws of pknetairy modon may be deduced. 
Starting with the hjpothens of Copemiciu, that the nm is statioDary 
and that the earth rotates on its own axis and also rerolTes round 
the sun, Kepler announced the following laws : 

1. A TodtH* rerUn- tlra¥ik from the smm to a plahH describes equal 
$edwii in eqwtl times, 

2. The orlnU of the plattds are dlipfes vith the sum ai one of the foci 

3. The sjuares of the periodic timei of two planets are proportional to 
the cubes of the semi-major axes of their orhiis. 

These laws may be expressed analytically in the following way. 
Let *S' be the centre of the sun (Fig. 15) and APQ a part of the 

orbit of a planet. Let the 
planet be at ^ at the time 
/ = 0, and at P at the time /. 
In the next time element di 
the planet moves from P to 
Q, and its radius vector drawn 
from the sun describes the 
sector PSQ. Let ^ASP = e, 
:.PSQ=de, and SP^r. The 
sur&ce PSQ is equal to Jr^B. 
Since by Kepler's first law 
the surface described by the 
radius vector increases pro- 
portionally to the time, we 
have I'^dB = hdt, where k is 
constant, or, writing the equa- 
tion in another form, 
(a) r^d = iL 

Kepler's first law is a special 
case of a general law which is 
called iJie law of areas. This law is : If the force which acts upon a 
laming hody proceeds from a fixed pointy the surface described hy the 
radius recUrr drawn from that point to the body ina'eases at a constant 
rate. Hence Kepler's first law holds for all central forces. 

From (a) it appears that the angular velocity 6 is inversely 
proi>ortional to the square of the distance of the planet from the 
sun. 

We represent the velocity of the planet at P by v, and the 
perpendicular from S upon the tangent to the orbit at the point P 
by SN=p. 




Fio. 15. 




Fio. 16. 
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If we set PQ = dSy the area of the sector PSQ is equal to 
^pds = ^ijpvdL But it is also equal to ^r^dB = ^k.dL Hence we have 
pvdt — kdt, or pv=^k, that is, the velocities of the planet at different 
points in Us orbit are inversely proportional to the distances of the 
tangents at those points from the sun, the centre of attraction. 

Let BPC be the elliptical 
orbit of the planet (Fig. 16), 
with the sun situated at the 
focus 5. Let the major axis 
be BC=2a, and let SA he & 
fixed radius vector which makes 
the angle a with the major axis. 
We set SP=r, ^ASP^S. If 
F and S are the foci, we have 

PF+PS=-2a, Pi'=2a-r, 

and hence (2a - ?)2 = 4a2e2 + r* + 4aer co8(6 - a), 

if e is the eccentricity, and if, therefore, FS= 2ae, From this equation 
we obtain for the equation of the path in polar coordinates 

(b) 1/r = [l+e cos (6 - a)]/a(l - e^). 

From equation (a) we have l^r^ .dO = ^k. T, if the integration is 
taken over the whole orbit and if T is the periodic time. The 
integral is equal to the area of the ellipse, or to a . ft . tt, if 6 represents 
the minor axis. Hence we have ^irah = k, T. If we notice that 
a2 = 6^ + ah\ we obtain (c) 2vd^s/l -e^ = kl\ and squaring, 

^TrH{\-e^W^T^Ia^. 

By Kepler's third law T^ja^ is constant for all the planets. We 
must therefore have (d) fi = J(^/a{l-e^) = i'n'^a^jT^, a constant. 

The velocity v may be determined in the following way. Let 
S (Fig. 16) be the origin of a system of rectangular coordinates, 
and let SA be the .r-axis. We have x = r cos 6 and y = r sin 6, and 
v^ = a^'^yK From the equations 

(e) ^ = ^ cos 6 - r sin 6 . 6 ; ijf = f' sin 6 + r cos 6 . 6, 

we obtain (f) v^ = f^ + r^e^. 

If we substitute for rO its value given by equations (a) and (b), 
and for f the value got by differentiating equation (b), wo have 

v^=:{l + 2e cos (e'a) + e2) . k^/a\l - e^f. 
Noticing that 1 +26cos(e-a) + «2 = 2(l+6cos(e-a))- (1 -e2), we 
obtain, by the help of equation (b), v^ = {2/r-l/a) ,Jc^/a{l -e^), or, 
introducing the quantity fi defined by (d), (g) v^=:2fi/r- fi/a. 
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Section X. Universal Attraction. 

We owe to Newton the determination of the law of the force which 
must act on a planet in order that its motions may conform to 
Kepler's laws. To determine this force, we use equation (g) IX, 
Let the centre of the sun be the origin of a system of rectangular 
coordinates, and let the planet be situated at the point (z, y) 
Represent the components of the unknown force by X and Y. From 
the law of kinetic energy (V.) we have Jv* - ^V= 1 -3^^^+ ^^y- ^ ^o 
is the velocity at the distance r^, we obtain, by the help of equation 
(g) IX., fJL/r-fi/rQ = \Xdx-^Ydi/, If Xdx+Ydy is a complete differ- 
ential d<t>f we will have 

X = d(l}/dx = d(fJLlr)dx and Y=^'d(f>/dy = d{fiir)ldy, 

or X= - fi/r^ . dr/dx = - fur//^, Y— - fi/r^ . 'dr/dij = - fiy/f^. 

The force B with which the sun acts on the planet is ^= -ft/r^, 
that is, is a force which is inversely proportional to the square of the 
distance of the planet from the sun. It is evident from equation (d) IX 
that the quantity fi has the same value for all the planets. 




Fig. 17. 

We may also obtain these results from the general equations 
x = X and y — Y, The unknown components of force X and Y may 
be represented by the lines FA and FB (Fig. 17), and resolved 
into a component E in the direction SF = r and a component T 
perpendicular to SF. Setting lFSX=^Q, we have 

R = Xcose+YBm 6, r= - Zsin 6+ Tcos 6. 
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By the help of equation (e) IX., this becomes 

(d) B^r-fB^ and r=2re + fe= 1/r . rf(r2e)/(/^ 

But since r^ = constant by Kepler's first law, we have T=0. The 
atiracUve force is therefore directed toward the sun. Using equations 
(a) and (b) IX., we obtain (e) R== -k^jail^^y^ ^fi/r^. 

We apply this result to the motion of the moon. By reference 
to (d) IX., where the value of /i is given, we find that 

The orbit of the moon is approximately a circle with a radius 
60,27 times as great as that of the earth. Setting 

r=a = 4. 10«.60,27/2ircm, 

we have the acceleration y of the moon toward the earth, 

y = in^a/P = 8^ . 60,27 . 10»/2 360 600^ cm, 

since the period of the moon's rotation is 27,322 days or 2 360 600 
seconds. Hence we have 7 = 0,27183 cm. If the centre of the 
moon were situated at the distance of the radius of the earth from 
the earth's centre, it would have an acceleration equal to 



0,27183 . 60,272 cm = 987 cm, 

assuming that the force is inversely proportional to the square of 
the distance. This value accords so well with that of the accelera- 
tion at the surface of the earth, that we are justified in assuming 
that the motion of a falling body is an action of the same force as 
that which keeps the moon and the planets in their orbits. The 
final proof of the validity of Newton's law of mass attraction is 
obtained firom the complete agreement of the theoretical conclusions 
drawn from it with the results of observations on the heavenly 
bodies. 



Seciion XI. Universal Attraction (coniinned). 

We will now use a method precisely the opposite of our former 
one. We will assume the law of attraction known, and determine 
the path of a planet whose position and velocity at the time / = are 
given. Let S be the centre of the sun (Fig. 18), let the attracted 
body be situated at A at the time ^ = 0, and let AC represent the 
velocity v^, whose direction makes the angle CAD = <^ with SA = Vq 
produced. If the acceleration which the sun imparts to the planet 
18 set equal to /t/r^, then, using a system of polar coordinates whose 
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origin is at S, and writing the force with the minus sign because 
it is directed toward the sun, we obtain 

(a) (b) r - rd* = - fi/r^ and 1/r . d{r^e)/dt = 0. 

It follows fix)m (b) that (c) r^Q = ky where A; is a constant This for- 
mula was obtained from Kepler's first law, (a) IX. Since i-O is the 
component of velocity perpendicular to the direction of r, we obtain 
for / = 0, (d) k/rQ = VQsin<l>. By the help of equation (c), (a) takes 
the form r-J^^/r^^ - fi/r^. If this equation is multiplied by 2rdty 
we have d{'^) + d{I;^/r^) = 2d(/xlr), and by integration 

r2 + ^'2/,.2 = 2/l/r + Const. 




Fig. 18. 

In the initial point A, we have v=t?o and 7^ = rQC0S<^, therefore for 
/ = 0, we obtain Vq^ cos^<t> i-k'^/rQ^^ 2 fi/rQ + Const, y from which by the 
help of (d) it follows that ?;q2 _ 2ft/rQ + Const. Hence we have 
(e) 1^ = VqS - 2/i/ro + 2fx/r - k^vK 

Since the velocity v, from (f) IX., may be expressed generally by 
t;2 = ^ 4-^2^2^ we obtain by the use of (c) and (e) 

This equation agrees with (g) IX. 

The same result may be derived from the theorem connecting 
kinetic energy and work. From (e) we have 

(g) ^= ±^/*«='-2/a/r, + 2/./r-A;Vr^ 

where the upper sign is to be taken, if r and / increase or diminish 
together. It follows from equation (c) that 6 = k/r^. Since r and 6 
depend only on /, we obtain from (c) and (g) 

k . d(l/r)lde = + s/r^^ - 2fi/rQ + 2ft/r - k'^/r'. 
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This is the differential equation of the orbit. By adding and sub- 
tracting ii^jk^ under the radical sign, and by noticing that iijk is a 
constant, and that therefore its differential is zero, this equation 
may be written 

(h) de = d(klr - iijk)! + n/V - 2/i/ro + tiW - {^/r - W^f • 

If we set u^ — Vq^ - ^fJ^/rQ + /A^/k^, we get by integration 

6 = arc cos {k/ur - fj^/uk) + o, 

where a is a constant. 

Hence the equation of the path is 

(i) 1/r = (l + hi/ IX cos (6 - a))l{kyfi). 

In this equation u may always be considered positive, since a is 
arbitrary. 

The polar equation of a conic is (k) 1/r = (l +e cos (6 - a))/a(l - e^), 
which represents an ellipse, a parabola, or a branch of an hyperbola 
respectively, according as«<l, « = lor«>l. Ife = Owe have the 
equation of the circle. From the equation « = Artt/ft, by introducing 
the value of i*, we obtain (1) I -e' = {2fi/rQ-'VQ^) ,k^/fi^. If a body 
approaches the sun from infinity to the distance r^, its velocity will 
be r^, determining by the following equation 



i«2- . f^ ix.dr fi 



Therefore we have (m) e^=l - {v^^ - Vq^) . F/ft^. Hence the path is 
either an ellipse, a parabola, or an hyperbola, according as 

that is, the path of the body is an ellipse, parabola, or hyperbola, 
according as the vis viva imparted to the planet at the first instant 
is too small to send it to infinity against the attraction of the sun, 
or exactly sufficient, or more than is sufficient, to accomplish that 
result. 

By comparison of the formulas (i) and (k), we obtain 

(n) a{\^e^)^k^lix. 

This corresponds to (d) IX. From (m) and (n) it follows, moreover, 
that (o) ft = ± (t^i^ - Vq^) . a. The upper sign is used when v^>Vq^ 
the lower when v^<Vq, 

In the first case, if the value for v^ is substituted in (o), we 
have v^ = ^iijTq -^ /i/a. In conjunction with (f) this equation becomes 
t^='2fi/r-fJLla, which corresponds to (g) IX. 
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Section XII. The Potential of a System of Masses. 

In the previous discussion Newton's law of gravitation was derived 
from Kepler's laws by the assumption that the attraction proceeds 
firom the centre of the sun, or, what is the same thing, that the 
whole mass of the sun is concentrated at its centre. A similar 
assumption was made in the case of the planets. These assumptions 
might be made without further demonstration if the radius of the 
sun were infinitely small in comparison with the orbits of the planets ; 
since this is not the case, it is necessary to investigate with what 
force a mass distributed throughout a given space acts on a body. 
This problem in the simplest cases was solved by Newton. His 
researches, and those of other distinguished mathematicians, have 
led to results of the greatest importance, both in physics and 
mathematics. The method by which such problems are treated is 
due to Laplace, and the theory was developed by Poisson, Qreen, 
Gauss, and others. 

Let the masses 174, mj, m, be situated at the points A^ B, C (Fig. 19), 
and let a unit of mass be concentrated at the point whose coordinates 
are x, y, z. The force with which the unit of mass is attracted by 

m^ is -fmjr^^ where r^ is the 
distance AP^ and / a constant 
dependent on the units of mass, 
force, and length. Call the co- 
ordinates of A, fj, i/j, Cy The 
components Xj, Fj, Zi of the force 
by which P is attracted to A are 
evidently X^ = -fmjr^^, (x - f i)/r„ 
etc. In the same way we calcu- 
late the components of the forces 
which originate at the other 
points, J?, (7, etc. If the sum of all the X components is repre- 
sented by X, we obtain 

(a) Z= -/K(a;-fi)/V + ma(ic-^2)/^2'+ •••}• 

We set (b) 

Now 

and therefore 

Hence we have 




Fio. 19. 



F=mjr^'\-mjr2-^mjr^'\' 

ri3rj/3x = (x-fj), etc. 



and (c) 



dF/dx = - m^{x - ^^^r^^ - m^ix - Qjr^ «... 
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In a similar way we derive the equations 

(d) (e) Y^f.-dFI-dy and Z^f.dF/dz. 

The quantity V defined by equation (b) is (VII.) the potential ai 
the point P of the given system of masses. If the potential is given, 
the equations (c) (d) and (e) determine the forces acting in the 
directions of the coordinate axes. Since the position of the system 
of coordinates is arbitrary, the force acting in any direction may be 
derived from V. This has been already shown in VII. The force 
acting in the direction s is therefore 

dVjds = 'dVI'dx . dxjds + 'dVj^y . dyjds + 'dVj'dz . dzjds. 

The work A performed by the force in moving a unit of mass 
along an arbitrarily chosen path is given by 

A^^j'iXdx+Ydy + Zdz), 

where o and s are respectively the initial and final points of the 
path. If the values given in the formulas (c) (d) (e) are substituted 
for Xj Yy and Z^ and the element of the path whose projections on 
the coordinate axes are dx^ dy, dz is designated by ds, then 

A =.fj\dF/dx . dx/ds + dF/dy . dylds-^-dF/dz . dz/ds)ds =ffdF, 

and hence we have A=^f{F^-F^, If the body traverses a closed 
path, the work done by the forces equals zero (cf. VL, VII.). 
Therefore, if we let a body traverse a closed path under the action 
of gravity, the work which gravity performs in moving the body 
forward is equal in absolute value to the work which must be 
performed against gravity in order to bring the body back to the 
starting point. There is no surplus work performed. Hence it is 
evidently impossible to produce a perpetuum mobile^ that is, an 
arrangement which continuously creates work out of nothing. 

We have assumed that the masses considered are concentrated at 
points; this, however, does not occur in nature. Matter is more 
or less continuously distributed throughout space or on surfaces. If 
it is uniformly distributed in space, the mass p contained in the 
unit of volume is called the density. If it is not uniformly 
distributed, let a sphere of infinitely small radius be constructed 
about the point F; the ratio of the mass contained in the sphere 
to its volume is the volume density /> at the point P. If the 
mass is distributed over a surface, the surface density o- at the 
point F is defined by the ratio of the mass contained within a 
circle of infinitely small radius drawn about the point F as centre 
to the area of the circle. 
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If the mass contained in the unit of volume is p, the element 
of volume d(a will contain the mass pd<o. The potential of a mass 
which is distributed in space is therefore, from equation (b), 

(g) F=\\\pd^/r. 

This integral is extended over the whole volume occupied by the 
mass, r is the distance between dto and the point for which the 
potential is to be determined. 

It is sometimes necessary to consider the mass as distributed in 
an infinitely thin sheet over a surface. If the mass on the unit of 
surface is a-, the surface-element dS will contain the mass <rdS, 
The potential takes the form (h) F=ll(rdS/r, 

The potential cannot be determined without some further informa- 
tion ; in the next paragraph we will discuss some of the simplest cases. 



Section XIII. Examples. Calculation of Potentials. 

The sun and planets are approximately spherical. On the sup- 
position that they are spheres, their potential can be easily calculated, 
if the density p is given, and if we assume that it is a function of 
the radius, and therefore has the same value for all parts of the 
concentric spherical layers which compose the sphere. 




Fio. 20. 

1. The Potential of an InfinUdy Thin Spheiical Shell of Constant Surface 

Density <r. 

Let ABD (Fig. 20) be a sphere, whose centre is the point C and 
whose radius is E, The potential at the point is to be deter- 
mined. If we set OC=r, LOCB = <t> and OB^u^ we have 

V= j 27rjf?sin <^ . Rd<ly . c/u. 
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Since u^ = f^ + B^-2Brco8<l> and udu = Br sin 4>d4>, the integral takes 
the form V=\2vRlr .uduju . (r=^2irR<Tlr .\du. If lies outside the 
sphere, we have Jrfu=(r + ^)-(r-i^) =» 2i2; while if it lies within 
the sphere, we have Jrfi* = (^ + r) - (i^ - r) = 2r. If we designate the 
potential outside the sphere by V^ and that within the sphere by 
Vt^ we have (a) ^4 = 4iri2tr; F^^iirB^/r. The potential is therefore 
constant inside the spherical shell ; and at paints outside the spherical shell 
it is inversely proportional to the distance from its centre. Hence the 
potential for the whole region is given by the two different ex- 
pressions V^ and Vi. It is not discontinuous at the surface, since 
for r = R we have F„ = ^, = 4ir^<r. On the other hand, its differential 
coefficient is discontinuous at the surface. For we have 

dFjdr= -iirR^/r^ and dVJdr^O, 
and therefore 

(b) [dVJdr\^j,=-^^irif and [dVJdr\^^=^0. 

Hence an infinitely thin spherical shell exerts no force at a point 

Ijring within it The sphere acts only on points outside of it, as if 

its whole mass were concentrated at its centre. Hence a solid 

sphere made up of homogeneous concentric spherical shells acts on 

outside points in a similar manner. If the attracted point is situated 

within the mass of a spherical shell, it will be attracted to the centre 

by the portion of the mass which lies within a sphere described about 

the centre with the distance of the point from the centre as radius. 

The portion lying outside this surface exerts no action. 

2, The Potential of a Solid Sphere. 

We will now calculate the potential of a solid sphere of constant 
density p. We have for points outside the sphere 
, , p. fiwE^ .dR.p iwR^p 

W ^- = Jo r ^"37 ' 

and for points inside the sphere 

r, = r 4iriP . dR . p/r +riirR,dR.p== \Vp + 27rp(R^ - r2), 
Jo "V o 

or (d) Fi = 2ir/j(i^ - Jr*). In this case also, the potentials within 
and without the sphere are represented by two different expressions 
Vi and F.. Both values, however, coincide at the surface, since for 
ra*5 we have for the potential Fi=^V„ = ^7rR^p. 

The function F*, which represents the potential of a mass dis- 
tributed through space, is everywhere continuous. Its differential 
coefficients with respect to r are 
(e) dFJdr^ - iirrp, dVJdr^ - ^i^^^M 
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and these values at the surface, where r = R, are also equal, that is, 

Hence the first derivatives of the potential of a mass distributed in 
space are nowhere discontinuous, but are continuous throughout all 
space. On the other hand, its second derivatives vary continuously 
in the interior and the exterior regions, but on passage through the 
spherical surface a discontinuity occurs. That is, d^Vjdr^ at the 
surface has two values, since 

[d:WJdr^]r^H = - W and [dWJdi%^n = + f 'rp. 
From equation (e) the force outside the sphere is inversely pro- 
portional to the square of the distance of the unit of mass from 
the centre of the sphere. We thus justify the assumption that the 
planets and the sun may be treated as points in which their re- 
spective masses are concentrated. In the interior of the sphere the 
force is proportional to the distance of the attracted point from the 
centre. If we transform equation (e) to dVi/dr= -^irr^p. l/r^, we 
see that the force proceeds from that portion of the sphere whose 
distance from the centre is less than r. This only holds on the 
assumption made about p. The earth's density very probably increases 
toward the centre; hence the force of gravity will not have its 
greatest value at the surface, but at some point beneath it. This 
corresponds with the results of experiments on the time of vibration 
of a pendulum in a deep mine. 



3. The Potential of a Circular Plate. 

Let AB (Fig. 21) be a circular plate of surface density a-; the 

centre of the plate is and the axis OP. 
The point P, for which the potential is 
to be determined, lies on the axis at the 
distance x from the plate. The potential 
V is then 

F= / 27rrj . dr] . (r/w, 

Jo 

where B is the radius of the plate and 
rj and u are the distances of a point on 
the plate from and P respectively. 
We have u^ = Tf + x\ therefore vdu = rjdii, 
and hence 

^''*- ^^' r= \2irdu . (r^27r(r{p - ic), 

if p is the distance of the point P from the edge of the plate. If 
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the z drawn from one &ce of the plate is considered positive, the 
potential for negative values of x is V=^2iro'{p + x), Hence 



(f) 



{ 



foraj>0, F^ = 2'7ro'{p-'X) 
foric<0, F^ = 2irtr{p + x), 



If the radius of the plate is infinitely great in comparison with x, 
we may set F'^^C-27r<rx and F3 = (7+2ir(rr, where C is an infinitely 
great constant, since p is infinitely great and o- remains finite. We 

have for a;>0, dFJdx= -2iror, 

and for a;<0, dFJdx=i +2ircr- 

By passage through the surface, dF/dx, that is, the farce, changes dis- 
continuoudy by iira: 

4. The Potential of an infinitely long straight line. 

Suppose each unit of length of the line AB (Fig. 22) to have the 
mass /A. Let (7 be a point at the 
distance a from AB, and CD the 
perpendicular let fall from C upon 
AB, The potential F, at the point 
C, is 

V^ 2J^{lilr)dz = 2,*j^ dzjJ^U^^ 

r= 2/t* log {i^la + ^/^+77^). 

Since / is infinitely great in com- 
parison with a, we may neglect 1 
under the radical and write 

(k) F^ 2fjL log (2//a) - C - /* log a\ 

where C is an infinitely great con- 
stant, if / is infinitely great 
Further, we obtain 

rfr/<fa--2/*/a, 

that is, the force is inversely pro- 
portional to the distance of the point from the straight line. 




Fio. 22. 



5. The Potential of a Circular Cylinder, 

Represent the surface density of a circular cylinder by a-. Through 
the point P, for which the potential is to be determined, pass a plane 
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perpendicular to the axis of the cylinder (Fig* 23). Let B be the 
radius of the cross section of the cylinder and r the distance of the 
point F fix)m its centre. 
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We then have from (k) 

r=:C-2j['^e.(r.loga2. 

We now find the value of the integral 

^ « j^'^<9 log . a, 

in which a = ^Jr^ - 2rB cos O-^JH^, First consider the case in which 
r>B, The integral may then be written, if we set a^^Bjr^ 

^ = 2j[ ^^(log r + log VI - 2a cos 6 + a«). 
Since cos tf = \{e^^ + e"*^), we have 1 - 2o cos ^ + a2 = (1 - ae^^){\ - a«-^, 
and j (/^log>/l-2acos^ + a«-ij[ d^(log(l -a^'^) + log(l -a^-»^)). 

Now developing the terms in this integral in series, and carrying 
out the integration, we find that the integral is equal to zero, 
and hence that ^ = 2irjfi! log r. Thus the mean value of log a for 
all points of the circumference of the circle is equal to logr or to 
the logarithm of the mean distance from P to the circumference of the 
circle. 

If now V< i?, that is, if P lies between and the circumference, 
and if we set a = r/B, we have 

^ = 2j[ Ed6{\og B + log VI - 2a cos 6 + a2), 
and hence A='2vB\ogB. In this case also the mean value of log a 
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is equal to the logarithm of the mean distance from P to the circum- 
ference of the circle. 

Now setting V^ and Vi for the potentials of points outside and 
inside the cylinder respectively, we have from these values, 

F.= a- iwRo^ logr, F;= (7 - iirRfT log R, 

The potential is therefore constant, and the force zero within the 
cylinder. Outside the cylinder the force is given by 

(n) dFJdr = - iirBa/r, 

that is, the force is inversely proportional to the distance of the 

point from the axis of the cylinder. 



Sfxtion XIV. Gauss's Theorem. The Equations of Laplace 

AND POISSON. 

Let ABF (Fig. 24) be a closed surface, of which AB^^dS is a 
sur^ce-element, and at the point within the surface, let the mass 
m be concentrated. On the element ds at C, construct the normal 
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CE. Lot the length of the line connecting and C be r, and let 
the normal CE make the angle DCE = Q with OC produced. If the 
potential at C due to m^ is Fj, then V-^ = mJr^ and the force N^ 
acting at the point C in the direction CE is N-^ = 'dV^fdn^ while the 
total force in the direction of CO is inJrK We have 
(a) N^ =« rwi/r^ . cos(7r - 6) = - rajr- . cos 9. 
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The theorem expressed in (c) also holds in case the acting mass lies 
outside the closed surface. Let the mass m' be situated at the point 
0* (Fig. 25) outside the surface ABE A, If the surface-element d^a 
is taken on the surface of the unit sphere described about 0' as 
centre, the straight lines drawn from (/ through the boundary of this 
surface-element mark out on the closed surface the surface-elements 
AB = dS and A'F = dS'. Let the normals to AB and A'B" directed 
outward from the closed surface be n and 7i' respectively, and let 
the forces dV/dn and dV/dn' act in the direction of these normals. 
The V in these expressions represents the potential due to m\ If 
the angles made by the normals directed outward and the straight 
line drawn from (X are designated by 9 and 6' respectively, and if 
we set ffA^r, O'A' — r', we then obtain 

dV/'dn = m'/r^ . cos (tt - 9) ; dF'/^n = m'/Z^ . cos (v - 9'), 
dS, cos (tt- 9) = r2d(o ; dS' cob & = r'^ , d(o, 

and therefore dV/dii.dS+dF'/'dfi' .dS' = 0, We therefore have (d> 
jdF'l'dfh,dS=0, if the integral is extended over the whole surface. 
TJie flux of farce jproceeding from a point outside a closed swrface, and 
passing through the surface^ is equal to zero. Therefore the value of the 
integral is independent of the mass outside the surface. We have 
then, generally, (e) ldF/dn,dS= -ivM, where 5 is a closed surface^ 
V the potential, n the normal directed outward, and M the sum of 
all the masses within the surface. This theorem is due to Gauss. 
Equation (e) may be put into another form. We have 

dF/'dn = dFfdx . dx/dn + dF/dy . dy/dn + dF/dz . dz/dn, 

and dxidn = A, dy/dn = ft, dz/dn = v, where A, /x, and v are the cosines of 
the angles which the normal to the surface makes with the axes. 
We have then dF/dn^kX + fiY+vZ. X, Y, and Z are the com- 
ponents of the force, and / is set equal to 1. We then obtain from 
Gauss's theorem (f) \{X\^ Yfi + Zv)dS^ - iwM. 

Let X, y, z (Fig. 26) be the coordinates of the point 0, Ox, Oy, and Oz 
be parallel to the coordinate axes, and Off be a parallelepiped whose 
edges are parallel to these axes. Let X, Y, Z be the components of 
the force acting at 0, The components of the force at the point A, 
whose coordinates are x + dx,y, z, will be 

X-hdX/dx.dx, Y+dY/dx.dx, Z-^-dZ/dx.dx, 

We apply Gauss's theorem to the surface of this parallelepiped. The 
force acting normal to the surface OA' is -A*^, that acting normal 
to AO' is ■{•X-^-dX/dx.dX'. In the same way the force acting normal 
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f>n account of the frequent use made of this equation in mathe- 
matica] j)hy«ic«, we use for the sum of the first derivatives of a 
function / with respect to the three coordinates the symbol 

and for the sum of the second derivatives with respect to the same 
varialilcs the symbol vy- "d^fl'dr;^ + '^fl'dy^ + ^'fl'^z\ With this notation 
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equation (h) may be written (i) V^F+ivp^O, By the help of this 
equation, which wa« first used by Poisson, we can determine the 
density when the potential is known. If no matter is present in 
the region under consideration, that is, if /> = 0, we have 

(k) ?I^FIdx^ + ?^F/df + dWldz^=^V^F=0, 

This equation was first derived by Laplace. It may be obtained 
more simply in the following way. We start from 

where f, 17, and ( are constant, and obtain 

d(l/r)l'dx = - (a: - ^)/r3, ?^{l/r)/^x:^ = - l/r^ + 3{x - ^f/r^. 

Analogous expressions hold for 'd^{l/r)l'dy^ and d^{l/r)dz'. Adding 
these equations, we have 

B2(l/r)/3a;2 + d^(l/r)/^y^ + ^2(l/r)/^;^2 = 0. 

Since the potential F^'Zm/r [(b) XII.], this is equivalent to V^F=0, 

Poisson's equation may also be obtained in the following way. 
Let the density at the point P he p. Describe a sphere of infinitely 
small radius ^ so as to contain the point P, and suppose the density 
in the interior of the sphere to be constant. The potential F at 
the point P consists of two parts, Ft and F^ ; F^ is due to the mass 
outside the sphere, and Fj to the mass within the sphere. The 
potential at P is F= F„ + F^, If P is at the distance r from the 
centre of the sphere, we have from (d) XIII. 

(k') F, = 2irp{R^ - Jr2) ; r= r„ + 2wp{E^ - Jr^). 

^ ^y Vj C and Xf y, z are the coordinates of the centre of the sphere 
and of P respectively, we will have r- = (x - ^)^ + (y - -q)^ + (z - ()^, 
By differentiation with respect to rr, we obtain 

3(r2)/3.cc=2(a:-^) and d^{r^')/dx^ = 2, 

therefore W2=6, and from equation (k') V^F=V^F^-i'n'p. Now F^ 
is the potential due to the mass lying outside of the sphere, and 
therefore V^F^ = and V^F-^iTrp = 0, This is Poisson's equation. 

In the parts of the region where p is infinitely great, Poisson's 
equation loses its meaning. In this case we return to the fundamental 
equation (e). For example, let a mass be distributed on a surface S 
with surface density <r. Draw the normals v^ and v„ to the element 
dS on both sides of the surface, and construct right cylinders on 
both sides of the surface on dS as base, and with the heights dv^ 
and dv^ ; the linear elements of these cylinders are lines of force. By 
applying equation (e) to the volume included in the cylinders, we 
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'/hi^ih y, v, . t/S + cT^ ^7i\ . dS^ - 4nrtiS. wbere T, and T, repreMst 
iij4- valiKfH of the {Kitential on both ndee of the rai&oe. Heace 

Jiij.- <<|ii;iii<iii liiidh an application in the theory of electridtj. 

' '/i«ip.iiinf( foriniilajt fe; and (h), and noticing that M—\\pdxd^ 
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P()ISS<JX*S E<iUATIOXS. 

ii'*. li'iii.iiiiiil / lit tli«» i)oint /, y, £ is a {anction of the three 
• •■••Mijfi.iim .ii„l^ tioiii ih«' previous discussion, has the form 



»vl..j. iiti. •)l:h^|lv /I lit tlic |K)int (^, 17, ^ ^ function of the 
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V^• ***.*y liM«rwi, Uhc ihti differential equation (b) V^r+4r^=0 
.'• ilii. i.i..iihifi |i.iiiii I'm till' determination of the potential: we 
iliij.- i/iiiii mIii.iih thf ilt^.iiird roftult by a more convenient method 
lii« •iiii.iu ,. itidci |,(, ^i\cn as a function of jr, y, and :. The 
iniijji.ii .,1 (1,^ 1^ ,il«4i\s ^i\on by (a), but F may often be found 
*i»'»M' •uinntiniil^ li^ .hiiut integration of Poisson's equation. 

In ilu' Mibiiiiiii u( |ini|iloins in |H»t«ntial, si>ecial attention must be 
(mill (ii (he ImiHiiiai ^ • niulit ions wliii'h serve to determine the functions 
whiili ail- ulii.iuii.l Uy ihircnition. We shall investigate the equations 
of iuntliiion (.. uhi.li ilin |H»!rn!ijil T. ii-ithin a closed surface 5 and 
the poteuiial T. tiuLMili* thai Mnf:uv must conform, if the surfaced 
encliises all ilu' iiia>M^., x^hi^h aiv present in the field, and if no 
m:iss IS pn-soni om^il^. tlu« Mirtaoo. Applying Poisson's equation 
t^^ the region iMulostHl U \ >vo have (o) r-r, + 4irp = 0. Outside 
•1% surface > we havi* yM V-T 0, 

^ li ik any iic»im within >\ 7' a jn^int outside ^^ and if we set 
//' r- wt Lave, when r is very jirtvu. (o) /; = -Vr. Af represents 
v^-: «v^.^ i::a« endowxl by >' Honco, for /■=x, the potential 
K^~0 '^y: f iim.A^r ).^.=.v. that is, the proiiuct tJ\ approaches 
•>w f.-vt .vit.- ^/ if the poiiat i^ move., off to infinitv. 
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If Pj and Pj ^® ^^^ points which lie infinitely near each other 
on different sides of the surface S, the potentials at both points are 
equal, and we have for all points on the surface S, (g) F, = F^, The 
dash drawn over F is used to denote the value of F at the surface. 

From (1) XIV. it follows further that for the points on the surface 
where <r = 0, we have (h) dFJdv=^dFJdvy where the normal to S is 
designated by v « - v, = v^. The potential is therefore everywhere 
finite. 

It is here assumed that p is everywhere finite. For the places 
where p = co we obtain other equations of condition, which may 
readily be derived from those already given. For example, if <r is 
the sur&ce density on a surface S, in which, therefore, p is infinitely 
great^ and if /o = for all other points in the region, then, in our 
former notation, we have V^Fi = and V^F"^ = 0, but 

(i) K^K dFJdv, + Wjdy, + ^mr = 

for all points on the surface S. 

By these equations we may determine the potential if the density 
P within a sphere of radius B is constant. Outside the sphere p 
is supposed to be zero. The potential ^vithin the sphere is F^, and 
outside of it F^. We have then V^Ft-hiirp = 0, VW^==0, Now 

we have dF/dx = dF/dr . x/r, 

?^FI?^ ^d^F/dr^ . x^/r^ + dF/dr . 1/r - dF/dr . x^r^. 

Similar equations hold for the derivatives of F with respect to y 
and 2. We thus obtain V^F=d^F/dr^ + 2/r .dF/dr. Since, however, 

d(rF)/dr = rdF/dr-{-F and d%rF)/dr^^rdW/df^ + 2dF/dr, 

we have (1) ^^=^ 1/^ . d\rF)/di^. 

The differential equations which Fi and F^ must satisfy are therefore 

(m) d:\rF,)/dr^-\'iirpr = 0, dHrF,)/dr^ = 0. 

From these we obtain by integration 

rFt + lfrpf^ = Cr+C and F,^C^ + C^/r. 

For r=oo it is assumed that F^ — O^ so that F^ = C^/r. Since Fj 
cannot become infinite for r=0, we have (7 = 0, and hence 

Fi + ^irpr^=C. 
Since the force is a continuous fiinction of the coordinates, and 
since, therefore, for all points on the surface, dFi/dr = dFJdr, we 
will also have, when r = ^, ^vpR^C^/R^. Hence C/ = ^Tr/)/?^, and 
therefore (n) F^^^wB^p/r. Since Fi=F„ when r = Ry we have 
C^2vB^Pj and therefore (o) Fi=^2irp{R^-\r^). These formulas are 
the same as (c) and (d) XIII. 
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If the potential depends on the distance of the point under con- 
sideration from a straight line, we choose this line as the 2r-axis of 
a system of rectangular coordinates. Let the distance from the 
;;-axis of the point for which the potential is to be determined 
be r. We have then r- = ic2 + y2^ and further 

d-^F/dx^ = j2/,.2 . d:^ridr'- + 1/r . dF/dr - x^t^ . dF/dr, etc. 

Therefore 

(p) v^F= d^F/dr'- + 1/r . dFfdr = 1/r . d(rdFldr)/dr. 

If we are dealing with an infinitely long circular cylinder of 
radius K and surface-density a-, the axis of which is taken as the 
2r-axis, we have (q) V^Fi = and V^F^ = Oj while for r = B we have 

(r) F, = r„, d FJdr - dVjdr = - 47rtr. 

It follows from equations (p) and (q) that 

d{rdFt/dr)/dr=^0 and d(i'dFJdr)!dr=^0. 
Hence dFjdr=CJr and dFJdr = CJr, 

r, = Cilogr+C/ and F, = Cglog r -f C,'. 

C\ must be equal to zero, since no force acts at points in the axis 
of the cylinder. Further, for r = /?, we have C/ = Cg log -B + Cj'. 
From equation (r) we have 0^= -iirRtr^ and therefore 

r,= C2' - 47r/i?(r log i? ; V^^G^ - 47ri2o-logr. 

These equations are the same as those given in (m) XIIL 



Section XVI. Action and Reaction. On the Molecular and 

Atomic Structure of Bodies. 

In our discussions up to this point we have considered the motion 
of a body under the action of given forces; but nothing has yet 
been said as to the origin of these forces. A body upon which no 
forces act moves forward, by the principle of inertia, in a straight 
line with a uniform velocity. A change in the motion can arise 
only from outside causes. We learn from experience that the motion 
of one body in the presence of another undergoes a change, and we 
are therefore led to assume that in the mutual action of these bodies 
is to be found the reason for the change of motion. We will first 
consider the mutual action of two bodies. We thus obtain the means 
of investigating the more general case in which three or more bodies 
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act on one another. The mutual action may be of different kinds. 
If two bodies collide their motion changes. A similar change occurs 
when the bodies slide over each other. In both cases the bodies 
are at least momentarily in contact. Bodies also act on each other 
without contact; thus, for example, a magnet attracts a piece of 
iron, or a piece of amber when rubbed attracts a feather. The 
first serious effort to explain these mutual actions or so-called actions 
at a distance was made by Descartes. His explanation was based 
on the assumption that all space is filled with very small particles 
in motion, and that all observed motions of bodies are due to 
collisions between them and these invisible particles. 

Hence the discovery of the laws of collision became one of the 
most important tasks in the study of physics. Descartes investigated 
this question, but without success. It was not until the close of 
the 17th century that Huygens, Wallis, and Wren contemporaneously 
succeeded in solving it. A sphere in motion can set in motion a 
sphere at rest; the moving sphere, therefore, possesses energy of 
itself. Let the collision be central, that is, let the direction of motion 
coincide with the line joining the centres of the spheres. An iron 
sphere produces a greater effect on the sphere at rest than a wooden 
sphere of equal size moving with the same velocity. Of two equally 
large spheres whose mass is the same, the one produces the greater 
effect which has the greater velocity. Hence the force which the 
moving sphere possesses increases with its mass and with its velocity 
jointly. The product of the mass and the velocity gives a measure 
for the force residing in the body, and is called its nwmentnm or 
qxiantity of motion. 

The principal result which Huygens, Wallis, and others obtained 
was the following : If two bodies collide, they undergo changes of 
momentum which are equally great and in opposite directions, or, 
they act on each other with equal but oppositely directed forces. 
The adion and reaction are therefore equal and oppositely directed. 

This is one of the most important laws of natural philosophy, 
and we will discuss the grounds upon which it is founded. It was 
first derived from observations on collision, without its thereby 
becoming apparent how far it holds for other interactions between 
bodies. Newton first recognized in this law a universal law of 
nature, which always applies when bodies act on one another. By 
carefol investigation of the collisions of different bodies (steel, glass, 
wool, cork) be found that the action and reaction are equal, if 
allowance is made for the resistance of the air. In order to examine 

D 
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whether the same law holds for actions at a distance, he mounted 
a magnet and a piece of iron on corks and floated them on water. 
The iron and the magnet approached each other and remained at 
rest after they had come in contact, so that the forces by which 
the iron and the magnet were mutually attracted were oppositely 
directed, and equal. He showed further by the following argument 
that action and reaction are equal in the case of attraction or 
repulsion : If two bodies acting on each other are rigidly connected, 
they should both move in the direction of the greater force if action 
and reaction were not equal; this would contradict the principle of 
inertia. 

Since Newton's time this law has been established in many ways, 
and many discoveries in physics have furnished proo& of its correct- 
ness. It has led in many cases to new discoveries, and there is no 
longer any doubt of its universal applicability. 

The simplest conception of the structure of bodies is that, according 
to which bodies are composed of discrete particles, for whose mutual 
action the law of action and reaction holds. Starting from this 
view, Newton calculated the action of gravity. Gravity is a function 
of distance alone ; its value is therefore the same so long as the 
distance is unchanged. This conception of the structure of bodies 
has led to important results in other branches of physics. There 
are, however, many cases in which it seems inadequate. Chemistry 
teaches that bodies are composed of molecules, which themselves 
may be groups of smaller particles or atoms. These molecules have 
certainly a very complex structure, and the mutual actions among 
them, especially if the distances between them are great in comparison 
with their size, must therefore be of a very complicated nature. As 
yet we have little knowledge on this subject In what follows 
we will confine ourselves to the treatment of the motions of particles 
acting on each other with forces which are Ainctions only of the 
distances between them. 



Section XVII. The Centre of Gravity. 

« 

Gravity acts on all parts of a body ; the forces thus arising may 
be considered parallel for all parts of the same body. The action 
of gravity on all the particles of a body may be combined in a 
resultant whose point of application is at th^ centre of gi-avity. If 
the centre of gravity is rigidly connected with the body and rests 
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on a support, the body is in equilibrium in any position. Since 
gravity is proportional to the mass, the centre of gravity coincides 
with the centre of mass. The resultant applied at the centre of gravity 
is the weighi of the body. The straight lever is in equilibrium if there 
is applied to its centre of gravity a force equal to its weight and 
acting in the opposite direction; the jiarticlee on the one side of 
the centre of gravity tend by their weight to produce rotation in 
one sense which is equal to that produced in the opposite sense by 
the particles on the other side. 

Let the masses m^ and m^, whose velocities are represented by A A' 
and BB' (Fig. 27), be situated at the points A and B. Let the point 
C be so determined on the line joining A and B that m^AC=m.yBC, 
The point C is then called the centre of gravity of the two masses 
m^ and m^ If the point C is so determined on the line joining 
A' and B that iii^A'C-m^'C, we may consider CC the velocity of 






Fig. 28. 

the centre of gravity. If AD and BE are equal and parallel to (7(7, 
the velocity A A' of the mass m^ may be resolved into the components 
AD and DA\ and similarly the velocity BB' may be resolved into 
the components BE and EF, Now, since m^/7n^ = BC/AC==FC/A'Cj 
the triangles A'CD and B'CE are similar, the sides A'D and B'E are 
parallel, and hence mJm^^'B'E/A'D. The velocities of the masses 
may be considered as compounded of the velocity of the common 
centre of gravity and two velocities r^ and v^ which are parallel 
to each other and inversely proportional to the masses; so that 

If, therefore, oa and ob (Fig. 28) represent the velocities of the 

masses m^ and m^ and if ab is divided by the point c into the 

parts ac and be^ which are inversely proportional to the masses, then 

oe represents the velocity of the centre of gravity, and ca and cb 
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rspr^sKT^ liut T^jtxsax rA ih« m\m9^^ n. aoci i»^ rdanre to tlie centre 
^A zrkTTZv, Iz is erjCLTenaeiEu ^o rcKcre sk rskKXtr in this wiv, 
hiwuise rhe r^jtizj ^A the <^«ctre o^ zr&TitT is ckuiged bj external 

If mofoenta are resoi^-ed a&i CGmzmnided like forces, then from 
Fi^, 2* 'he .wMiffm^rm 't/ ii? ^wcr^ v^' -mnN^ in which we huit consider 
V>di xna^iMs anfted. erinab the resahut of the momenta of the 
sepame nia«e« a»^ and m^. The mcmentam k^.<^ maj be resolyed 
mto ^'.'/''^ 91.0(1. the momentom i?*^ into n^^jn/d;. Now, m^rn 
and />'t./^/ are eqnal hot opposite in direction. Hence we have for 
the replant momentnm m-jx -*- mj^ == < m^ ^ m^kt. 

The velocitT of the centre of gr a i it i remains unchanged if the 
bridies in J and m^ act on each other according to the law of action 
and reaction. In this case both bodies receire momenta which are 
eqoal bat oppositelr directed, and which annul each other. This 
result may be derired analytically in the following way. If z^ and r^ 
are the coordinates of the particles m^ and m^ the line joining which is 
taken for the jr-axis, and if the /--components of the forces with which 
the masses act on each other are A'l and X^ the equations of motion 
are (2l} M^jrj = Xi and m^^^X^ Adding these equations, we have 
(b) ^/-(ni^jr, + mjjr^ <//^ = A'j + Xj. Since X^ and J* arise firom the 
mutual action of the masses on each other, they are equal but opposite 
in direction, and hence Xj + X. = 0. Setting 

we have f = 0, ^= Const. Hence the point determined by the 
^oonlinate moves with the constant velocity ^. The jr-coordinate 
of the centre of gravity is ^, because m^{jr^ - f ) = w*j(f - ^s)- Differ- 
entiating equation (c) with respect to /, we have 

That is, the momentum of the centre of ^rarity equals the sum of (he 
m^/menta of the separate masses. 

By Newton's law of universal attraction two masses m^ and m^ 
act on each other with a force -fm^mji^, where r is the distance 
between the two masses. Their motion may be determined in the 
following way. The velocity of the centre of gravity and the 
velocities of the masses relative to the centre of gravity are deter- 
mincrl from the velocities of the masses. These act on each other 
with forces directed toward the centre of gravity, and we can 
therefore consider this as the attracting |)oint. If i\ is the distance 
of the mass vi^ from the centre of gravity, then »«i**i = w*2(r-r|), and 
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therefore m^r=(Ht, + wi,)i-,. By substitution of this value of r we 
obtain for tie force the expression fmim^^Hm^ + m^)h-{'. The mass 
»ii therefore moves round the centre of gravity as if the force acting 
on it were due to a mass Mi = )n^/{tai + m^)'' situated at that point. 



Sectiok XVIII. A Material System. 

We will now conuder a system of separate masses in vacuo, which 
act on each other with forces which are functions of the distances 
of the masses from each other, and obey the law of action and 
reaction. The forces which act in such a way within the system 
are called tTiternal forces. Exleimd forces, proceeding from bodies 
which do not belong to the system, may also act on it. The masses 
are designated by n)|, m^ m^ etc, and the positions of the masses are 
determined by the coordinates x, y, %, with appropriate indices. We 
may determine the position of the system by supposing each mass 
to be made up of different numbers of uniU of mass ; the mean 
values f, I), ( of the x-, g-, ^-coordinates will then be 
(a) f=(m,i, + m^j + myr3 + ...)/{»n, + iH^ + ...). etc. 

^, >;, { are the coordinates of the centre of gtaviiy of the system of 
imtsxt. If the equation (a) is differentiated with respect to the 
time (, it appears that the velocity of the centre of gravity depends 
oil the velocities of the particles. That is, 
{b) f - (ntjii + fn^ + m^ + . . .)/(m, + m,^ + flij + - - - ), etc. 

The intern^ forces cannot change the motion 
of the centre of gravity, since by the law of 
action and reaction two masses impart to each 
other equal and opposite momenta, the sum 
of whose projections on any axis is equal to 
zero. 

This result may be represented geometrically 
in the following way. From any point {Fig. 
29) draw the lines Oa, Ob, Oe, etc., which repre- 
sent the velocities of the masses m^, m^ m^, etc. 
Then if the masses m,, m,, m,, etc., are placed 
at the points a, b, c, etc., respectively, and if *'"'■ '^■ 

y is the centre of gravity of the masses, Op is the velocity of the 
centre of gravity. 
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In order to determine the motion of the separate particles iire 
must know the separate forces which act on them. If the com- 
ponents of the external forces acting on the mass m^ are designated 
by X„, y^ Z^i if F^ is the force with which m„ is attracted by 
m^f and if r^ is the distance between m„ and m^ the x-component 
of the forces acting on m„ is 

We obtain similar expressions for wi^, m^, etc. Hence we have 

(c) rnjc^=-X^ + F^,(x^-x,)/r,, + F^.{x,-x,)/r^-h.,., etc. 

Since by the law of action and reaction F„i,-Ff^t F^ — F^, we have 

If we now introduce the coordinates of the centre of gra\aty, we 

have, using equation (a), 

•• •• 

(Wa + m4 + m^ + ...)^ = -Y„ + Xft + X^ + ... or ^2wi = 2X 

This equation contains the law of the motion of the centre of gravity, 
which may be thus stated : The centre of gravity of a system of massfs 
moves like a material point in which all the masses of the system are 
united, and at which all the faices are applied. 

The momentum of the whole system is compounded of the 
momenta of the separate masses. From a point (Fig. 30) draw 

OA=m„v^ parallel to the direction of the velocity 
v^. In the same way draw AB = m^T^, BC=m/^ 
etc. Taking account of all particles we reach 
a point D. The line OD then represents the 
momentum of the system. The sums of the pro- 
jections of the momenta on the coordinate axes are 

lmyv„ 2mJ/„ 2w^^ 

By equation (b) these sums equal the components 
of the momentum of the centre of gravity. In 
the time-element dt the motions of the separate 
masses are changed by the forces which act on 
them; nevertheless, the internal forces do not 
change the momentum, since the resultant of the 
momenta which these forces occasion is zero, by the law of- action 
and reaction. On the other hand, changes of momentum are occa- 
sioned by the action of the external forces. A force K produces 
the momentum K .dt in the time dt. If all the momenta which 
the external forces produce are determined in this way, and com- 




SECT. XVIII.] A MATERIAL SYSTEM. 55 

hined with those originally given, the actual momentum is obtained. 
This also appears from equation (d), which may be thus written : 

Sir William Rowan Hamilton introduced the word vector to repre- 
sent magnitudes which have direction, and which may be compounded 
like motions, velocities, forces, etc. The sum of vectors is called 
their resultant. If we consider momentum and force as vectors, the 
increase of the momentum which a system receives in the time dt 
equals the product of the resultant of the external forces and the 
time (//. Since the momentum of the system equals the momentum 
of the centre of gravity, the law just stated holds also for this latter. 



SBcmoN XIX. Moment of Momentum. 

If the mass m at the point A (Fig. 31) moves in the direction AB 
with the velocity v, its momentum is mi\ If is an arbitrary 
fixed point, and OC-p a line perpendicular to » 
AB, the product mvp is called the moment of f 
momentum with respect to 0. The value of the 
moment depends on the position of the point 0. 
If we erect a perpendicular on the plane deter- 
mined by and AB, and lay off on it from 
a length proportional to mvp, the vector deter- 
mined in this way is called the moment of 

momentum. This vector is to be so constnicted 
that it points in the direction of the thumb, I 

if the right hand points in the direction OC, ^^' 

and the palm is turned toward the direction of the force. 

In the same way the vectors corresponding to all parts of the 
system can be determined, and compounded by the method given 
in Fig 30. If neither external nor internal forces act on the parts 
of the system, the moment of momentum of the entire system is 
invariable, since the separate moments remain invariable. The 
moment of momentum of the system is also not changed by the 
action of internal forces. If, for example, A and B (Fig. 32) are 
the points occupied by two masses m^ and m^ which repel each 
other with the force K, then A receives in the time di the momentum 
K^dt in the direction A A', and B receives the same momentum in 
the opposite direction. The moments of momentum of A and B 
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animl each oilier. On the oilier band, the moment of momentam 
of the •jntem will in genenl be dumped bv extermJ forces, but it 
win remain eooitant in caw tbe direetioos <^ all tbe external forces 
always paas tbroa^ the fixed point 0. 

Hence, if the moments <^ momentam and the moments of the 
external forces are considered as Tectors, the increment of the moment 
of momentum of the S3rstem in the time di equals the resultant of 
the moments of the external forces multiplied by di. 
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Fig. 32. 



Fig. 33w 



This may be represented analytically in the following way. Let 
AB^Jt and AC=^y be the velocity components of the particle M 
situated at A (Fig. 33). The distance of the moving mass from the 
j!;-axi8 is y^ and from the y-axis is x. Hence the moments of momentum 
with respect to the zaxis are mxy and myz. These being oppositely 
directed, their difference miy-myx is the moment of momentum of 
m with respect to the z-axis. This moment receives in the time dl 
the increment nid(xy - yx) = in{xi/ ^ yx)dL Hence we have 

(a) :^m(xy - yx) = "^xV- yX), or (b) d^m(xy -yx) = da(xY- yX\ 

that is, the increment which the moment of momentum about any axu< 
receives in the time dt is equal to the product of the sum of the moments 
of the ^eternal forces about the same axis and the time-element dt. 



Section XX. The Energy of a System of Masses. 

If a particle m moves with a velocity v = ds/dt, its kinetic energy 
[V.] is imv^ ^ im(ds/dt)^ ^ im^. Since ds^ ==^ dx^ + df -¥ dz^, this may 
be written ^mt^ ^r^ ^m(ofi + y^ + i^). The kinetic energy of the system 
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is determined from the velocities of the separate particles of the 
system. It is expressed by T = ^ . ^m(:i^ -^ j/^ -^ z-). If x, y, z are the 
coordinates of a particle, and (, y, ( the coordinates of the centre of 
gravity, the coordinates of the particle with respect to the centre 
of gravity are x - f = «', y-'q^yf, z^ ( = z'. Using these new 
coordinates, we obtain 

2/?kc2 = 2m(^ + ;^')- = ^2m + ^mx '2 + 2^:^mjb', etc. 

From XVIII. (a) we may set 2ww;' = 0, if the centre of gravity is 
chosen as the origin of coordinates. Then 

Thf kinetic energy of the system is equal to the sum of the kinetic energy 
'/ the masses due to the motion of the centre of gravity, and the kinetic 
•energy of the masses due to their motion relative to the centre of gravity. 

The increment of the kinetic energy of the system in the time- 
i^lement dt equals the work done by the forces during that time. 
This is divisible into two parts, that of the external and that of 
the internal forces. If we designate the components of the motion 
of a particle parallel to the axes by dx, dy, </.:, the work done by 
the external forces is '^{Xdx-^-Ydy + Zdz). 

If r is the distance between two particles and the repulsive force 
F acts between them, the work done by the internal forces is ^Fdr, 
Hence we have dT='^Xdx-^Ydy-\-Zdz)-\-:^Fdr. If the force with 
which the masses act on each other is a function of the distance r 
only, we can set Fdr^dtf/, where ^ is a function of r only. Now 
setting ^\p = dUj we have finally 

(d) dT='2.(Xdx-^Ydy-^Zdz)-\-dU, 

The function U depends only on the distance between the particles 
or on the configuration of the system. U is the potetititd of the system 
on itself or the internal potential energy of the system. Further, U is 
the work which would be done by the internal forces if the particles 
were to move from their positions at any instant into other positions 
in which their mutual actions are zero. 

If, for example, the given masses act on each other according to 
Newton's law, we have /*= -f'niimjr^, and therefore 

Fdr= -fm^m^rlr^= ■\-fd(m^mJr), 

If several masses nij, m^ m^, ... are present, whose distances from 
each other are fij, fjj, r^,, ... respectively, we have 

(e) d U »fd{m^m^lr^^ + m^mjr^^ + m^mjr^.^ +...). 
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If the system passes from one coafigmatioa to another, the work 
done by the intemal forces is decermined only by the initial and 
finiil positions of the particles, and does not depend on the paths 
traversed by them. If no external forces act on the system, we have 

(f) IT^dC or r-7:,= CT- Cv 

Now. irom the discussion in VIL, we may set U^ = 0, and so obtain 
T=C-rT^* that isw the kinetic energy of the system equals the 
original kinetic energy J[^ increased by the work U done by the 
forces. In case of a change in the relative positions of the particles, 
supposing no external forces to act, a transformation of the one 
form of energy into the other occurs without causing a change in 
the total energy of the system, that is, the mm of the kinetic and 
potent mI en€i'^€S '•/ sH*:h a .^^/m is oynsiant. 



Skcttiox XXI. CoxDmoxs uf Equiubrium. Rigid Bodies. 

We will now consider the conditions of equilibrium of a system. 
If the positions of the separate masses at a definite instant, and 
also the internal and external forces are given, the system is in 
equilibrium, when the resulunt of all the forces acting on each 
particle is zera If the internal forces are in equilibrium, no change 
occurs in the motion of the system, so long as no external forces 
act on it Elxtemal forces will as a rule set the system in motion; 
but it is also possible that they will not change the equilibrium of 
the system as a whole even if its separate parts are set in motion. 
If the resultant of the external forces is zero, the motion of the 
centre of gravity remains unchanged [XVIIL] ; so that, for example, 
if the centre of gravity is at rest, it remains at rest. But even 
when this is the case, the external forces may set the separate 
masses in motion ; the relative positions of the particles may be 
changed, and changes of form or rotations may occur. The con- 
ditions for such changes are developed in the theory of elasticity 
and in hydrodynamics. At present we will consider only the 
behaviour of rigid bodies. 

The iMirticles of such bodies are so conditioned that the distances 
lieiwcon them are constant or nearly so. If the positions of three 
particloH of the bo<ly are given, the positions of all the other particles 
aru }i1h() ^iven, and the position of the body is determined. If the 
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body (Fig. 34) is moved from its position so that the points A, B, C 

are brought to the points A\ M, C respectively, it can be brought 

back to its original position by a series of simple operations. The 

body may first be displaced parallel with itself through the distance 

AA\ so that the point A' coincides with A^ and the points B' and 

C are brought to h and c, Cc, Eh, and A' A are equal and parallel- 

The body may then be turned about an 

axis passing through A^ perpendicular 

to the plane determined by BA and 

hA, through the angle BAhy so that h 

coincides with B and c is brought to 

c'. By a second rotation about the 

axis AB^ <f may be made to coincide 

with C. The motion of the body is 

thus reduced to a translation and two 

rotations. A rigid body, therefore, 

cannot be moved, if it can neither be 

displaced nor rotated. 

In order that a body acted on by 
external forces shall be in equilibrium, 
its centre of gravity must remain at 
rest. The necessary condition for this 

is that the resultant of the external forces is zero. It must also 
have no rotation about any axis. If such rotations exist, its particles 
receive a certain momentum, which has a moment with respect to 
the axis. Since each of the elements in this moment is positive, 
because the parts of the body all move in the same sense, and, 
therefore, the momenta of the separate particles have the same 
sign, the sum of the momenta can vanish only when each one of 
them is separately zero. Now the sum of the moments of momentum 
is [XIX.] equal to the product of the moment of force and the time 
during which the force acts. Hence it is required for equilibrium 
that the forces which act on the body have no moment with respect 
to the axis. This must hold for each axis about which the body 
can turn. Now, if the moment of the forces equals zero, the sum 
of the moments of momentum equals zero, therefore the moment of 
momentum of each particle equals zero; that is, each particle is in 
equilibrium. Furthermore, since moments can })e compounded like 
forces, equilibrium will exist if the moments with respect to three 
arbitrary axes are zero. 




Fio. 34. 
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Section XXII. Rotation of a Rigid Body. The Pendulum. 

Let a solid body revolve around an invariable axis, which is chosen 
as the ;;;-axis of a system of rectangular coordinates. Let the angular 
velocity of the body be <o. If r represents the distance of any particle 
m from the ;?-axis, the velocity of this particle is rw and its kinetic 
energy Jmr^w^. Since a> has the same value for all particles, the 
kinetic energy T equals T=^W^mr\ The factor 2wir2 is called the 
moment of inertia J of the body with respect to the 5;-axis ; the moment 
of inertia is equal to the sum of the products of the particles into 
the squares of their respective distances from the 2f-axis. Hence we 
have 7=10)2/, that is, the kinetic energy of a rotating body is equal to 
its moment of inertia multiplied by fudf the square of its angular velocity. 
A length K may always be found, such that ^mr-^K^^m. This 
length is called the radius of gyration of the body. It is the distance 
from the axis at which a mass equal to the mass of the body would 
have the same moment of inertia with respect to the axis as that 
of the body. 

If the only external forces which act on the body pass tlirough 
the axis, the work done by them is zero, since the axis does not 
move. Since the internal forces also do no work, the kinetic energy 
and therefore also the angular velocity a> must remain constant. 

Since [XVIII. ] the centre of gravity moves as if the resultant of all 
the forces acted on the mass of the body concentrated at the centre 
of gravity, this resultant B can be determined. If we represent 
the distance OP (Fig. 36) of the centre of gravity from the :-axis 
by a, we have [IV. (b)] 7i! = 2S?wa V'/a = ii)7?iaw'-. I{ is the resultant 

of the forces with which the body acts 
on the axis of rotation. In general, the 
forces applied to the body so act that 
they have no resultant; they tend only 
to produce rotation about the axis. In 
order to determine them, the theorem in 
XIX. concerning moments of momentum 
must be used. 

If external forces act on the body, its 

angular velocity changes. The amount 

of this change is determined from XIX. 

The momentum of a particle m is represented by mrw, and its 

moment of momentum by mnor. Hence the moment for all particles 

of the body is a»2wir- = loJ. If the moment of the forces with respect 
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to the z-SLxis is represented by M, we have, from XIX., d(iaJ) = Mdf 
or (c) Jdfa/di = M. 

If, for example^ the moment is constant, the angular velocity 
increases in direct ratio with the time. 

If the moment is due to gravity, the body under certain conditions 
performs oscillations. We suppose the x-axis taken parallel to the 
direction of gravity and represent the force of gravity by g. The 
position of the centre of gravity P (Fig. 35) is determined by the 
angle POX= 6 and the angular velocity w by rf6 = wdt. The moment of 
force with respect to the ^^-axis is - (wi^yj + 7/12^2+ --Of^^ -^-^^^i 
where rj is the y-coordinate of the centre of gravity, ^jn denotes the 
sum of all the masses. Since 17 == a sin 6, we have from (c) 

/. 6 = - a sin 6 . g^m. 

If 8 is very small, so that we may set sin = 0^ this becomes 

(d) 6 = - aOg^J, 

Comparing this equation with that given in VIII. (g), we find that 
they are identical when we set l/l = a'2mlJ. The period of oscillation 
of the physical pendulum is therefore (e) t = irsfljg = ir'jjjga2m. Since 
/=2w(jc-+y* + «2), we get by transferring the origin of the system 
of coordinates to the centre of gravity (^, ?;, (), if x\ y\ z' are the 
coordinates with respect to the new origin, 

(f) J--2#w{(aj' + f)2 + (y + >7V^ + (^ + 0'}-2ma2 + 27n(a;'2 + y2^.^^^^ 

since the terms f Smar', -rfZiMf and fSw/ vanish. 

Now, if we set /=rt2V^i + Z:2Sm, where k is the radius of gyration, 

we obtain from (e) (g) i^ir'J{a^-\-k^)lga, We call / = the 

reduced length of the pendulum or the length of the equivalent simple 
pendulum. The point S which is at the extremity of the line OS = l 
(Fig. 35), drawn through and P, is called the centre of oscillation. 
If an axis is passed through jS^ parallel to the ;?-axis, and the body 
oscillates about it, the reduced length of the pendulum /' is 

r=((Z-a)2 + i5;2)/(/-a). 

Since, however, l-a^k^/a^ we have l'=^(a^-\-k')/a = l. The reduced 
length of the pendulum and therefore the time of oscillation are 
the same for this new axis as for the former one. 
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THE THEORY L^F ELASTICITY. 

Sbctii.?^ XXKL Lrnas-iL Fobcks. 

If all parts oc a hodj an* fn a^nmbrimiL ud if no cenaoos or pressures 
Act on them, ret internal forces mnast be present acting between the 
^epflu^ite porta *^ the body. Everr a«:tioa prodn c e i dianges of form 
in the body. Aod chns tleTelops fi^rces in its interior, wUch act in a 
sense opptDsite d> che excemal fijrces. These internal forces con- 
dition the nature of the hodj, determining, for example, the difference 
between solids and llixkis. Xo sharp distinction can be drawn, how- 
ever, between these two classes of bodies^ Yiacoas fluids and jelly- 
like solids are bodies which seem to be transition forms between 
tme solids and flnids. 

If a preasore acts on the sar£u!e of a floid, it most be equally 
great on equal areas of the sorf-ioe at all points^ and it most be 
perpendicular to the sur&ce, if the fluid is to be in equilibrium. 
This pressure is exerted throughout the whole mass ; all equal 
surface-elements at a point are subjected to equal pressures, which 
are always perpendicular to the sur&ce-elements. We call such a 
pressure h/lrft^aik pressure. A similar pressure may also be present 
in solids. If a solid, a piece of glass, for example, which fills the 
volume enclosed by its external surface, is immersed in a fluid on 
which a pressure is exerted, the same pressiu^ exists at every point 
in the surface of the glass as in the fluid. The pressure is everywhere 
th« Nume, and [>erpendicular to the surface-elements. We may there- 
fore speak of hydrostatic pressure in solids also. 

Yet, in general, internal forces in solids are very different from 
theme in fluids. Let a cylindrical rod be fastened at one end, and 
lot the force V lie ai)plied at the other end so as to lengthen the 
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rod. In a cross section perpendicular to the axis of the cylinder 
the internal forces are everywhere equal. Let the area of the cross 
section be A (Fig. 36), then the force F/A acts on unit of area in A, 

This quotient represents the stress S in the rod. If 
another plane cross section B is taken in the rod, 
which makes the angle 4> with A^ the force S* acts 
on each unit of area of B, so that 

S^,B = S.A^S,Bcos4>, 

and hence (a) <S'=iS>cos0. The stress 5' is no longer 
perpendicular to the surface B on which it acts ; its 
magnitude decreases with cos <^ and vanishes for 
<l>=^iv, A surface-element within the cylinder and 
parallel to its axis is therefore subjected neither to 
pressure nor to tension; this conclusion holds for 
an element of the surface of the cylinder. We may 
resolve S' into two components, one of which, T, 
is tangent, and the other, N, normal to B, and have 

(b) Nr=S cos V, r = 5 cos </» sin 0. 

If internal forces of this type exist within a body, we call the stresses 
axUd. In the direction of the axis the stress is 6"; a unit of surface 
whose normal makes the angle </> with the axis is acted on by a 
force iSi0O8<^ in the direction of the axis. 

We will consider a rectangular parallelepiped (Fig. 37), of which 
the lines OA^ OB^ and OC are adjacent edges. The stresses which 
act on each unit of area of the faces 
which are perpendicular to OA^ OB, and 
OC are 5., S^ S^ respectively. If the 
normal to an arbitrarily situated unit 
of sorfiice / makes the angles a, p, y, 
with the edges OA^ OB, OC respectively, 
the force acting on / is the resultant 
of the fbrcee S^cobo, S^cosP, /S^-cosy, 
which are parallel to OA, OB, OC re- 
spectively. If the stresses S^ Si,, S^ 
have the same value S, this resultant is Sj cos'-^a + cos^fi + cos-y = S, 
Hence three equal stresses which are peri)endicular to each other 
cause a hydrostatic stress, since their resultant has the same value 
whatever may be the position of the surface. Since the components 
of this stress are 5 cos a, Scob^, and iS^cosy, it is perpendicular to 
the unit area /. 
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On the other hand, if jS'^ = and S^==S^=^S, that is, if two strestes 
act at right angles to each other, while the stress perpendicular to 
them both is zero, the components in the directions OA^ OB, OC 
resiMSctively are S cos a, S cos P, 0. Hence the force acting on / is 

Sj cos^a + cos'-^ = S-Jl - cos-y = S sin y, 

and is [)erpendicular to OC. Such a state of stress in a body mav 
l>e called equatoiial. The plane which contains OA and OB^ or rather, 
every plane parallel to both these lines, may be called an equatorial 
plane. The same stress S acts on each unit area perpendicular to 
the c((uatorial plane. If the normal to the surface / makes the ao^e 
r/> with the equatorial plane, the stress on it is proportional to cos ^ 



Skction XXIV. Components of Stress. 

Let the surface F (Fig. 38) divide a body into two parts, A and 
B. If the jKjrtion of A which touches the element dF of the surfiice F 
is removed, a force must act on dF to keep B in equilibrium. This 
force SdF is not, as a rule, perpendicular to the element dF. The 

forces acting at the various points 
of F are, in general, different 
If the force tends to move the 
clement dF into the space occa- 
pied by B, it is called a presort 
on the surface dF; if it tends to 
move the element dF into the 
space occupied by ^, it is called 
a tension. In all cases we call the 
force S a stress ; if this acts as a 
tension, it is a positive stre^, if as 
a pressure, it is a negative stress. 
If the part of B which touches 
dF is removed, then to maintain 
equilibrium in -^ a force SdF 
must act on dF, since action and 
reaction are equal Hence both forces which act on an element of 
surface within a body are equal, but oppositely directed. It is 
characteristic of a stress that it may be looked on as made up of 
two equal and opposite forces. 




Fig. 38. 
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If the surface-element dF remains in its original place in the body, 
but is turned about one of its points, a particular value of the stress 
corresponds to every one of its positions; for special positions the 
stress may be zero. When the body in which the surface is drawn 
is a fluid, the stress is independent of the position of the surface. 
We assume in the body a system of rectangular coordinates. The 
stresses in the surface-elements, which are perpendicular to the 
directions of the axes, are determined by their components. 

Let the surface-element dF be perpendicular to the 2;-axis, and let 
dF-dy,dz. If that part of the body is removed which lies on 
the positive side of the surface-element dydz, the positive side being 
determined by the positive direction of the x-axis, then, to maintain 
equilibrium, a force Sdydz must act on the surface dydz. The 
force S is resolved into the components X^ Y^ Z^ which are 
respectively parallel to the coordinate axes. The index indicates 
that the forces act on an element which is perpendicular to the 
a:-axis. A", is perpendicular to the surface-element; it is therefore 
called the normal force ; Y^ and Z, are tangential firrces. Now, let 
the element dF remain in the same place, but be turned so that 
it is i)erpendicular to the y-axis. We may then set dF=dzdx. 
As before, there are three components of force X^ Y^, Z^ acting on 
the surface-element dzdx^ of which Y^ is the normal force, X^ and Z^ 
are the tangential forces. If the surface-element dF is turned so as 
to be perpendicular to the ^-axis, we have as components A'„ Y„ Z,, 
of which Z^ is the normal force and A', and Y^ are the tangential 
forces. There are therefore, in all, nine components, 

-^«> Y jn Z^\ Ay, Y^ L^\ A^ 1^, z,. 

By these components the stress on any surface is determined. Let 
OA^ OBy OC (Fig. 39) represent line-elements, parallel respectively 
to the X'f y-, z-Sixes, Let a plane be passed 
through A, By and (7, so as to form the 
tetrahedron OABC, Let P, Q, and M be 
the components of the stress in the direc- 
tions of the coordinate axes at a point 
in the base ABC of the tetrahedron. We 
now form the equation of condition, which 
must hold that the tetrahedron shall not ^ ^ Fig. 39. 
move in the direction of the aj-axis. The 

forces which tend to move the tetrahedron in that direction are 
P. ABC acting on its base, and -X,,OBC, -X^.OAC, -X,.OAB 
acting on its faces. Hence the force which urges the tetrahedron in 

E 
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the direction of the x-axis is P. ABC - X^ . OBO - A'^ ,OAC- X._ . OAB. 
Designate by a, ^, y the angles made with the axes by the normal 
to the sur&ce ABC drawn outward from the tetrahedron ; then the 
expression for the force in the direction of the j:-axis becomes 

(P- XjCosa- JfyCOs^- A'.cosy) . ABC, 

Now, if no external attractions or repulsions act on any jwrt of the 

body, the conditions of equilibrium, obtained by setting this, and 

the two similar expressions which hold for the other axes, equal to 

zero, are 

P = A, cos a + A'y cos ^ + A, cos y, 

(a) - 0= y,cosa+ TyCos^+y.cosy, 

« 

^ R- i^,cosa+ ZyCOs^+ Z,cosy. 

If other forces besides the stresses act on the parts of the l)ody, 
these must be taken into account in equations (a). If the force A" 
acts on the unit of mass in the direction of the x-axis, the force 
acting in that direction on the tetrahedron is Xpih^ if dt represents 
its volume, and p its density. The condition of equilibrium in the 
direction of the o^axis then becomes 

(P - X, cos a - A, cos ^ - X, cos y) . ABC + Xpdv = 0. 

Now, since dv = \h . ABC^ where h is the height of the tetrahedron, 
this equation is equivalent to 

P - A, cos a - X^ cos P - A', cos y + \hpX= 0. 

Since the height h of the tetrahedron is infinitely small, we may 
neglect the term containing it, and again obtain the first of equations 
(a), which hold generally. 

In order to exhibit the meaning of equations (a), we will consider 
the following case. Suppose a tension S to act in the direction of the 
a;-axis, and a pressure of the same value to act in the direction of the 
y-axis. Then A', = iS, y^ = - ^, and all other components of stress are 
equal to zero. Hence B — S cos o, Q= -Scos /i, It = 0. 

The resultant A of these components is ^=iS>siny. If A, /x, v 

are the angles between A and the axes, we have cos A. =^ - — , 

/J sm y 

cos o 

cos a= -~. ■, COS V = 0. The ande € between A and the normiil 
smy ® ., , 

to the surface-element considered is determined by cos€ = ^~ ~. 

•^ smy 

If the surface - element is parallel to the r-axis, y = :^, A=S, 

cos € = cos 2a, c = ± 2a. 
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If «= ji then € = -, the resultant is a tangential force. Thus the 
surface of a prism whose axis is parallel to the ^-axis, and whose 




Fio. 39 a. 



sides make angles of 45' with the xz- and y5;-planes, is acted on only 
l>y tangential forces, each equal to S. 



Section XXV. Relations among the Components of Strfjss. 

The force which acts on the volume-element dxdi/dz (Fig. 40) is 
determined from the components of stress. Let the components 
acting at the point be given, and let the force which acts on OA' 
in the direction of the a:-axis be equal 
to -X/tydz, By development by Mac- 
laurin's theorem we obtain for the force 
acting on AO" the expression 

{X,-\-dXjdx,dx)dyflz, 

The resultant of these two forces is 
ZXJdx . dxdydz. The forces - X/lxdz 
and (X^-^dXJd^. dy)dxdz, whose re- 
sultant is dXjdy . dxdydzj act on the 
surfaces OR and O'B respectively in 
the direction of the a>axis. The resultant of the forces acting in 
the same direction on the surfaces O'C and OC is dXJdz . dxdydz. 
Hence the total force acting on the parallelepiped dxdydz in the 
direction of the x-axis is 

(dXJdx + dXJdy + dXjdz) dxdydz. 




Fig. 40. 
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If (X), {¥), and (Z) represent the components of the force with 
which the stresses act on unit of vohime, wo have 

r (X) = dXJdx + dXJdy + dXJdz, 

(b) \{Y) = dYJdx + 3 rjdy + 'd Yjdz, 

[ {Z) = dZJdx + dZJdy + dZJdz, 

If the body is acted on only by stresses, equilibrium will exist 
if the three components (X), (F), (Z) are each equal to zero. The 
equations (b) in this case are three differential equations which the 
components of stress must satisfy. If a force whose components 
are X, Yy Z acts on each unit of mass, and if the density of the 
body is /}, we obtain the conditions of equilibrium, 

r 'dXJ'dx + ^XJ-by + bXJbz + ^.Y = 0, 

(c) I 3iy3a; + 3r,/c)y + SI73^ + ^7=0, 

[ dZjdx-\-dZJdij + dZJdz + pZ==0. 

Internal forces produce both transUitions and rotations in the bodv. 
The tangential components tend to rotate the parallelepiped 00' 
about the praxis. The tangential force X^ acts on the surface OB 
in the negative direction, while the tangential force X^-k-'dXJdy.dy 
acts on the opposite surface O'B in the positive direction. These 
two forces form a couple acting on the parallelepiped with a moment 
X^ . dxdz . dy, if terms of an order higher than the third are neglected. 
This moment tends to turn the parallelepiped about the ;?-axi8 in 
the negative direction. The tangential forces acting on the surfaces 
OA' and O'A have the moment Y, . dydz . dx^ which tends to turn 
the parallelepiped in the positive direction. The total moment which 
tends to rotate the parallelepiped about the 2;-axis is (Y^- X^)dxdydz. 
If the body is in equilibrium under the action of the stresses con- 
sidered, this moment must be zero, that is, (d) Y^ = X^^ and similarly 
Zy = Ya X^ == Z^ The last two equations are derived in the same 
way as the first. If attractive forces, such as gravity, or in general, 
if any forces acting at a distance act on the body, equations (d) 
will still be applicable. The point of application of such forces, in 
infinitely small bodies, coincides with the centre of gravity; such 
forces, therefore, cannot produce rotations, and, therefore, cannot 
make equilibrium with the forces which tend to rotate the body. 

It appears from equations (d) that six quantities are sufiScient to 
determine the stress at a point in a body, namely, A',, Y^ Z.\ 
Zy = }"„ A', = Z^ y, = A'y. The first three are noiinal forces, the other 
three tangential forces. It is possible to express these forces by a 
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simpler notation, but we will retain the above, which has the advantage 
that it exhibits more clearly than any other the true significance of 
the quantities involved. It must be borne in mind that the value 
of a component of stress remains unchanged if the direction of the 
force and the direction of the normal to the surface-element, on 
which the stress acts, are interchanged. 



Section XXVI. The Principal Stresses. 

In order to obtain a better understanding of the nature of internal 
forces, we will examine if it is possible to pass a surface through a 
given point in a body in such a position that no tangential force 
acts on it. We may anticipate our conclusion by the statement that 
three such surfaces may be drawn through any point and that they 
are perpendicular to each other. To show this, we proceed from 
the equations [XXIV. (a)] 

fP = X, cos a -h Xy cos ^ + X^ cos y, 
0= F,COSa+ FyCOS^+ I^.cosy, 
R= Z,co8a+ ZgCoaP-^ Z.cosy, 

in which a, j3, y are the angles between the normal to the surface 
and the axes, and determine the position of the surface on which 
the components of stress F, Q, R act. It is to be shown that this 
surface may have such a position in the body that the stress acts 
perpendicularly to it ; we will call the stress in this case the principal 
stress S. The angles which the direction of jS^ makes with the axes 
are as before, a, ^, y, and 

(b) P=iS^cosa, Q^ScosP, R^Scosy, 
Introducing these values in (a), we have 

{X^ - S) cos a + Xj, cos P + A", cos y = 0, 

(c) \ y,cosa + (r,-iS)co8^+r,cosy = 0, 

Z, cosa+ Z,co8P + (Z,-S) cos y = 0, 

If cos a, cos)3, cosy are eliminated from these equations, we obtain 

s^-(x,-^r,+z,)s^-^(x,Y,+Y,z,+z^,-'Z,'-x:'-Y:')s 

{X,Y^, + 2Z,X,Y, - X^J' - Y^X,^ - ZY:') = 0. 

This equation has always one real root A^ and ^ve can find the cor- 
responding values of a, ^, y from equations (c) and the relation 
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co8-tt + co8-/^ + co8'''7=l. Therefore, through any point in the body 
there may be passed at least one plane having the property that no 
tangential forces act on it. We call such a plane a principal plan:. 
Let the system of coordinates be so rotated that this princijial 
plane is parallel to the y.:-plane. On this supposition, we have 
X, = y1, y, = 0, Z^ — 0. The equations (c) then become 

(y/-,V)cosa = 0; (F,- ^) cos/i+ r,cos7 = ; 

Z^cos fS + {Z,-S) cos y = 0. 

These ctiuations are satisfied when we set 

S = -7, cos a = 1 , COS fS = COS 7 = 0. 

We thus return to the principal i)lane already found, with its appro- 
priate normal stress A. The same eijuations are also satisfied if we 
set cos a = ; cos /i/cos 7 = - Vj{ r^-S)= -(Z,- S)/Z^ 

Since cosa = 0, and tt=-i7r, the new principal planes are perpen- 
dicular to the first one. We have further, 

and cos /i/cos 7 = U K, - Z, ± J(y, - Z,f + ^Z} )jZ^. 

These equations present two values of S and two values each of 
P and 7. If wo represent the values of /S and 7 by fi' and P'\ y 
and y" respectively, we have 

cos /i' cos P" I cos y cos 7" = - 1 , 

and hence cos /i' cos /i" -f cos 7' cos 7" = 0. 

Since the corresponding values of a are ecjual to i-, it follows that 
the two new princii)al planes are perpendicular to each othei-. 

It is thus proved that, in general, through any i)oint in a body, 
there may be drawn three surface-elements, and only three, on 
which only normal forces act, and that they are perpendicular to 
one another. The normal stresses corresj)onding to the three planes 
may be designated by A^ 11^ and (*. From (d) the following relations 
hold among these normal stresses and the comi>onents of stress, 

(e) - r>C-\-Ar-\-AB = ZY,^-X^Z,^Y;^^-Z,r-X:^-Y;\ 

[ Aiic^ xj/., + '2Z^xy, - x,z/ - }\Xr - zx:^. 

The first of these e(iuations should be especially noticed; it shows. 
thot the sum 0/ the UQiimil fmrcs for three jJanes perpendicular to larh 
other is cnnstnnt. • 
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If the axes of the system of coordinates are parallel to the directions 
of the principal stresses A, B, and C, equations (a) become 

P = Acosa, Q = Bcosf3j i^=Ccosy. 

\i A> B>C, and we set A^B+S^j C=B-S.y, the principal stresses 
can be replaced by a hydrostatic stress B and two axial stresses S^ 
and S^jy the first of which is a tension, the second a pressure. 

This investigation shows that through any point in a body three 
planes can always be passed which are acted on only by normal 
stresses, equal to the principal stresses A, B, and C. A, B, and C 
are the three roots of equation (d) ; their directions may be determined 
by the help of equations (c). A makes the angles a, /8, y, with the 
coordinate axes. We write cos a^ = /j, cos P^ = m^, and cos y^ = n^ The 
corresponding notation for B and C is exhibited in the following 
table : 



(«) 





.r 


y 




' A 


'l 


»'i 


B 


h 




n.. 


. C 


h 


. '"3 


•":. 



From equations (c) the following relations hold among these 
quantities : 

' Al^ = XJi + Xj;mi + AV^i ; Bio = XJ.. + X/t^ + Xm. ; 
Anil = ly, + y/rti + ]>i ; B7)i, = YJ., + }\vi.. + r.n., ; 
An^ = ZJi + Z^fiii + Z^Hi ; Biu = ZJ.^ + Z^m.^ + Z/ii.. ; 

67, = AVa 4- X^m,, + AV':;, 
6V«3 = YJ., + Y^m-, 4- Kwa, 
6'7i:, = ZJ^ 4- ^J»., 4- Zm,,. 



(h) 



These equations can be solved for the components of stress A',, 7,,, etc. 
These quantities may, however, be determined more easily in the 
following way. Through a point P draw the lines PA\ PB\ and 7V/' 
j>arallel to the directions of the principal stresses A, B, and C. These 
three lines, together with a plane F parallel to the ?/:-plane, deter- 
mine a tetrahedron. The plane F is so placed that the tetrahedron 
is infinitely small ; its base is dF, The areas of the faces which meet 
at /' are lidFy LAF, and l.jlF. The force acting on unit area in 
lyilF in the direction of the praxis is Al^ ; the forces acting on unit 
area in the two other faces are ///.,, f V.j, respectively, and the force 
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acting on unit area in dF is X^ That the tetrahedron shall not move 
in the direction of the or-axis we must have 

By a similar process we obtain for the other components the following 
equations : 

r X, = Al^^ + Bl^^ + 67.32 ; Z, = Am^n^ + Bm^n^ + Cm^n^ 
(i) \ Y^^^Arr^^ + Bm^^'irCm^^'y X.^Al^n^ +Bl^n^ -^Ol^n^, 
[ Z,= An^^ + Bn^ + Cn^^ ; Y, = Al^ni^ + Bl^m^ + Cl^m^ 

It may easily be seen that these values of the components of stress 
satisfy equations (h), if the known relations among the quantities 
given in (g) are taken into account. 



Skction XXVII. Faraday's Views on the Nature of Forces 

ACTING AT A DISTANCE. 

Newton considered the action between two masses as an action at 
a distance which is not propagated from particle to particle of the 
medium surrounding the masses. Faraday, on the other hand, in 
discussing electrical action, held that the intervening medium is the 
seat of the action between two charged bodies, and that the action 
is transferred from particle to particle. In each of these particles 
electricity is displaced in the direction of a line of force, one end 
of which becomes positively and the other negatively electrified. 

In a body thus polarized the particles are so arranged that poles 
of opposite name are contiguous. Hence the lines of force tend 
to contract, and a state of stress arises in the medium. This stress 
is similar to the elastic stress, and was called by Maxwell electrical 
elasticity. In Chapter V. of his Treatise on Electricity^ Maxwell, 
using Faraday's hypothesis, developed a theory which we will now 
proceed to discuss. Since electrical and magnetic forces conform to 
the same law as that of universal attraction, the discussion may be 
made perfectly general, and applicable to all forces between bodies 
which are inversely proportional to the squares of the distances 
separating the bodies. 

Let the potential ^ be given for all points of the region. The 
density p is determined from the potential by Poisson's equation 

(a) ?^m^jr^ + 3-Y/3'/- + '&^^Pi^Z' + ^irp = 0. 
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The mass pdv contained in the volume-element dv is acted on by 
a force whose components are 

+ pdvdip/dx ; + pdvdip/'dy ; + pdvd\///dz. 

The upper sign holds for magnetic or electrical attractions, the lower 
for mass attractions. Introducing the value of p given in (a) the 
component acting in the direction of the x-axis becomes 

This quantity must be capable of representation as the sum of three 
differential coefficients with respect to x, y, and z. We have 

di^dx . d^ip/df = didi^dx . djpidy)/dy - dif^fdy . ?^ip/'dxdy 

^d(drH^,d^/'dy)l?^^id(dif^/dyridx, 
dxf^/dx . 92^/3^2 = 3(3^/^j: . d^l^/dzydz - dil^/dz . 'd^i^/dxdz 

= 3(3^/dx . dip/dz)/dz - id{d^/dzyidx. 

Hence the force which acts in the direction of the caxis on the 
volume-element dv is 

±d{(drPldxY - (dip/dy)^ - {dif^/dzy} Idx . dr/Sw 
± d{dif^/dx . dif^/^y)ldy . dv/iir ± d(dif^/dx . dil^/dz)/dz . dv/^7r. 

If we designate the components of force which act on the unit 
of volume by (X), (V), and (Z) [XXV.], and if, for brevity, we set 

x^-'dxpi'dx, r = - Bi/'/3y, z= - difidz, 

we obtain 

c(X)^± l/Sir . [3(A'2 - y2 _ Z'^)ldx + 2d{XY)idy+2d(XZ)/dzl 

(b) J (r)= ±ii87r,[2d{XY)/dx-\-d(r^'-X'^-Z'^)ldy-\-2d(YZ)idzi 

[(Z)^±ll87r.[2d{XZ)/'dx-\-2d(YZ)ldy-^d{Z^--X'--Y'^)/dz]. 

Since these equations are perfectly analogous to those which deter- 
mine the force with which stresses act on the unit of volume, we 
may consider forces acting at a distance as arising from stresses in 
the medium. If we are dealing with universal mass attraction, the 
ether may be assumed to be the intervening medium; if we are 
discussing electrical actions, the dependence of the stress in the 
ether on the matter which fills the region, air, water, etc., must be 
taken into account It is not necessary to enter \x\^n this question 
in our treatment of the subject. 

A comparison of equation (b) with equation XXV. (b) shows that 
X, = ± ( Jr^ _ 72 _ Z'^ySir, Y, = Z^^±( YZ)/47r, 
(c) -( i; = ± (y^ - -Y2 - Z'^);S7r, Z, = a; = ± (X^)/47r, 

Z. - ± {Z^ - .Y^ - y2)/87r, a; - ]', = ± (XY)l47r, 
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the displacement. If ^, rj, f are given as functions of the time, the 
position of the point F at any instant is determined. The motions 
of the separate points of the body are in general different, that is, 
^j V> i ^re functions of x, //, z. We will first consider some simple 
motions of the body. 

^^ ^» Vi C 3.re equal for all points of the body, the points all 
move through equal distances and in the same direction ; the motion 
is a translation. In this motion all parts of the body remain at fixed 
distances from each other, and there are no internal forces developed. 
This holds also in the case of a rotation of the body about an axis. 
Let the axis of rotation be parallel to the r-axis, and pass through 
the point P (Fig. 41), whose coordinates are .r, ;/, z. Let a point Q, 



^x 




:.4^D 



Fig. 41. 



whose coordinates are x\ ij\ z\ traverse the path Qll — h^ . y, where 
r—QS is the distance of the jjoint Q from the axis, and h, is the 
angle of rotation. By this rotation the //-coordinate is diminished 
by BB* = QR{z' -z)/r = hj^z' - z), and the r-coordinate is increased by 
CC = QJi(i/' -i/).r = h^{f/' - y). If the body rotates at the same time 
about two other axes, which are parallel to the y- and :r-axes, and 
if the angles of rotation are designated by h^ and //, respectively, 
the coordinates of Q are increased by ^, t;, f, which have the following 

values : 

p = (y-.~)A, -(//-//)//.., 

(a) i >? = («'- ^)K - (-' - ^)/'x, 

We may now proceed to the discussion of the general case, in 
which the points of the body change their relative positions. Let 
the point P, whose coordinates are x, //, z, pass during this motion 
to the point F, whose coordinates are x-\-^, ?/ + ^> - + f; let another 
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point Q, whose coordinates are originally /, /, /, pass to the {mint 
^, whose coordinates are / + f , y + »;', 2' + f • If ^ is a known func- 
tion of jr, y, J, we will have 

f = f + (/-jr)cf ^ir + (y-y)?f5y + (c'-c)rf/?r+.... 

We may assume that P and Q are infinitely near, so that 

X ^x=^dx^ y' - y = dy, z -z = dz. 

Neglecting terms of the second order we obtain the following relations, 

f = f + 3f ?jr . (if + ?f 2y . (/y + ?f' ?j. (fr, 
r{ — •q + 'dt) dx .dx-^dri/dy .dy-^ 'drf/dz . dz, 
r = f + cC/'dx . dx + dC;dy , dy + 3f , 3r . </r. 

By introducing the following notation, 

ix^ = d$dx; z,-^ y, = ^{dCidy-k-'dr),'dz); K^ ^{dC'dy - crj d:) : 

[ z, = 3f/-a.^ ; y, = ^, = J(d.,/3x + 3^/3^) ; h, = i( cS;/?^ - ?f r.v) : 

we obtain 

r f = ^ + xjlx + jr/f y + ar/f 2: -h^dy + h /iz, 

(c) J ri' = rj -\- yjlx -^ y^dy -k- ijjiz - hjdz + k,dx, 

1^ f = f + 2^^jc + 2r^y + zjiz - /*/// + A,(/y. 

These equations determine the motion of a point in the neighbour- 
hood of P, This motion is compounded of a translation, whose 
components are ^, r/, ^, a rotation, whose components are h^ h^ h„ 
and two motions, determined by x^ y^ z, and z^ x^ y^ If we confine 
our attention to the way in which the form of the body changes, 
we need only consider the motion whose components d^, di), d( are 
determined by the following equations: 

' d^ = xjlx + x/ly + x^dz, 

(d) - dyj == y,dy + yjix + y,dz, 

d( = z/lz + zjlx + z^dy. 

To interi)ret the coefficients x^, y^ z^ and z^^ x,^ y^ we assume that 
all except /^ are equal to zero. Then d^ = x^,dx and dt) = d(=0. The 
change of form corresponding to this is a dUatation of the bod}' in 
the direction of the .c-axis, by which dx increases by d^. The co- 
efficient ./•, therefore represents the dilatation of a unit of length 
parallel to the ./•-axis, or is the dilatation in the direction of the 
.A^-axis. Hence y^ and z, are the dilatations in the directions of the 
//- and r-axis respectively. 
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If, on the other hand, all the coefficients vanish with the exception 
of 2^ we have d^ = 0, drj=:z^,dzy d(—z^.dy. The particles are dis- 
placed in a plane parallel to the y2:-plane, and their distances from 
the ^^-plane remain unchanged. Let the original coordinates of the 
point P (Fig. 42) he x, y, z; let ABCD be a square, the length of 
whose sides is 2a. The point A, whose original coordinates were 
:r, ^ + a, z-k-a^ referred to the axes PY and PZ, is displaced to A\ 
whose coordinates are a + zya, a + z/i, 
A' therefore lies on PA produced. The 
points B and D are displaced to B' and 

//, which lie on BD ; C is displaced along 

AC produced to C. The square ABCD 

becomes the rhombus A'B'CI/, This 

change of form is called a shear; the 

quantities 5:^, x^ y, are called components 

of shear. 

In the theory of elasticity we consider 

only very small deformations of the body ; 

the components x,, y^ etc., are consequently small quantities, whose 

second and higher powers may be neglected. The volume of the 

body is not changed by a shear; the square whose area is 4a^ will 

become a rhombus A'BfCU whose area is 

2PA' . PB' = 2(a -f z/i)^(a - z^a)^ = ia^l - zj^). 

If we neglect z^\ the area of the square is equal to that of the 
rhombus; hence the volume will not be changed by the shear. 

From Fig. 42 it is evident that the infinitely small angle between 
AB and A'B' is equal to azja = z^; hence the right angle DAB is 
diminished by the shear by 2z^, so that 

<D^A'F = <DAB-2z^, 

As the result of a dilatation determined by x^ y^, z^, the volume 
of the parallelepiped dxdydz becomes dxdydz{\-{-x^{\-{'yj^){\-k-z^. If 
the components of dilatation are supposed infinitely small, we may 
neglect their second and higher powers. Hence the increase in 
unit volume is 9 = a;, + y^ + 2:,. 6 is called the volume dilatation. Sub- 
stituting the values of x^ y^, z^ we have also 

( e) 6 = 'd^I'dx + drj/'dy-{' d(/dz. 

Let dr be an element of a straight line which makes the angles 
a, /3j y, with the coordinate axes; then 

dx = dr cos a, dy — dr cos /3, dz = dr cos y. 
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By the deformation dr becomes dr'y and makes the angles a', ^, / 
with the axis, so that 

dx + d^ = dr' cos a ; dy-\-dr} = dr' cos f^ ] dz-{-dC= dr' cos y ', 

from which d^, drj, d( may be determined by equations (d). If the 
direction of the line dr remains unchanged, we have a = a', P=p, 
and 7 = y', and hence d^ = dp coa a, dt) = dp cos 13, rfi'=r?/5C08y, where 
dp = d(r'-r). The length dp is the elongation of dr, and dpidr is 
the dilatation s in the direction of the line dr. Hence we have 

s = dp/dr. 

Equations (d) then assume the following form : 

{(j, - 5)cos a ■{■ x^cos P -\- :r,cos y = 0, 
y,C08 a + (y^ - 5)cos P + ij,cos y = 0, 
^,COS a + Z^ COS P-\-(z^- s) COS y = 0. 

A comparison of these relations with those of XXVI. (c) shows that 
they both may bo interpreted in a similar way. 

There are therefore three directions perpendicular to each other, 
called the pruicipal axes of dilatution, in which only dilatations occur ; 
€very line-element which is parallel to one of these three directions 
contains after deformation the particles which were in it before the 
deformation. This conclusion holds only on the supposition that 
the body does not rotate, a supposition which has been made in 
■deducing equations (d). If the principal dilatations thus deter- 
mined are called «, 6, c, we have, as in XXVI. (e), 

be + ac 4- rt2> = z^^ 4- -V, + i/^r^ - .:/ - .r^ - y;-*, 
abc = x,y^:, + 2z^x^/^ - .r^^2 _ ^^;2 _ .^^2. 

The first of these e<]uation8 show's that the volume dilatatian dots wA 
depend on tlie position of the sj/sfem of coordinates. 

In the same way as that in which the components of stress are ex- 
])ressed in terms of the principal stresses [XXVI. (i)] x^ x^,... may be 
expressed in terms of the principal dilaUitions a, h, and c. Denoting 
the cosines of the angles which the direction of a makes with the axes 
by /j, wii, /<!, and the cosines of the angles which h and c make with 
the axes by Z^, in.,, n.^; /.,, 7//.^, n.^, we obtain 

f .r^ = al^- -hbl.r +C/3'-; z^ = am^n^-i-b)n,yn.y-{-cm^n.^, 
<h) - t/^ = ain{'-\-bwJ-^cm.f ; x^^al^n^ -^biyU., -^cl^n^, 

I z, = fin{' i-bii.f +c/?.j-; % = (d^m.^ -hblotno -hcl^rn^. 
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Section XXIX. Relations between Stresses and 

Deformations. 

The study of the deformations of an clastic body has shown that 
a parallelepiped which is stretched by forces applied to its ends, is 
increased in length and diminished in cross section. If we only 
consider forces which are so small that the limits of elasticity are 
not exceeded, the elongation s per unit of length is s^S/E, where 
£ is the coefficient of elasticity and S the force acting on the unit of 
surface. The contraction s' per unit of length parallel to the end 
surfaces, is given by s' = k, S/E, where ^ is a constant. It is assumed 
that the body is isotropic, that is, equally elastic in all directions 
and at all points. 

We will first consider a rectangular parallelepiped, whose edges 
are ]>arallel with the coordinate axes. The normal forces are denoted 
by X^ Fy, Z^ and a unit of length which is parallel to the a:-axis 
increases by x^; the luiits of length which are ])arallel to the y- and 
^•axes respectively increase by y^ and z^. We then have 

x,^XjE-k{Y, + Z.)IE, 
fj, = ¥,lE-k(X. + Z.)!E, 
z=ZJE-k(X,+ Y,)IE 
From XXVIII. (e) the volume dilatation 6 is 

^==«, + y^ + ^.= (l-2^-)^Y,+ F, + ^,)/A\ 
From these equations we deduce 

X, = kEei{\-^k){\ - 2k) + ExJ{\ -f A:). 

Setting X = kEK 1 + it) ( 1 - 2/:). M = i^/( 1 + k), 

we obtain (a) X, = XB + 2/ij:, ; Y^^\0 -k-liiy^^ ir, = Xe + 2/^:„ 

and by addition ^ yp /j' ^ 

(b) jr,+ Fy+2r,=(3x+2/x)e. 

To investigate the relation between the / 
shears and the tangential forces we may use 
the following method, due to V. v. Lang.* 
If the prism ABCD (Fig. 43) is stretched by 
the tension S applied to each unit of surface 
of its ends AB and CD, it takes the form j 
ARCn. Four plane sections EF, FG, GH, 
and HE are passed through the prism, which T ~ff ""^ 

mark out the rectangle EFGH on a piano ^*^- ^'^• 

parallel to the axis; the rectangle EFGH becomes by deformation 

* V. V. Lang, Theoretische Physik^ § 411. 
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the parallelogram E'FG'IT. The angle AFE is represented by <^. 
The tangential stress J, which acts on the surface EF in the 
direction EF^ is given [XXIII. (b)] by r=<S^8in<^cos<^. 

Since < BFG = ^tt - f^, the same tangential stress T acts on GF 
in the direction GF, On deformation the angle AFE becomes 
AFE' = 4>-^(^^i and we have 

Now since s=-'SfE and s=kS/E are infinitely small, we have 

(1 +a)/(1 -s') = l +.s + .<f'= 1 +(1 -{■k)SIE. 

Further, we have 

tg(</> + r/</>) = (l + (l+A:)5/^)tg</» 

and tg ( <^ + rf</>) = tg <^ + d<f>/ COS' <l>, 

so that d<l>r=.{l-\.k)Ssin€f>co8<f>/E==(l+k)T/E, 

Hence the change of the angle <f> is proportional to the tangential 
stress T, Since the same tangential stress acts on GF as on EF, the 
angle BFG increases by d<f>, the angle EFG diminishes by 2d<f>f and 
the angle FGH increases by 2d<f>, The shear is thus equal to 2(/^, 
and we have 2d<f>=2(l-\'k)T/E. But 2d<f> is the quantity 2z^ pre- 
viously introduced, when the rectangle EFGH is parallel to the 
y>plano; and hence T=^Z^ and z^^{\-\-k)ZJE, If we set 

,x = i£/(l+A'), 
we have (c) Z^^2iiz^ A', = 2/xjr„ l\ = 2fxy^ 

The equations {a) and (c) are the solution of the problem, to find 
the components of stress, when the deformations are given, and 
conversely. They contain only two constants, X and fi, which involve 
the deformations caused by simple dilatation in the following way : 

= A•A7(l+^•)(l-2^•); fi^iE/{l+k), 
(3\/M + 2fi^)!(\ + /M); k = lk/(k + fx). 

Since A. and /x are positive, k must be less than ^. 

The relations between the elastic forces and the deformations * mav 
also be derived l>y another method. Let the principal stresses A, B, 
and C, at the point P, be known in magnitude and direction [cf XXVI. 
(g)]. An infinitely small parallelepiped, whose edges are parallel 
to the directions of the stresses A, B, and C, is extended in those 
three directions. The increments a, b, and c of the unit of length 
are parallel to A, B, and C, and as in (a), we have 

(e) A = xe-\-2iJui, B = \e -}- 2fj.b, c=xe+2^-, 

when = a-\-h-i-c, or [XXVIII. (g)], O^j-^-^y^-^-z,. 



(d) I ^-'^' 
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By applying the formula XXVI. (i), we obtain the equation 

Z, = Xe + 2/x(a/i2 + hl^^ + c/32), 

ivhich, from XXVIII. (h), becomes X, = X6 + ^fix^ The expressions for 
K, and Z^ are obtained in a similar way. 
From XXVI. (i), we have 

Z^ = 2/x(awiini + hm^n^ + cvn^n^, 

ind hence [XXVIII. (h)] Z^^2fJLZ^, We obtain the expressions for X, 
and V, in a similar way. 

The coefficients E and k depend on the nature of the body. It 
was at one time believed that k had the same value for all bodies. 
This opinion was first expressed by Navier. He assumed that bodies 
lire made up of material points which repel one another, and on this 
assumption concluded that k » \, Poisson also had the same opinion. 

While k is a mere number, the coefficient of elasticity E is deter- 
mined by E = S/8; the fraction l/E is called the modulus of elasticity, 
S is the force which acts on the unit of surface, and [HI] its dimensions 
are LT'^M/L^ =^ L''^T'''^M. Since 5 is the ratio between the elongation 
and the original length, it is also a mere number. Hence the dimen- 
sions of E are L'^T-W. 

In practical units E denotes the number of kilograms which would 
produce an elongation in a rod of one square millimetre cross section, 
such that its length is doubled. In order to transform it into absolute 
measure, we notice that the weight of one gram is about equal to 
981 dynes, and that therefore the weight of one kilogram is equal 
to 981 000 dynes. The cross section must bo taken equal to 1 sq. cm., 
and the number must therefore be multiplied by 100, so that the 
factor of transformation becomes 98,100,000. According to Wertheim, 
E equals 17278 in practical units for English steel ; therefore, in 
absolute units it equals 17278 . 981 . W= 1,695 . lO^^. 



In the case of fluids, the discussion is simplified by the condition 
that a fluid always yields to tangential forces, so that, when it is in 
equilibrium, there are no tangential forces acting in it. This condition, 
Nom (c), enables us to set /x = 0. If the fluid is subjected to the 
pressure p, and if its volume v is thereby diminished by dv, we 
have from (b) 

-3/?= -(3X + 2/x)ti?i;/i;, 

(f) -{ or, since /a = 0, 

dv =jpvlk. 
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If, for example, the unit volume of water is diminished by 0,000 046, 
when the pressure is increased by I atmosphere, we have 

k^pvidv = 7Q . 13,696 . 981/0,000,046 = 2,204 . lO^o. 

In the case of gases, if we represent the original pressure by P, 
and its increase by p, Mariotte's law gives the equation 

Assuming that p is very small in comparison with P, we obtain 

dv =pvlP, 
and therefore, for gases, we have from (f), (g) P=X. 

Section XXX. CoNDmoNS of Equilibrium of an Elastic Body. 

If a force whose components are -Y, Y, Z acts on the unit of 
mass of a body, we have from XXV. (c) 

(a) '^X^'^x^'bXJ'^y^^XJi'^z^pX=^^, etc. 
Further [XXIX. (a) and (c)] we have 

(b) jr. = Xe-H2/x.9^/Bx, Z^==y,^fJL(d(/dy + drj/dz\ etc. 

If the values for X„ etc., are substituted in (a), it follows that 

r (X + /x) . de/dx + fi^$ + pX= 0, 

(c) ] (^ + /*) . ^/^y + w''/ +py=o, 

[ (X + /i).3e/a;r+/iy2f + pZ = 0. 
By the use of our former symbols for the components of rotation, viz., 

2h, = 3C/?y - drj/dz, 2h^ = d^/dz - dC/dx, 

equations (c) become 

/ (X + 2fj.) . de/dx + 2/JL{dhJdz - dhjdy) + pX=0, 
(e) j (X + 2/x) . ae/By + 2fi(dhjdx - dhjdz) + ^7- 0, 

I (X + 2/x) . de/dz + 2tM{dhJdi/ - dhjdx) + pZ = 0. 

If the first ecjuation is differentiated with respect to r, the second 
with respect to //, and the third with respect to -::, we have by 
addition when p is constant, 

(X + 2/x)y2e + p(dXidx -f dv/df/ + dz/dz) = o. 

If Xy Vf and Z are the derivatives of a potential ^, and if y-Y = 
everywhere within the body, then (f) y^Q-o. 

This result must be supplemented by the conditions of equilibrium 
of the surface of the body. The force acting on the surface-element 
^iS', whose components are FQIf, is in equilibrium with the elastic 



(d) { 
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forces which act on the parts of the body contiguous to dS, If 
AV, y^\ etc., are the components of the elastic forces, we have 

(g) F = XJ cos a + X; cos P + AV cos y. 

There are similar values for Q' and R. The symbols a, p, y 
represent the angles which the normal to the surface directed out- 
ward makes with the coordinate axes. 

We assume (h) ^ = ax, »y = fty, (=czj where a, b, and c are constants. 
^, 77, and ( are therefore linear functions of Xj y, and Zj and ^ depends 
only on a-, rj only on y, and f only on z. On this supposition 
[XXVIII. (b)] the deformation of the body is made up of dilatations 
only. The volume dilatation is 6 = a + ft + c; hence the values 
assumed for ^, rj, ( satisfy equations (c), if we neglect the action of 
external forces. We have further 

A, = X (a + 6 4- c) + 2fjLa ; F^ = X (a + ft + c) + 2/*i ; Z, = X (a 4- 6 + c) + 2/k:. 

K = 0, Z. = 0, A^ = 0. 

If we set A, = 5', 7^ = 0, ^, = 0, 

we have b = c and 

S=k{a + 2b)-\-2fjLa; = X(a + 2b) + 2/xft. 

The last equation gives 

ft/a=-iX/(X + ,x)=-/;, 

and the first S-=a{Skfi + 2fi^)/{X-^fi) = Ea. 

The equations thus obtained give the law of the expansion of an 
elastic prism. 



Section XXXI. Stresses in a Spherical Shell. 

Suppose a spherical shell, bounded by two concentric spheres, 
whose radii are r^ and r^ Of these we assume r^ > r^ Suppose a 
constant hydrostatic pressure p^ applied to the inner surface, and 
a similar pressure j?2 applied to the outer surface. The pressures p^ 
and /?2 *r® perpendicular to the siufaces. Let the centre of the 
sphere be the origin of coordinates, and let the distance from of 
any point in the shell be r. On the hypothesis that has been made 
with respect to the pressures, all points lying in the same spherical 
surface having the centre 0, receive equal displacements from the 
centre. Let the displacement of the point considered be c?*, where £ 
is a very small quantity. We then have 

(a) $^€X, i7 = cy, f=c;r. 
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Since c is a function of r only, we may set 

(^rztr.x/r^* d<f>/dr . 'dr/'dx = d<li/dx, 

where </> is a new function of r. We may represent 17 and ( in a 
similar way, so that 

(b) f = 3*,3/, v = c^/^y, f=3<^/3r. 

Hence we have (c) 6 = V^^. 

The equations XXX. (c), if the action of gravity is neglected, 
become 

(X + 2/x) . V-2<f>ldx = 0, (A + 2ft) . V^/'dff = 0, (X + 2/x) . V'?i>;dz = 0, 

so that (d) 6 = V'-<^ = a, where a is a constant 

From XXX. (b) the components of stress are 



(e) 



\ ]; = Art + 2/i.3=J<^/3i^; X,^2fi.di<f>fdrdz; 



The stress in u surface-element perpendicular to r is given by 
XXIV. (a), if we set 

cos a = r//-, cos )8 = y/r, cos y = z/r. 

If the comj)onents of stress are P, Q, and i?, we have 

P - Xa . .rjr + 2/x(.r/r . d'^<l>/d/^ + y/r . ^«</»/3/c)y + 5/r . ?^^fdxdz), 
I' sing the equations 

?2,/> :v-' = ./-Vr-* . (/2<^/(// - - r^/r* . d4!dr + 1/r . rf</»/rfr, 

we have /' = ( X(( + 2/i . (/^^^ df-) , jrjr. 

Similar expressions may be obtained for Q and B. Hence a prin- 
cipal stress (f) -<-/ = Aa + 2/1 . d'^^jdr- acts on the surface-element 
considered. 

For a surface-element which contains i\ the components are obtained 
in the same way. If a, /?, y are the angles which the normal to the 
surface-element makes with the axes, we have 

r = Xa cos a + 2/x( 3 "</>/?/- . cos a + 'd-<p,''d.rd}/ . cos 13 + 9-</)/Ba:?: . cos y). 

If we notice that in this case 

cos <x . j'lr + cos fS . ;///• -H cos y . z/r = 0, 

and use the expressions given above for the differential coefficients, 

we have P ^(Xa-\- 2 fi'r .d<l>/dr) cos a. 

We may obtain Q and II by replacing a by (3 and y respectively. 
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Hence the principal stress B acting on the element is 
(g) ^ = Aa + 2/x/r . d<i^ldr. 

From (d) and XV. (1) we have 

and therefore 

(h) d<l>/dr^yir-\-b/r*; d^i>/dr^ =^ ^ -- 2b/i^. 

From (f) and (g) it follows that 

y/ = (X + f/x)a-4/x6/r3; ^ = (X + §/x)a+2/**/r3. 

For r = )\, A^ -ji?^, and for r^r^ A= -p^ therefore 

a = 3/(3X + 2,x) . (p^r,^-p,r,^)l(r,^ - r,^), 

b = 1/4/x . (p^ ^p^)r^^ . r^^j{r^^ - r^^), 

and A = (p^r^^ - P^^^)l(ri^ - ''i^) - CPi - P2)ri\''lW " n') • ^ /'"^i 
/? = {p,r,^ -P2rMr2' " ^i') + h(Pi -P^r,\^/ir/ - r,3) . l/r3. 



Skction XXXII. Torsion. 

Let us consider a circular cylinder whose axis coincides with the 
^•axis; and let the circle in which the a;^-plane cuts the cylinder 
be the end of the cylinder and be fixed in position. If torsion is 
applied to the cylinder, a point at the distance r from the axis describes 
an arc r<^, parallel to the xy-plane, whose centre lies on the >axis. 
This angle, in the case of pure torsion, is proportional to the distance 
of the point from the a:y-plane, so that <^ = kz, where A: is a constant. 
The displacement of this point is krz, and its components ^, r/, ( are 

(a) (= "kyz, rf = kxz, f=0. 

Using these values, we find that the volume-dilatation 6 is zero, that 
is, pure torsion does not cause a change of tx>lume. We have further 

[XXX. (b)], jr.=o, r,=o, z.=o, 

and hence no normal forces act on the surfaces which are parallel 
to the coordinate planes. On the other hand, we have 

A surface-element perpendicular to the ::-axis is acted on by the 
tangential forces y,= +fi^ and X^— - fj^y, whose resultant fdr is 
perpendicular to the radius r and to the >axis. 

By XXIV. (a) we reach the same result. That is, we get 

= "fjJcycoBy, Q ^^ fikx cos y, 
fjJcy cos a + fjJcx cos 13. 



<^) { mZ : 
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For the stress on the sur&ce of the cylinder we must set 

cos a = x/r, cos P = y/r, cos 7 = 0. 

We will then have P = 0, <? = 0, i?=0. 

Hence a surface-element perpendicular to the radius^ or which is pari of 
the surface of a circular qflinder urhose axis is the z-axiSy is not acted m 
by a force. 

To find the surface-elements on which the only forces which act 
are normal forces, we use equation XXYI. (d), which, in the case 
before us, becomes 

S^'-fjL^k^r^S^^O. 

If Ay By and C are the roots of this equation, we can set 

^ = 0, B^idTy C---fjJtr, 

If the angles between the ajces and the normal to one of these surOeu^- 
elements are represented by a, p, y, 

S cos a =-- fiky cosy, S cos P = fjJbr cosy, Scosy^-fikycosa-^fikxcosfi. 

If we substitute in these equations the particular values of S given 
by Ay By and C, the values of a, )8, 7 thus obtained show that the 
stress A'^O acts on a surface-element perpendicular to r; and that 
B and C act in directions perpendicular to the radius r, and making 
angles of 45 degrees with the c-axis. B acts in the same direction 
as the torsion, C in the opposite direction. 

For example, considering a point which lies in the surface of the 
cylinder and in the 2:-plane, and setting therefore F=0 and A'=r, 
we have Scosa = 0, S cos P = fjLkr cosy, S cos y = fjJ:r cos /i. 
When <S=0 we have 7 — )3 = |?r; when S=±fikr we have a = ^r^ 
cos )3 = cos y. Since cos^a + cos^)^ + cos^y = 1 , we have cos )3 = ± J^. 

The moment of force M to which the torsion of the cylinder is 
due is 

M= I fjJcr, 2irrdr, r. 

The upper limit B of the integral is the radius of the cylinder. 
Integrating, we have M=^'jrfikB* = ir(f>fiB*/2ly where / is the length 
of the cylinder and <f> the angle of torsion. 

The factor t = TrfiB*l2l is called the momerd of torsion of the cylinder. 
It depends only on the dimensions of the cylinder and the constant 
of elasticity ft. For this reason ft is called the coefficient of torsion. 
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Section XXXIII. Flexure. 

It is not possible to give a rigorous discussion of the flexure of 
a prism. We will, therefore, confine ourselves to an approximate 
calculation in one very simple case*. 

Let ABCD (Fig. 44) be the prism considered. Its length is supposed 
horizontal and coincident with the axis Ox, The axis Oz is directed 
perpendicularly upward, and the axis Oy is therefore horizontal. 
After flexure, the cross section AB is 
displaced to A'B^^ which may lie in the 
same plane as AB. Another plane cross 
section FG^ also perpendicular to the 
axis, is displaced by the flexure to FG' ; 
we assume that the section F'G' is also 
plane, and that the plane F'G' cuts the 
plane A'B^ in a horizontal line passing 
through P. This line of intersection is 
supposed to be common to the planes 
of all sections perpendicular to the axis. 
The parts of the prism which originally 
lay in OQ lie after the flexure in OQ^ 
which we will consider as the arc of a 
circle whose centre is P. Such a flexure is called circular. All the 
lines in the prism which were originally parallel to the a;-axis become 
circles, whose centres lie on the straight line passing through P. 

Represent the original coordinates of a point M in the section 
AB hy 0, y, z, and its coordinates after flexure by 0, y + ^o» ^+C)- 
The same changes occur in the other cross sections, for example in 
FG. If the coordinates of a point M' in FG are originally x, y, z, 
they will become by flexure aj + ^, y + i?, zi-(. We set LOPQ^=^<f>, 
OP = p&nd OQ = OQ. This last assumption is admissible, since there 
is always one line whose length does not change by flexure, and 
since we have as yet made no assumption as to the position of the 
araxis. We therefore obtain 

« + f = (p + ^ + ii))8in</>» 

« + f = ^ + ii)-(/> + ^ + C))(l-cos</>). 
If p is very great in comparison with x^ z, and ^, we may set 

sin <^ =x/p ; 1 - cos <^ = x^/2p^ 
and obtain (a) i^^xzjp, i? = ^o» f=Co-^V2p. 

* BaiT^ de Sunt-Venant, Mem. pres. par div. Savants. T. 14. Paris, 1856. 
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We may so determine i^q and ^ that all the components of stress 
except X, vanish ; hence we may write 

(1) Jr, = Ae + 2,a/p = 5, (4) ^,=K^C>/3y + 3W^^) = 0, 

(2) i; = Ae + 2,.3 V^y = 0, (5) X. = i.'dij'dx = 0, 

(3) Z=X<d-¥2iid(Jdz = Q, (6) y,-/i3i;^a« = 0. 
Further, we have ^^zlp + 'drijoy-^di^l'dz. 

From (2) and (3) it follows that (b) 3»yo% = ^Co/^^ = - i V(^ + A*) • ^/p- 
Comparing (b) with XXIX. (d) it appears that the contraction of the 
cross section is to the increase in length in the ratio of |A to A+/i, 
or of A; to I. Further, since ly^ and f^ do not involve x^ we have 

from (b) 1/0 = - kyzjp -^f{z), Co^ - kzy2p + ^y), 

when / and g designate two unknown functions. From (4) we have 
'-ky/p+f{z) + g^(y)'='0, and hence f(z) = Cy where c is an unknown 
constant It follows that 

f{z) ^cz + c\ giy) = ky^l 2p-cy + c 
and 1/0= -kyzlp + cz^-c', CQ^h{y^-z^)l2p''Cy + c''. 

At the point 0, where y = 2; = 0, we have 1/0 = ^> £) = ^> ^^^ hence 
c' = and c" ^0, Since the prism does not turn about the ;r-axi8 
during flexure, it follows that for y = 0, i/q = also, and consequently 
c = 0. We obtain therefore 

(c) Vo^-ky^lP. Co-k{f--z')/2p, 
and further, from (a), 

(d) £=^xz/p, n^" kyzjp, (^k(y'-z^)/2p^x^/2p. 

These values for ^, 1;, and ( satisfy the equations XXX. (c), since 
by hypothesis X=^y=^Z=0, The equations 1-6 show that the 
conditions of equilibrium are fulfilled. From (1) and (b) we get 
X^ = S = (3 Aft + 2fi^)/(k + fi) . z/p. If we introduce the general coefficient 
of elasticity E [XXIX. (d)], we have (c) S = Ez/p. 

The resultant Ji of the forces S is (f ) li = E/p . ^z . dydz, and is equal 
to zero, if the x-axis passes through the centre of gravity of the 
prism. If we assume this and then determine the moment M of 
the forces 5 with respect to a horizontal line passing through the 
centre of gravity, we will have M=^\Szdydz^Elp , \zHyilz = EJif>y 
where / is the moment of inertia of the cross section. In order to 
bend the prism so that an axis passing through the centre of gravity 
of the prism becomes a circle of radius />, a rotating force of moment 
M must act on each end surface; the axes of the rotating forces 
are perpendicular to the plane of the circle, and are oppositely 
directed. 
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The cross section of the prism is noticeably altered by the flexure. 
Since the parts on the convex side of the prism are extended, and 
the parts on the concave side compressed, the former tend to contract 
in the directions of the y and ;2^-axes, the 
latter to expand. If, for example, the 
cross section is a rectangle ABCD^ as in 
Fig. 45, ABCD takes the form A'FCD\ 
The two plane surfaces whose projections 
are represented in the figure by AB and 
CD are transformed into surfaces of double 
curvature. We may consider A'F and 
C'U as arcs with the centre iff, while A*D' 
and FC are straight lines which intersect 
at E. The lines A'D and BC are not 
changed in length, ^^ is shortened and 
CD lengthened. If z = )^BCy \t follows from the definition of k [cf. 
XXIX.] that 

A'ff = AB{\ - ib/p), CD' = CD{\ + kzjp). 

If OE^p\ then 

A'B'IC'D = (p'-z)l{p'+z) = {l-kz/p)/{l +kz/p\ 

from which it follows that p — kp\ This relation has been applied 
to the determination of k for glass prisms. 




Fio. 46. 



Section XXXIV. Equations of Motion of an Elastic Body. 

The resultant with which the elastic forces act on an infinitelv 
small volume-element dv of an elastic body in the direction of the 
X-axis is [XXV.], {dXJdz + dXJdy + 'dXJdz)dv. If the body is acted 
on besides by attractions or repulsions, whose component in the 
direction of the a^-axis is X, the element dv is also acted on by the 
component of force X.dv.p, where p is the density of the body. 
Hence the o^component of the acting forces is 

(dXjdz + dXJdy + dXJdz + pX)dv. 

If this resultant is not equal to zero, motion occurs in the direction 
of the X-axis, and the momentum imparted to the part of the body 
under consideration in unit time is pdvd^x + O/dl^ = pdvd^^/dt\ where t 
denotes the time. Hence we have 

pd^i/dfi - dXJdx + dXjdy + dXJdz + pX. 
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If the components of stress are expressed by (, 17, and ^ as in 
XXX. (b), we obtain the equation 

(a) pf = ( A + ft) . dO/'dx + fjL\^( + pX. 

The equations for rj and C ^^^ similar. 

As in XXX. (e) the equations (a) take the form 

(b) pf = (A + 2ft) . de/dx + 2fjL{dhJdz - dh/dy) + pX, 

If the force whose components are X, V^ and Z has a potential, and 

if therefore X= - 3^/3a:, Y= - d^/dy, 2= - d'ir/dz, 

by differentiation of equation (b) with respect to x^ y, z respectively, 
and by addition, we have 

(c) /)6 = (X + 2ft)V«e - pV^. 

In what follows we assume that no external forces act, so that 
the components X, Y, Z are zero. Therefore V^ drops out of 
equation (c). 



Section XXXV. Plane Waves in an Infinitely 

Extended Body. 

Lam^* treated this form of motion in the following way. Suppose 
a plane wave propagated in a direction which makes the angles a, j8, 7 
with the axes; let the velocity of propagation be V^ and let the 
direction of vibration make with the axes the angles a, &, c. If v 
represents the distance of a point from its position of equilibrium, 
U the amplitudef and T the period of vibration, the vibration at the 
origin may be expressed by u== Uco8{2irt/T). At any other point, 
whose coordinates are x, y, z, we have 

(a) u = UcoB f2TlT . (/ - (^co8a + y<^8ff + ^co8yM 

We have further 

(b) ^ = ttcosa, iy = ?t cos 6, ( — ucobc. 

If the angle between the direction of propagation and the direction 
of vibration is represented by <^, we have 

cos </) = cos a cos a + cos b cos p + cos c cos 7. 
For brevity we set 

* Lamd, Throne de r^lasticit^, p. 188. Paris, 1866. 



(k + /i) COS y cos <^ + (ft - pV^) cos c = 0. 
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md obtain 

e = ^TTSJTV, cos </>, 3e/Bx = - 4Trhi/T^F'' . cos a . cos <^, 

V2^ = - 47r2M/r2 r=2 . cos a, ^ = - 47r2M/r2 . cos a. 

By the help of these relations and corresponding ones for rj and 
:, we obtain from XXXIV. (a) 

r (A + ft) cos a cos <f> + (fjL- pV^) cos a = 0, 

\ 

[f these equations are multiplied by cos a, cos)?, cosy respectively 
ind then added, we have (X + 2fi - pV^) cos <^ = 0. We therefore have 
either (d) (e) pF'^=X, + 2fi or cos <^ = 0. In the first case, equations (c) 
become 

cos a = cos a cos (^, cos b = cos P cos (^, cos c = cos 7 cos (^. 

[f the right and left sides of these equations are squared and added, 
we obtain (f) cos2<^=l, so that either <^ = or <^ = ir. The vibrations 
therefore occur in the direction of propagation ; they are called 
l<mgiivdinal vibraiions. In the second case <^=^7r, that is, the vibra< 
tions are perpendicular to the direction of propagation ; they are 
called transverse vibraiions. 

Longiivdinal FtbrcUians. — The velocity of propagation 12 of these 
vibrations is determined by (d), (g) 12 = J{k-i- 2fi)/p, Hence con- 
densations and rarefactions occur, since 

To determine the stresses we assume that the waves are propagated 

in the direction of one of the coordinate axes, say the 2;-axi8. In this 

case we have 

f = 0, iy = 0, C=U cos {2TrlT.{t--zin)}, 

From XXX. (b) the tangential forces are zero ; the normal forces are 

(h) X,^r,^ 2ir\im . tr sin { 2ir/r . {t - zl9)). 

(i) Z, = 27r(k + 2fi)/m. UBin{2Tr/T,(t-z/n)}, 

Transverse Ftbrations. — The velocity of propagation w, from (c), equals 
(k) (u = x/fi//). Since, for these vibrations, we have cos</) = 0, we 
=ilso have 8 = 0, that is, neither condensations nor rarefactions occur. 
If the wave is propagated in the direction of the 2:-axis, and if the 
vibrations are parallel to the a:-axis, 

i=I^COs{2ir/r.(/-2/ai)}, 7; = 0, f=0. 

All components of stress vanish with the exception of the tangential 
force Z^ (1) Z, = 2irfi/rcu. trsin{2ir/r.(^-2:/ai)}. 
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2 = 27 9^ xl-< 
where a is the coefficient of expansion of air <\00366. The result 
obtained from this form of the theory does not agree with that found 
bv observation. Obsenration shows that O is about 330. The 
reason whv theorr and observation are not in acoord will be discussed 
later in the theorr of heat. 

m 

The velocitv of sound in water is obtained in a similiar manner. 
For water at 15' C. we have A = i22.10^'\ At the same tempera- 
ture we have p = 0,999 173, whence Q = 149060 cm 

In a research carried out on the Lake of Geneva, Colladon and 
Sturm found that the velocity of sound in water at 8, TC. is D = 1 43 500 
centimetres ; the difference between the obsen'ed and calculated 
values is explained by the difference in temperature, since X increases 
rapidly for water as the temperature rises.* 

Xo ob3er\'ation8 have been made on wave motions in large masses 
of metal ; but the velocity of sound has been determined in a metallic 
wire. In such a body, however, sound is propagated with a different 
velocity from that which it would have in an extended body. If 
the wire is [parallel to the z-axis, and if we consider only the motion 
of the particles in the direction of this axis, the stress Z^ at the 
dJMUincc z from the jry-plane is, in our usual notation, Z, = Ed(l?:. 

* Ffigliani uiid Vicentini, Wied. Beibl. Bd. 8. S. 794. 
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At the distance (z + dz) the stress is 

Z, + dZJdz . dz = E{d(/dz + dHi'dz^ . dz). 

Hence a portion of the wire whose length is dz and whose cross 
section is A, is acted on by a force given by AEd'{/dz^,dz. The 
equation of motion is pA .dz.C^'AEd^Cldz^.dz or (o) (=V^Hl^^\ 
where V^jEjp. The integral of the differential equation (o) is 
(p) f=cos {2vlT,{t-zlV)} ; the velocity of propagation V\% obtained 
from equation (p). 

According to the researches of Wertheim the velocity calculated 
from (p) agrees fairly well with the results of observation. 



Section XXXVI. Other Wave Motions. 

Spherical Waves. — We will investigate the circumstances of the 
propagation of spherical waves in an infinitely extended elastic body, 
when the direction of vibration of every particle passes through the 
same point. We take this point as the origin of coordinates. As 
in XXXI. (b) we set 

(a) (^dfji/dxy 'n^d<t>fdy, i^d<f>/dz, 

where <f> is an unknown function of / and of the distance r from the 
origin. The equations of motion [XXXIV. (b)] give (b) ^ = ^'^V^<f>. 
In this case [XV. (1)] we may set V^<^=l/r.9-(r<^)/dr2, and hence 

(c) d^{r<f})/di^ = Q^(r4})ldr^, This equation is satisfied by 

(d) </» = a/r . cos { 2ir/r . (/ - r/12) } , 

when (( is a constant and T the period of vibration. 

The distance ti of a point from its position of equilibrium is 

u = ^<^/3r = - alr^ . cos { 2ir/r . (^ - r/12) } + 27ra/^r . sin { 2ir/T . (/ - r/12) } , 

where ^ = I2r. If r is very much greater than the wave length we 
can neglect the first term on the right, and have 

t« = ^/r . sin {27r/r. (/ - r/12)}. 

The wave motion is therefore one in which the wave surfaces are 
spheres propagated with the velocity 12. 

Since the expressions (a) satisfy the equations of motion, if <f> has 
the value given in (d), these equations are also satisfied if <f> is replaced 
by d<f>fdXy or by another differential coefficient taken with respect 
to one or more coordinates. 

Vibraiions Due to Tornon.— Let the axis of a circular cylinder 
coincide with the ;^axis, and its separate parts oscillate in arcs 
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about the same axis. The components of displacement of a particle 
from its position of eqoilibrinm may be expressed [XXXII. (a)] by 
(e) ^= -<^, »y = <^, C=^? where <^ is a function of 2. 

From XXVIIL (e) we have 6 = 0; therefore condensation and 
rarefaction do not occur. The equations of motion are [XXXIV. (a) 

and XXXV. (k)], ^ = «^^. i/=«-=^V^, 

whence we again obtain (f) ^ = «r3^<^/ ?r-. This equation is satisfied 
^y (g) <^=asin {2a- r. (/-:«)}. Hence h> = Jfiijp is the velocity 
with which a wave motion is propagated in the direction of the 
axis of the cylinder. From XXX. <b) the components of stress are 

Z^= -A/JLX, jr,= +^/iy where .^ = 2irrt,T«. cos {2ir/r.(/-5/«)}. 

The other components of stress are zero. 

If the cylinder is of finite length, stationary waves can exist in 
it, that is, waves such that certain definite points of the cylinder 
called nodal points are at rest, while on both sides of a nodal point 
the vibrations are in opposite phase. The amplitude of the vibration 
is greatest half way between two nodal points, at the ventral segments. 
Stationary waves are formed when waves which have passed over a 
certain point return to that point again in the opposite direction. 
To find the period T of these vibrations, we notice that equation (f) 
will be satisfied not only by (g), but also by ^ = 6 sin {2^/7*. (t + 2/*a)], 
and in general by 

</» = ^ sin 2ir//r. cos (27rz,Ta») + Coos (2iri;T) . sin (^Trz/Tt^), 

where B, C, and T are constants. If the points for which ;r = are 
fixed, the constant B will be zero and (i) <^ = Ccos (2iri/T) . sin {2irz/Tw). 
If / represents the length of the cylinder, and if the points for which 
z = l are also fixed, we will have <^ = when 2 = 1, and therefore 
^ir//rai = jwr, where |? is a whole number. Hence 

r=2//pui = 2/;>.^/^. 

If, on the other hand, one end of the rod is free, y, = A', = when 2 = /. 

iiince X, ^ -i^y. difi/dz, Y^= -^fju:. 2<f>/dZy 

vre have 3<^/32 = when z = l. 

In this case we obtain from equation (i) 2ir//T(D = i(2p + 1 ) . ir, where 
J is a whole number; and hence r=4//(2/>+ 1). Vp/ft. If both 
ends of the rod are free, T=2llp.yfpfji 
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Section XXXVII. Vibrating Strings. 

Although the problem of the motion of vibrating strings is only 
slightly connected with the theory of elasticity, a simple example 
of this form of motion will be considered here. We suppose a 
perfectly flexible string stretched between two fixed points A and 
B, If P is the stress in the string, Iq the length of the string before 
the application of the stress, and / its length while the stress is 
applied, p the cross section of the string, E the coefficient of elasticity, 
we have 1'-Iq = PIJFE. Let the string be slightly moved from its 
position of equilibrium, that is, the straight line which joins A and 
B, and let the new form of the string be designated by ACDB, By 
this deformation the length of the string is increased by dl = dP, Iq/FE, 
It is here assumed that dP is infinitely small in comparison with P, 
so that we may set the stress in the string everywhere equal to P. 

For the sake of simplicity we suppose that the motion of the 
string is always in one plane, say the xy-plame. Let A be the origin 
of coordinates, and let B lie on the o^axis at the distance I from A, 
The distance of any point C of the string from A may be represented 
by s, and that of the infinitely near point Z> by 5 + ds. The com- 
ponents of stress at C in the directions of the x- and ^-axis respectively 
are Pdx/ds and Pdy/ds, For the point D the similar components are 

Pi^x/ds + d^x/ds^.ds) and Pidy/ds + d^y/d^ .ds). 

The infinitely short portion CD of the string is therefore acted 
on by the force Pd^/ds^ . ds in the direction of the x-axis, and by 
the force Pd^y/'ds^.ds in the direction of the y-axis. If the string 
is displaced only very slightly from its position of equilibrium, we 
can set s = x; the ansomponent then vanishes and the particles of 
the string oscillate perpendicularly to the :z>-axis. If m represents the 
mass of unit length of the string, the equation of motion is 

m.ds.y^P , 'dh/I'dx- . ds^ 

or, if we set ma^ = P, (a) y = a^'dhfj'dxK The integral of this differential 
equation is (b) y = A ^ cos (nirat/ 1) .sin {mrx/ 1), where 7i is a whole 
number. When a;=0 and a; = ^ we have y = 0, and when / = 0, 

y^A^ sin (rnrx/l) ; 

this is the equation of a sinusoid. 

If, in the general case, the form of the string when ^ = is given 
by the equation y^f(x)j then 

f{x) = Ai sin (irx/l) + A 2 sin {2irx/l) + A.^ sin {dvx/l) + 
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The coefficients A^^ A^ ^3 ... are determined in the following wiy. 
Let the general term of the series be ^.sinn^ where ^^rar/i. If 
both sides of the last equation are multiplied by sin n^ we will have 

/(/<^/fl-)sinn<^»^jSin<^sinn^ + ^sSin2^sinn^+ ... +-^,sin*iM^+ .... 

If this equation is multiplied by d<l>, and integrated between the 
limits and r, we will have 

/ f(^4>l'^) 8in n^.d<l>^A^ fsin^^^d*^ 

For if m and n are different numbers, we have 

/ sin m<f> sin n<f>d4> =- J / (cos (m - m)^ - cos (m + n)4>)d<l> « 0. 

-» 
But when they are equal, / sin^n<l>d4> » ^w. Hence 

(c) A^ = 2/ir . (/(/^/tt) sin n<t>dit> - 2:1 . [f{z) sin (nvx/l) . dx. 

If, for example, the string is so displaced from its position of 
equilibrium that a point in it at the distance p frt>m the end A is 
moved through the distance h in the direction of the y-axis, we hsTe 
/(jr) = hx/p for 0<x <p, but f(x) = h(l - x)l(l -p) tor p<x<l Hence 

jt o 7 f^x . mrx J nil f*h(l-x) . nvx , 
" Jo p I ' Jp l-p I * 

and therefore 

A, = 2W^/p(/ -;?) . (sin ^\ InV. 

We obtain for y, 

V = 2a-iA (a - 1 )7r^ ri/l« . sin 5 . sin ^ . cos "5^ 

L all 

+ 1/22. sin . sin — — .cos— -— + ... , 

a I ^ J 

where a = l/p. If the string is struck in the middle, we have a = 2 and 
ij = SA/ir^J sm _ . cos -^ - 1/3- . sin -=— . cos — =— + ... V. 



Section XXXVIII. Potential Energy of an Elastic Body. 

When an elastic body changes its form work will be done. This is 
stored up in the body as potential energy if the body is perfectly 
elastic, which we will assume to be the case. The work necessary 
to bring about a particular change is equal to the potential energy 
gained by the body, and may be determined in the following way. 
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Let A\ B and C represent the principal stresses at a point in the 
body; about this point construct the infinitely small parallelepiped, 
whose edges u, v and w are parallel to the principal stresses. When 
the stresses are applied, the edges of the parallelepiped are extended, 
u becoming t*(l+a'), v becoming r(l+6'), and w becoming 2(;(l+c'). 
From XXIX. (e) we have 

A = AS' + 2,ia', ^ = AS' + 2/x^', C = AB' + 2/i(;'. 

If a', \) and d change by the increments do!^ dll and rfc' respectively, 
the edges of the parallelepiped are increased by vdo^^ vdh' and v)dc\ 
and the parallelepiped undergoes an infinitely small change of form. 
The forces which act in the directions of the edges are vwA\ uwB' 
and nvC. Hence the work done by the stresses during the change 
of form is 

(A'da' + Fdh' + C'dc')uvw = (AO'^fB' + 2/i(aW + h'dh' + c'dc'))uvw, 

since 6' = a' + 6' + c'. 

To change the form of the parallelepiped by an amount which is 
determined by the elongations a, 6, c, the work 

i(Ae^ + 2ft(a2 + b^ + c^))um) 

must be done. If we set dv for the volume uvw of the parallelepiped, 
the potential energy E^ of the whole body is given by 

(a) E^ = i j( Ae2 + 2/i(a2 + 6^ + c'))dv. 

If we introduce the principal stresses A^ B, C [XXIX. (e)], we have 

(b) E^=^\\{{A-¥B-^C)^IE'-{AB-¥BC+CA)liL)dv, 

By this equation (b) the potential energy is determined, the com- 
ponents of stress and of elongation are known. We confine ourselves 
to the statement of the following relation, 

(c) E^^ ]^\(X^, + Y,y, + Za + 2Z^^ + 2A>, + 2r^>', 

from which the others can easily be deduced. 

Galileo was the first to study the properties of elastic bodies ; he 
failed, however, to reach correct results. The physical basis for the 
theory of elasticity was given by Robert Hooke, who in 1678 published 
a treatise, De poientia restiiutim, in which he showed by experiment 
that the changes of form of an elastic body are proportional to the 
forces applied to it. Among earlier investigations those of Mariotte 
and Coulomb deserve especial mention. More recently the theory 
of elasticity has been developed principally by the French mathe- 
maticians, Cauchy, Poisson, Lam^, Barr6 de Saint- Yc^nant, and others. 
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We owe to Cauchy the theory of the components of stress in the 
form here given. For more extended accounts of the theory of 
elasticity we may mention Lam^, ThSorie Math^matique de VEla&t'uiU 
des Carps Sdides, Paris, 1866. Clebsch, Theorie der Elasiicitat fester 
Karper, Leipzig, 1862. Among the more important recent treatises 
on the theory of elasticity we mention : Boussinesq, Appliciition des 
PoterUid (i l^Etude de VEquUibre et du numvement des Solides Elasiiques, 
Paris, 1 885. Barr6 de Saint- V^nant, Mimoire sur la Torsion des Prismes. 
Mim, d, sav, ^tr. T. XIV. Paris, 1856 ; M^moire sur lu Fle.non des 
Prismes, Liouville I., 1856. William Thomson, ElemeiiU of a 
Mathem. Theory of Elasticity, Phil. Tr. London, 1856 ; Dynamiad 
Problems on Elastic Spheroids. Phil. Tr. London, 1864. 

Further researches on the theory of elasticity have been carried 
out in recent years by W. Voigt. 



CHAPTER III. 

EQUILIBRIUM OF FLUIDS. 

Section XXXIX. Conditions of Equilibrium. 

The principal difference between solids on the one hand and liquids 
and gases on the other consists in the fact that the latter do not, 
like the former, offer a great resistance to change of form. A force 
is always needed to change the form of a fluid mass, but the resistance 
offered by the fluid is determined by the rate at which the change 
of form proceeds, and will bo infinitely small if it proceeds very 
slowly. We assume that the motion by which the condition of 
equilibrium is attained proceeds very slowly, and we may therefore 
assume, in hydrostatias, that a fluid offers no resistance to change of 
form, so long as this does not involve change of volume. 

Each infinitely small change of form of an infinitely small part of the 
body may [XXVIII.] be treated as if it were produced by the dilatations 
a, by c in three directions perpendicular to each other. The lengths 
tt, r, w drawn in these three directions become i/(l +a), v(l +^), w(l +c). 
If A, B, C are the corresponding normal forces per unit of surface 
which act on the surfaces vw, uw, vw respectively, the work done 
by the normal forces in this change of form is 

Amoua + Butcvb -^ Cuvwc or {Aa ■\- Bb + Cc)u . v . w. 

The change of form considered will, in general, involve an increase 
of volume, given by uvw{l + a){l + b){l -^ c) - uvw. Since «, b, c are 
infinitely small, the increment of the volume equals (a + ^ + c)u .v.Wj 
if we neglect infinitely small quantities of a higher order. 

If we start from the assumption that the work done by the forces 
equals zero if the volume is not changed, we have at the same 
time Aa + Bb + Cc^O and a + 6 + c = 0. These equations can both be 
true only if A'^'B^C, 
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The equations for the components of stress [XXVL (i)] give 

j:,=r,=z, and z,=o, jT.^o, r,=o. 

There are, therefore, no tangential forces in a fluid in equilibrium. 

If we start from the condition that the only forces which act on 
fluids in equilibrium are perpendicular to their surfaces, we reach the 
same result, namely, that the normal stresses are all equal. To 
show this we set Z, = 0, A', = 0, r, = 0, 
and have, from XXVL (a), 

P=A',co8a, Q=Y, cos fi, Ii==Z,cosy, 

P, Q and B are the components of stress for a surface whose normal 
makes the angles a, )8, y with the axes. The stress acting on this 
surface is JP^ + ^ + i^, the normal force X is determined by 

A'= P cos a + Q cos )8 + i? cos y. 

The tangential force T is 

T^^{P2 + Q2-^ir-)-(P cosa + Qcosp + Eco8yY. 

Introducing the values of P, Q and B, we have 

{X, - y,Y cos^a cos^fS + ( r, - Z,)^ cm^-p cos-y + (Z, - A\Y cos^a cos2y = 0, 

and hence JT, = F^ = Z^ 

From the expression given above for N, it follows that N=X^ 
that is, the normal force acting on a surface-element in the interim' of 
the fluid is independent of the posiiioti of the element. 

If we neglect the force of cohesion of the fluid, which will be 
treated later, the normal force will be a pressure ; if this is designated 
by p, we have 
(a) X,^Y,^Z.^-p; Z, = 0, A>0, r, = 0. 

If p is the density of the fluid, we obtain from XXV. (c) the condi- 
tions of equilibrium 

(b) "dp/dx^pX, dp/di/ = pYf qp/d2 = pZ. 

The components of the force acting on 
the unit of mass arc A", Y, Z; we may 
consider p as constant in liquids; in gases 
p is a function of the pressure. 

Equations (b) may also be developed in 
the following way. Represent the sides 
of the parallelepiped 00' (Fig. 46) by 

OA=dx, OB = dij, OC^dz, 

The pressure on OA' ispdydz, the pressure on O'A is (j? + dp/dx . dx)dydz. 
The resultant of the pressures is the pressure - 'dpj'dx .dx.dy.dz in 




Fig. 46. 
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the direction of the x-axis. The force pXdxdydz also acts on the 
parallelepiped in the same direction. The condition of equilibrium 
is therefore ( - 'dpj'dx + pX)dxdydz = 0, from which we obtain the first 
of equations (b). 

If equilibrium obtains, p must satisfy eqi^tions (b) ; the conditions 
for this are 

(d{pX)/dy = d{pY)/dx, d{pY)/dz^dipZ)ldy, 
^ ^ I d(pZ)ldx = d(pX)/dz. 

These equations will hold if a function <l> exists, such that 
(d) ?^/dx = pX, -d^j-dy^pY, d^Jdz^^pZ. 

Equations (c) are the essential conditions of equilibrium ; if they 
are satisfied, p may be determined from the equation 

dp = p{Xdx + Ydy + Zdz). 
If the forces have a potential ^, so that 

X= - 3^/3x, y = - 3^/By, Z= - 'dxpi^z, 
we will have (e) dp= - pd^. 

In gases p is a function oi p \ in liquids p may be considered 
constant. In the latter case we obtain (f) p^c-pxj/^ where c is 
constant. 



Section XL. Examples of the Equilibrium of Fluids. 

The conditions of equilibrium of a liquid mass contained in a 
vessel, and acted on by gravity only, may be determined in the 
following way : Suppose the position of the particles of the liquid 
referred to a system of rectangular coordinates, whose ;^axis is directed 
perpendicularly upward; we then have 

jf=o, y=o, z=-^, 

and therefore ^ = gz. Since the density p is considered constant, 
equilibrium can obtain under the action of gravity. From XXXIX. (f) 
we have p = c-gpz. Hence the pressure at the same level is every- 
where the same. 

fFe now determine the pressure in a liquid contained in a vessel, which 
rotates about a perpendicular axis A toith constant angular velocity w. 
The fluid will turn, like a solid, about the axis A with the same 
angular velocity as that of the vessel. 

A particle at the distance r from the axis A is acted on both by 
gravity and by a centrifugal force whose acceleration is (oV. We 
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refer it to a system of rectangular coordinates whose 2:-axi8 is directed 
perpendicularly upward, and coincides with the axis of rotation. 
We then have 

and the potential ^ is \^= "^tah^ + gz. From XXXIX. (f) the pres- 
sure is p = c + p{\to^r' - gz). The surfaces of constant pressure are 
paraboloids of revolution with the common axis A. 

We will make a third application of the conditions of equilibrium 
to the determinaiian of the p'essure in the atmosphere. We suppose 
gravity directed toward the centre of the earth, its acceleration 7 
may then be expressed by y= -ga^/r^, where g is the acceleration 
at the surface of the earth, a the earth's radius, and r the distance 
of the point considered from the centre of the earth. We then have 
^s -ga^/r. If the temperature is coniitant p = k,p^ where k is con- 
stant. We have then [XXXIX. (e)] 

dp=^ "k^pdyj/ or \ogp = C'-k^. 

If, at the earth's surface, the pressure is j?^, and the potential v^^, we 
have log;?o = ^-^^o ^^^ ^og (pjp) = k{\p - ip^) =^ kg{ar - ar)/r. If the 
difference r-a is very small in comparison with a, we can set 
^^g iPolP) ~ ^9^9 where h = r-a is the height of the point considered 
above the earth's surface, and k is equal to 1,2759 . 10"^ for dry air 
at O'C. 



CHAPTER IV. 

MOTION OF FLUIDS. 

Section XLI. Euler's Equations of Motion. 

In the study of the motion of fluids very serious difficulties are 
encountered, and thus far only a few problems have been completely 
solved. In the following chapter we will consider only the so-called 
ideal fluids, and therefore neglect the friction between their moving 
particles and the forces of adhesion and cohesion, which will be 
treated later. We further assume that the fluids considered are in- 
compressible, and thus limit our discussion to liquids, which are only 
slightly compressible. On these assumptions several characteristics 
of the motion of liquids may be derived. As the study of the motion 
of gases is extremely difficult, and as little success has so far been 
obtained in it, we will not enter upon it here. 

For a complete determination of the motion of a fluid the path of 
each separate particle, as well as the position of the particle in the 
path at any instant, may be given. The coordinates ^, y^ z of the 
particle M may be given as functions of the time t 

An easier method is one in which the motion is expressed in 
terms of the components of velocity, which according to circumstances 
shall be designated by £/, F, /F, or w, v, w. Suppose f/, F, W to 
be the components of velocity of a particular particle of the fluid ; 
if the particle at the time t is situated at F and at the time / + dt at Fy 
£/, F, W will be the components of velocity at the point P, and 

^"-'dt^^^ ^^Tt^^^ ^^"-St^^ 

the components of velocity at F, The quantities dUy dV, dir repre- 
sent the increments which U, F, JV respectively receive during the 
time dt, if our attention is conflned to the motion of a particular 
particle. 



it>4 M*.^n«>y or rLm«?. y&jki.vt. 

Tlu odiisr fjmMla, %, r. r. rcpreKns ike ccmpoaeste of Tdodtr 
^ A -iecnce poin: in saace, viure one particLe replaces azwdier in 
c1l« cQone of lixe modr^o. If r, y. r Are xhe coocdinaies of the Doint 
fofwajgrcdy ^ 7. sr ar« dt< ccmpQaents of Telochv of a particle sinat<d 
At rha: pom: a: tiie dine ^ Afta zhe lapse of tiie dme -jV the sime 
point is occTxpied bj aorxiier partkle. wlioce coapooents of relodty 

are »♦?«?*. if. r-?r'?t..i^ v^J^-H.'iL 

A particle sztoared. at the time ^ at a point whose coordinates an 
z-^dx^ H ^ i«. I -^ iz^ ha« a Telocxtr vhose projectioo 00 tlie j'-axis is 

The velocities m, r. v are cTerrwhere foncdons of j; «. r and /. If 
H. r, r are the compooenLB of velocitT. at the time /, at the point P. 
whoee coordinates are r, «, z, the components at the time t-i-di ^ 
another point F, whose coordinates are .* + 'ix, v -r 'iv, z-rdz^ will be 

«+ rn ?<.rf/-?ii ?ar.'ir+?ii Jif . *U -^ Ju 2z . dz, etc 

If the fluid particle is situated at the time t ad. P and at the time 
t-^dt at F, then we have {'=11 and 

U-hdU dt.dt^u-^rn st.dt-hJit ?x.Jx+?v ?jr.rfjr+cii rr.Jc, 

or(a) dUdt=:l:u l:t'^?M?:x.dj',di'^'suJy.d¥dt'k'?%i'd2,dzdt 

The particle considered traverses the distance PF in the time dt, 
hence its velocity is PF dty the projections of which on the coordinate 
axis are oidentlv dx. di = 11, du dt = r. dz dt — <r. Thus we obtain 

dU '7/ = rn r< + « . r*i r-r + r . ?'« ?y + if . ?m "re. 

The equations for dV dt and dlF dt are similar. 

To find the equations of motion of a fluid let us cut from it a 
parallelepiped </ui, whose edges are dx, dv, dz, and on which a force 
acts whose components are A', Y, Z. In the time dt the parallelepiped 
receives an increase of momentum, whose components are 

pXdmdtj pVdmdtj pZdttult, 

when p denotes the density of the fluid. 

The pressure p acting at the point jr, y, c, as has been shown in 
a former chapter, imjiarts to dta the components of momentum 

- cp, ?jc . diadt, -dpdy. dwdt, - 2p, ?c . dtadt. 

Under the action of these forces the body receives, in unit time, an 
increment of velocity whose components are dUjdtj dV dt^ dfrdt, 
and hence we have 

(h) f^lUldt = pX-'Cp/dx; ptlV;dt=^py-dp,dy; pdlF/dt^pZ-'^pdz. 
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£y the help of equations (a) we then obtain 

' 'du/dt + udu /dx + vdu /di/ + wdu /dz = JT - 1 /p . 3p/djr, 

(c) - dvfdt + udv fdx + vdv /3y + icdv /dz^^Y-l/p. dp/dy, 

^ dw/dt + udwfdx + vdw/dy + vfdwj'dz = Z -l/p. dp/dz. 

These equations are due to Euler, and are known as Enter's Equations 
€f Motion. To them must be added the so-called equation of continuity^ 
which is found in the following way : The parallelepiped receives in 
the time dt, through the &ce dydz, the quantity of fluid pudydzdt ; and 
loses, through the opposite face, the quantity (pu + d(pu)/dx . dx)dydzdt. 
The difference between the quantities flowing through the two surfaces, 
which indicates a loss of fluid, if d(pu)ldx . dx is positive, will be 

d{pu)/dx . dto . dt. 

By a similar argument applied to the two other pairs of faces it 
appears that the total difference between the quantities of fluid which 
leave and enter the parallelepiped is 

(d(pu)ldx + d(pv)ldy + 'd{pw)/dz)do) . dt. 
The parallelepiped at first contained the quantity p.dto ; after the 
lapse of the time dt it contains the quantity (p + dp/dt . dt)dtt) ; the 
difference of these two quantities is - dp/dt . dto . dt. By equating 
these two expressions for the same quantity we get the equation of 
continuity (d) dp/dt + d(pu)/dx + d(pv)/dy + d(piv)/dz = 0. If the density 
p of the fluid is constant, the equation of continuity becomes 

(e) dn/dx + dv/dy + dw/dz = 0. 

Euler's equations are specially suited to investigations of the motion 
in fluid masses with fixed boundaries. If the surface of the fluid 
changes there will be points which will lie sometimes within and 
sometimes without the fluid ; the velocity at such a point cannot be 
determined by the method here given. Lagrange's method is the one 
then employed. To this wo will return later. 

In equations (c) and (e) there are contained four unknown quan- 
tities Uf Vy w and p, for whose determination wo have four equations 
given. To determine the constants of integration the conditions of 
the motion of the fluid must be given at a definite time. If the 
fluid is bounded by a fixed surface, the components of velocity in 
the direction of the normals to the bounding surface are zero. If 
u^ V, id are the components of velocity of a particle at the boundary of 
the fluid, and if the normal to the bounding surface makes the angles 
a, /?, 7 with the axes, we have 

(f) tt cos a + i; cos ^ + w? cos 7 = 0. 
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Section XLII. Transformation of Euler's Equations. 

In a fluid in motion an elementary parallelepiped, whose edges 
are originally dx^ dy, dz^ not only changes its position in space but 
may also rotate and change its form at the same time. Its motion 
at any instant is determined by the components of velocity u, r, %r\ 
the rotations and changes of form may be determined in the following 
way : In the theory of elasticity the component of rotation A, of such 
an element is expressed by h^ = ^(d(' jdy - drj' /dz), if f and 17' are the 
infinitely small changes of the coordinates z and y introduced by the 
motion. We may set (* — w,dty rj' — v,dty and obtain 

h^ = K'dwl'dy - dv/dz) . dt 

If ^ is the corresponding angular velocity, we will have h, = (.df 
and hence 

(a) $ = ^{dwldy'''dvldz); ri = lf(duldz -dw/dx); C= J(c^/d2r - Bw/dj^). 

The equations for ?; and ( may be derived in the same way as the 
first; ^, rjf ( are the components of angular velocity in a rotation 
about the three coordinate axes. 

If no rotation exists in the fluid, we have f = »7 = f=0 or 

div/dy = ^v/dZf 'du/dz = dw/dx, dv/dx — du/dy. 

These equations are the conditions for the existence of a function <f> 
of X, y, z and / which has the property that 

M = - d<l>/dx, v= - 'd<f>ldy, ic — - d<l>/dz. 

This function <f> is called by v. Helmholtz the velocity potential j since 
the components of velocity u, v, w, are related to each other in the 
same way as the components of a force if it has a potential. 

The equation of continuity [XLI. (e)], on the assumption that a, 
velocity potential exists and that the fluid is incompressible, becomes 
32</>/ar2 + 'dm'dy'^ + ?^m'dz^ = V^^ = 0. The velocity h of a particle is 

From equations a it follows that du/dy ^drjdx - 2{, duidz^dic/dx + '2if' 
The first of equations XLI. (c) becomes 

ditl^t + 2(?r>/ - rf) + u . du/dx + v . dvjdx + w . dw/dx = A' - 1 /p . dp: ex. 
This equation may be written 

' du jdt + 2{wy] - rO = A' - 1 //) . dp/dx - m^ldx. 
We have similarly 
^ ^ \ dv jdt + 2(u{ - w^) = r- \Ip . dpjdy - p/t^/dy, 

^ du'jdt + 2(r^ - 1/17) = Z - 1//) . dpidz - \dh^idz, 
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here h is the velocity of a particle. We may eliminate p from 

^nations (b) by differentiating the second of those equations with 

ispect to Zy and the third with respect to y and subtracting. We 
lus obtain 

If we use the equation of continuity 'duj'dx + 'dvj'dy + 'dwj'dz = 0, and 
le relation following from (a) d^/dx + drildy-^dC/dz^O, we obtain 

d^jdt + u . d(/dx + V . d^/dy + w . d^/dz - f . 'buj?}x - 1) , du/dy - f . T^ufdz 

= ^{dZldy-dYldz), 

^ £> Vt ( represent the components of rotation at a point in the 
igion containing the fluid at the time /, we may use ^, H, Z to 
^present the components of rotation of a particle at the time / + dt, 
hose components at the time t were ^, ?;, (. 
The connection between the components f , rj, ( and S, H, Z may 
e established in the same way as that previously used to find the 
elation between the velocity at a point in space and the velocity 
)f a particle of the fluid. We have 

^ = ^, dtsj/di = d^/dt + u . d^/dx + v . d^/dy + w . d$/dz. 

Using this equation we obtain 

(c) dSjdt = ( . du/dx + rj . du/dy + f . du/dz + ^{dZ/dy - dV/dz). 

If ai any time no rotation exists in the fluid, and if therefore ^ = ?y = f = 
al my point in the fluid, a rotation may stUl be set up if Z and Y have 
M pcientiaL If, on the other hand, Z and Y have a potential so 
that Z= -3^/0-2 and Y=^ -d^/dy, we will have dlSjdt^O. If 
beadea X= -o^j'dx, we have dE/dt^O and dZ/'dt^O. Hence no 
nlaim can be set up in an ideal fluid if the forces have a potential. In 
^ me the particles which rotate already continue to rotate^ but the particles 
^^ do not rotate from the beginning will never rotate. This theorem 
^!^firti given by v, Helmholtz, 



Section XLIII. Vortex Motions and Currents in a Fluid. 

In researches on the motion of fluids it is important to observe 
whether the particles rotate or not. If there is rotation it is called 
w^ motion. We then have 

, W i^}i{dwldy'-dvldz), -n^^^idu/dz^-div/dj'), C=h(dv/dx-- du/dy). 

1^ this it follows at once that (b) d^jdx + dr)/dy + dC/dz = 0. The 
^nation of continuity is (c) dujdx + drjdy + du'jdz^O. 
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If the fwce§ !iA¥« x pocfiocbl ic fi^Qow^ from cqiadoos XLIL (c) that 

' iZ ?» = J. yjc ?r—7. rir ry-h^*. rr ?^ 

In tixeie e*^iu:aaiuf ^. 7.. C ^^^ ^^ components of rotation at the 
pome A 5, J : S, H. Z ire cii« sune components for a particle which 
at the time ^ is snsited it the pomt a ¥. ^ bat vhkh at the time 
t-^dt is stoated at the point z-^'ix* f'^'hy --f-^- 

On the other haod. if the compooiBits ^. 1}, ( are zero at every point 
in the tfizid at a dednite instant they are equal to zero at any time, 
from ev^natioai idu In this case we call the motion 9k flaw. It is 
chaneteriied by the ei^aatrans 

(e) r*r ?3» = rr ?=. r* ?• = ?ir ?-r, ?r Jx = ?« ?jf. 

From XLIL m; r and tc thai hare a otLxit^ p^Aential <^ which depends 
in general on j-, ji; r and L The equation of continuity is 

<g) ?=^ r^+ :-^ TV + ?=^ r^ = V^ = 0: 

Eolers equations XTJ. (c> take the form 

j' Jr= - r=^ ?f?x-i-i?A- ?tr+l />. Zy Jx; 

[ Z= - ?^ ?frc + irA2 ?c + 1 />. ?yi ?:. 

Hence such a motion can exist only when the forces have a poten- 
tial ^. In case this condition holds, we obtain from (h) by integration 
^i) ^ + T= 2<f>: di - W- -p p, where T is a function of the time only. 
In order to have a simple example of the two classes of motion 
just described, we consider the case of an infinite fluid mass, all 
particles of which move in circles parallel to the ry-plane whose 
centres lie on the j-axis. All particles at the same distance from the 
j-axis move with the same velocitv and in the same sense. We 

m 

have then from XXXYL (e) m= -toy, r= +«ia-, ic = 0, w depends 
only on the distance r of the particle from the c-axis. Since we have 
3M/:*;r= - xylr.diajdr and ?r 3y= -k-xy r.dtajdr, the equation of con- 
tinuity is satisfied, because ?ii; ?j: + ?r,?y~0. 

In general there is rotation of the separate particles, since 

du/dy = "ia- y^ir. dm dr ; dr^ ?x = w + x^; r . diajdr^ 

and therefore f=w + Jr.t/w/(/r. Since f = 0, »y = and m^ r, if are 
independent of z, the equations of motion (d) are satisfied. 

We assume f = ii for r < r^ and f = for r > r,^ where (;> is a constant 
In the first case, we have w = f^, + C/r'^, where C is a new constant 
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'J must vanish, because otherwise the particles at the axis would have 
in infinitely great velocity. Hence ^^(q for the part of the fluid 
ying within a circular cylinder whose radius is r^,, and whose axis 
coincides with the ;^a_xis. .These fluid particles therefore rotate about 
the 2;-axis, just as if they formed a solid body. If, on the other hand, 
r > r^j, and hence f = 0, the angular velocity w' will be w' = C'jr^. The 
linear velocity is rai' or C"/^, and therefore inversely proportional to the 
distance of the particle from the axis. On the condition that there is 
no discontinuity in the motion of the fluid, we have for r = ?q, (q = ^' W- 
Hence for r>rQ, we have rit>=r^^lr. If r^ is infinitely small and (^ 
infinitely great, we obtain a so-called vortex filament. 

The action of the vortex filament on the surrounding fluid depends 
on its cross-section and its angular velocity. If we set m^^Trr^^^, 
the velocity A of a fluid particle which does not belong to the vortex 
is A = rw' = wi/irr. 

Vortex filaments may have other forms ; they were first investigated 
1)y V. Helmholtr,* and afterwards by William Thomson, and several 
Dthers. We see from this example, that the separate parts of the 
fluid do not need to turn about themselves as their centres of gravity 
describe circles; although the fluid surrounding the vortex filament 
revolves about the 2^axis, the separate drops, into which the mass 
may be divided, do not rotate about themselves. 



Section XLIV. Steady Motion with Velocity-Potential. 

If the components of velocity are independent of the time, or if 
the condition of motion at any definite point in the fluid does not 
change, the motion is called steady. If a velocity-potential 4> exists, 
we have (a) ii= -d4>ldx, v= -^</>/^y, w= -d4>/dZf where <^ is a 
function of a;, y, z only. The same holds for the potential ^ of the 
forces; hence the function T in XLIII. (i) must be constant. If we 
set 7= -C, we have (b) '^+p/p + ih^ = C, If the only forces which 
act are pressures within the fluid, we may set ^ = and conclude 
that the velocity of the particles increases as they pass from places 
of higher pressure to places of lower pressure, and inversely. 

For a motion for which there is a velocity-potential, the equation 
of continuity is (c) V*<^ = 0. 

As an example of such a motion, we will consider a sphere at 
rest in an infinitely extended fluid. The particles of the fluid which 

♦Helmholtz, CreUe's Journal, Bd. 55, S. 25, 1858. 
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are at a great distance from the centre of the sphere move with 
equal velocities in the same direction. 

Let the sphere be placed so that its centre is at the origin of 
coordinates 0, and let the radius of the sphere be R. The particles 
whose distance r from is infinite are supposed to move in a 
direction parallel to the positive :r-axis with the velocity tr^. We 
set the velocity-potential (d) «^=F-ir^, in which V=Q when 
r=x. Then (e) i£= -?F/3jr, r= - 3r/By, if= -'dVl'dz-{-tc^. Using 
equation (c) we have (f) V^F= 0. If we set F= 1/r, or equal to a 
differential coefficient of l/r taken with respect to x, y^ or z, the 
equation (f) will be satisfied. Since the arrangement around the 
X-axis is symmetrical, we will consider if the assumption 

<g) r=C'.?(l/r)/?^=-aVH^ 

will satisfy the given conditions. 

The particles of the fluid move over the surface of the sphere, 
and hence the component of velocity in the direction of the radius 
is equal to zero, that is (2^j'dr\^^ = 0. If we set z/r=^ cosy, we 
have 

(t>=: "C cos y/r^ - vWq cos y and d<t>/dr = 2C cos y/H - if ^ cos y. 

From this it follows that (h) C=hc^R^. 

From equations (d), (g), and (h), it follows that 

(i) <^ = - iw^R^z/r^ - w^ = - M 1 + Wit-^). 

Using equations (e) we obtain 

M = - ^w^B^zzjr^, t; = - i^w^l^zyjr>, w = - ^w^R\Zz^jr> - l/;-^) + w,. 

If we set ?c2 + t;2 = s2 and X'-\-y^ = q\ we will have .s= -^w^R^tffr^. 
If // and z are the coordinates of the path of a particle, the equation 
of the path will be (k) dq/dz = slw. 

Remembering that r^ = q^-^z\ we may integrate equation (k) and 
obtain (/-( 1 - A*^/r^) = c. If c is constant, this is the equation of a 
stream line. If c = 0, we will have either r = R ot q = ; in the first 
case, we get the equation of a great circle, in the second, the equa- 
tion of the :?-axis. 

The pressure p may bo determined by the help of equation (b). 
Since ^ = 0, we hsLve p = p{C - hh-). Now h^=^u^ + v^-\-v^j and hence 
for a point on the surface of the sphere we have h = ^WQq/R. 

Hence the pressure p on the part of the sphere which lies toward 
the positive side of the ;:-axis, is as great as that on that part of 
the sphere which lies on the negative side of the 2:-axis ; the moving 
mass of fluid will therefore impart no motion to the sphere. And 
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further, a sphere which moves with constant velocity in any direc- 
tion in an infinite mass of fluid experiences no resistance during its 
motion. This result, which is at first sight so startling, is explained 
by the fact that the resistance ofiered by friction is not taken into 
account. 



Section XLV. Lagrange's Equations of Motion. 

Suppose a particle P of a fluid to be originally situated at the 
point whose coordinates are a, 6, c, and after the lapse of the time 
dt, to have reached the point x, y, z. The general coordinates x, y, z, 
are functions of /, a, b^ c; if t alone varies in these functions, we 
obtain the path of a particular particle. If, on the other hand, we 
give to the coordinates a, 5, c, all possible values, and keep t constant, 
we have the positions of all the particles of the fluid at the same 
time. If the pressure is designated by p^ and the density of the 
fluid by /), and if we set U=Xy V=y^ fr=z, we obtain from 
XLL (b) 

(a) x = X-\/p, dp/dx, y—Y-\lp. 'dpl'dy^ z = Z-l/p. dp/dz. 

In order to eliminate the differential coefficients with respect to 
•<^> Vt «> we multiply these equations respectively by dx/dtij dy/da, 
dz/da, by dxfdb, dyjdby dz/dby and finally by dx/dc, dy/dCy dz/dc. 

By addition we then get the following equations: 

f {jc - X) . ?>x/da ■¥ (y - Y) . dy!da + {z'-Z).dz/da+l/p,dp/dii=^0, 

<b) - (x- X) ,dx/db -{-{y - Y) ,dyldb -{-(z- Z),dz;db + l/p .^p/db = 0, 

[ (x- X) .dx/dc +{y " Y) .dy/dc + {z - Z) ,dzldc + l/p ,dpldc = 0, 

These equations are due to Lagrange. 

To these equations there must be added a relation which expresses 
the fact that the volume of the fluid does not change. The particles 
originally situated in a rectangular parallelepiped with the edges 
Ja, dby dCy are at the time / contained in a parallelepiped, the pro- 
jections of whose edges are 

'dxi'da . (/a, 'dyj'da . da, dz/da . da ; 
dx/db . dbf dy/db . db, dz/db . db ; 
dx/dc . dCf 'dy/dc . dc, dz/dc . dc. 
The volume of the parallelepiped at the time t ^vill therefore be 

dx/da^ dylda, dz/da 

dx/db f dy/dby dz/db .dadbdc. 

dx/dc, dy/dCy dz/dc 
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Since the fluid is assumed incompressible, the elation of cm- 
Hnuit^ is 

(c) ?jr ?6, ?v ?6, ?^ ?6 =1. 

?-r ?(.-, sir s*\ ?r cc 

To apply Lagrange's equations, we will consider a fluid mass, 
which turns with a constant angular velocity cu about the c-axis. 
directed vertically downward. We then have A''=0, y=0, Z=q. 
and we set ^^c, ti = rcos<^ 6 = rsin«^, and further, 

J' = r cos ( <^ + to/) = ti cos ci>/ - 6 sin o>/, 

y = r sin (<^ + W) = 6 cos ui/ + ii sin W. 

From these relations it follows that 

?j, ?(i = cos W, ?x ?6 = - sin o>/, ?jr/?c = 0, 

?V ?ti = sin W, ?y/ ?6 = cos W, ?j/ ?c = : 

x = - torj-, y = - w^y, i = 0. 

The equation of continuity (c) is satisfied and the equations of 
motion (b) are ?/>'?ki=p««i^i, ?/> ?6 = pw-6, 7jyZ''c = gp. Hence we 
obtain by integration p = C + p(4tor(u- + ^) + gc). This solution agrees 
with that given in XI^ 



Section XLVL Wavk Motions. 

Lagrange's equations may be used to advantage in investigations 
on wave motions in a fluid acted on by gravity. All the particles 
of the fluid may be assumed to move in plane curves parallel to 
the .r;r-plane; let the ^r-axis be horizontal, and the c-axis be directed 
perpendicularly downii\'ard. Then, if we set y = b, we obtain 

dxdb = 0, ?y/?a = 0, ?y.?6=l, ?v/?c = 0, ?:/?* = and y = 0. 

If we further set p = pl\ the equations of motion given in XLV. 
(b) become 

. . ( X. dx/cti + {z—g) . 2z da + dP. da = 0, 

\jc. cx/dc + (=-(/). dzj dc + dPjdc = 0, 

and the equation of continuity XLV. (c) takes the form 

(b) djr/da . dz/dc - dz/dn . :v/?c = 1. 

Suppose the j)article B (Fig. 47), having, while in its position of 
equilibrium, the coordinates OA—a and AB = c, to move in a circle 
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DFE, whose centre is at C, Let D be the position of the particle, 
represent the angle between CD and the perpendicular CE by 6, 
and set BC=s, CD — r, We then have 

(c) a; = a + rsin6, 2 = c + « + r cos 6, 9 = m/ + wa. 




Here m and n are constants and r and s are functions of c. We 
therefore obtain 

3x/da = 1 + nr cos 6, dz/da = -nr sin 6, dx/dc = 3r/3c . sin 8, 

dz/dc = 1 + 3«/c)c + 3r/3c . cos 6. 

By these relations, equation (b) takes the form 

ds/de + nr . drjdc +{nr(\+ ds/dc) + 3r/3c} cos 8 = 0. 

Since this equation holds for all values of / or 6, we have 

(d) ds/dc + m- . dr/dc = and 3r/3c + nr(l + ds/dc) = 0. 
We obtain further from equations (a) the relations 

(e) - (m2 - gn)r sin 6 + dP/da = 0, 

- mV.Br/3c-^(l +a8/3c)-m%-(l +35/3c)cos8-^. ^r/3c. cos8 + BP/(fc = 0, 

the last of which is transformed by the help of equations (d) into 

(f) -(m2-.^)r{^r/^c + (l+^5/^)co8 8}-^ + ^P/^c = 0. 

If the pressure depends on c only, it follows from (e) and (f) that 

(g) (h) mr = gn, P=gCy if the constant is set equal to zero; the pres- 
sure therefore disappears for c = 0. This condition must hold at the 
free surface of the fluid. 

The paths of the particles are circles. If the time required by the 
particle to traverse its path is 7, that is, if T is the period of oscilla- 
tion, we have m^2ir/T and e = 27rlT.(t-\-2ira/Tg). 

H 
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If A is the wmre length and h the velocity of the wave, we will 
have h = Tg 2? aod ^ = A T, from which it follows that 

(i) A = X i/A. tsr and « = 2x X. 

The motion of the particle is soch that it describes a circle who$e 
centre lies a little above the position of eqmHbriam of the particle. 
From the first of equations (d) we have s= -inr^, where the con- 
stant disa{^)ears, since ^ and r vanish simoItaneoiislT. Hence also 
(k) i= -rr^^X. From the second of ei^uations (d) it follows that 
d log r + *i(f + i) = 0, and hence, by integration, log r + »(<: -h s) = k, when 
X' is a constant. For a particle on the surface we have r = : if the 
values of r and s for this particle are designated by R and i^, we 
haTelog^+jbS=it. We have further log<r ^-hii<f + .<-5) = 0. The 
fiurtor c-\'i-S=H is the perpendicular distance between the centre 
of the path of the particle considered and the centre of the path of 
a particle in the sur&ce. We have therefore (1) r=Ee'^^" \ 

If ds,d€ is eliminated from equations (d) we obtain 

dr + »ridc - nrdr) = 0, 

and by integration 1 a.logr+«;- li*r^ = i**. For the particles ofl the 
surface we have l;H.\ogB—inR^ = L''. Hence 

(m) -c = A '2ir.\og{E n-ir X.iL'^^r^). 

The free surfiice can be thought of as formed by the rolling of a 
circular cylinder on the under side of a horizontal surface ^B (Fig. 48), 



Fir.. +"<. 



which lies at the height M = A 2- over the centres of the paths 
which the particles in the surface describe. The free surface is then 
represented by a straight line whose distance from the axis of the 
cylinder is 7?. 



CHAPTER V. 



INTERNAL FRICTION. 



Section XLVIL Internal Forces. 

In the discussion of the motion of fluids, the friction among the 
fluid particles has not been considered. Friction is excited in different 
degrees between the particles of the fluid when they move among 
themselves at different rates. In consequence of friction the viscosity 
of the fluid is more or less great. We will try to determine the 
friction caused by the motion of the fluid. 

We will suppose that the particles of a fluid mass are moving in 
a direction parallel to the ar-axis, and that those situated at the same 
distance from the x^^plane have the same velocity. The velocity 
increases in proportion to the distance from the a;^-plane. One sheet 
of the fluid glides over another and thereby gives rise to a definite 
frictional resistance, which, according to Newton, may be assumed 
proportional to the rate of change of velocity with respect to the 
distance from the xz-'pisLiie, so that duldy — €. The friction between 
two contiguous sheets is then propor- 
tional to the difference of their velocities, 
and inversely proportional to the distance 
between them. We therefore set the 
velocity u = u^'\-€y. Let 00' (Fig. 49) 
be a part of the fluid mass; on each 
unit of surface of &B there acts, in the 
direction Ox, a tangential force 

(a) r = fi . dujdy = ft€, 

where fi is the coefficient of friction, A 
force - T acts on OF in the direction Ox, Further, the tangential 
forces T [XXV. (d)] must act on O'A and OA', of which the one 
acting on O'A is in the direction Oy, and the one acting on OA' is 
in the direction yO. 

11.5 
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If the fluid mass moves in the direction of the y-Axis with a velocity 
r = t\) + €':r, the tangential force necessary to produce this motion 
is T = 11, dv/dz. If both motions exist simultaneously, a tangential 
force Xj, acts on the fluid, such that we have 

X^ = r + T' «= /JL{duldy + dr/dx). 

In order to examine the physical meaning of this expression, ve 
will consider a fluid particle, originally situated at the point /, y, ; 
which has moved through an infinitely small distance, whose pro- 
jections on the axes are ^, rj, f. We then have u^d^fdf, r=3»/,3t 
and X=fjL. d/dt{d^ldt/ + 'drj/dx) = 2ft . dxjdt. This expression gives 
the tangential force which arises from motion in a fluid in terms of 
the friction. We may therefore set 



(b) 



Z, = 2fjL, dz^/dt = iii'dwj'dy + 2^v /dz), 
X, = 2fi . dx,fdt=fi{duldz + dic/'dx), 
y, = 2ft . 'dyjdt = fJL(dv /dx + du/dy). 



We know by experiment that ft is independent of the pressure. The 
meaning of the other quantities in (b) is clear without explanation. 
By the help of the formulas given in (b), we can determine the 
tangential forces which must act in the fluid to overcome the frictiomJ 
resistances. We will now determine the magnitudes of the normal 

forces which are necessary for 

I c' G ft Jl p' the extension of a viscous fluid 

in a given direction. Let the 
fluid move in a direction parallel 
to AB (Fig. 50), and let the velo- 
city of a i)article situated at the 
distance y from this line be equal 
to u. As before, we may set 
u = v^ + €y. 

After the lapse of the time di, 
A has traversed the distance u^y 
and C the distance {u^ + €AC)dt. 
CC represents the motion of the 
point C relative to A, and we have CC = € . AC .dt. If we designate 
the angle CAC by d<f>, we have (c) d<f> = €,dt. 

The rectangle EFGH, described in the rectangle ABCD, transforms 
into the parallelogram EF'G'H', and we determine the increments 
which the sides EU and EF receive by this transformation. Repre- 
senting the angle HEB by \^, and noticing that HH' and FF are 
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parallel to AB, we have EH' = EH +HH' cos ^, EF'^EF-FF' sin i^. 
We further have 

HH' = BH,d<f> = EH sin ^ . d<f>, FF = AF. d<f>=^EFcos ^ . d<i>, 

and hence {EW - EH)IEH= sin ^ cos ^<^ ; 

{EF' - EF)/EF = - sin i/' cos i/'^;*^. 

If the increment of length per unit-length of EH is designated by ds, 
we have (d) ds = sin \p cos ^(/<^ ; ds is also the diminution of length 
per unit-length of EF, 

To bring about the deformation considered, a tangential force T 
must act on ABCDy which is, from (a), (e) T===fi€, This force acts 
on the sur£fice corresponding to CD in the direction CD, and on that 
corresponding to AB in the direction BA ; on the other two surfaces 
the forces act in the directions CA and BD, To determine the 
normal force N acting on the surface EF, we set in XXIV. (a) a = ^, 
^ = Jir - ^, y = J^, and X^=Y, = T, Since all the other components 
of stress are equal to zero, we obtain 

(f ) iV= P cos i/' + g sin i/' = 2r sin ^ cos ^. 

From (c) and (d) we have ds = sin ^ cos ^ . € . dt, and from (e) and (f ) 
i\r=2ft€sin ^cos ^. Hence, we have (g) N^2fjL.ds/dL The stress 
acting on the surface EH is - N, It has been shown that a unit of 
length, in the direction EF, is increased by - ds. If a normal stress 
werfe to act on the surface of ABCD, it would have no influence on 
the deformation ; but a normal force S + N would act on EF, and a 
normal force S-N on EH 

If the normal stresses X^ Y^ Z^ act on a rectangular parallelepiped 
whose edges are parallel to the coordinate axes, when the fluid is in 
motion, they cause deformations and a change of volume. If, as in 
the theory of elasticity, we set the volume dilatation B = aJx + yy + ^*> 
then X, - J8 is the part of the increase in the direction of the aj-axis 
which is here considered. Similarly, we set 35'=X,+ Fy + Z^ and 
Xg-S is the part of the normal force in the direction of the ic-axis 
which causes the deformation. By the help of (g), we obtain 

X^-S= 2fi{dxjdt - idS/dt), 

If, finally, we set for -S & quantity p, which may be considered a 
pressure, on account of its analogy with the pressure in ideal fluids 
and gases, and remember that x, = d^/dx, dxjdt = du/dx, etc., we will 
have (h) X, « -|> + 2/li . du/dx - §/i(d«/3jr + 'dv/dy 4- dw/dz). Analogous 
expressions hold for V^ and Z^ 
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From equation (h) the dimensions of fi are ML'^T'K The co- 
efficient fi has been determined for many fluids and gases. It changes 
very much with the temperature. The following values hold for O'C: 

Water, 0,01775; Alcohol, 0,01838; Air, 0,000182. 



Section XLVIII. Equations of Motion of a Viscous Fluid. 

We will now present the equations of motion of a fluid exhibiting 
internal friction. From XXV. the components of stress act on the 
unit of volume in the direction of the x-axis with the force 

(A') = dXJdx + dX,,rdy + dXJdz. 

If U is the velocity of a' single particle of the fluid in the direction 
of the X-axis, then pU={X)+pXy where, in the usual notation, X 
denotes the component of force in the direction of the ;r-axi8. From 
XLVII. (b) and (h), we have 

(a) p [7= pX - dj),'dx -f fJ^Vhi + J/i . did^i/dx + dr/dy + divfdzl^dj-. 

This equation, and those analogous to it, which hold for the velocities 
F and W in the directions of the y- and ;r-axes, are due to Stokes.* 
They hold in connection with the equation of continuity 

(b ) dp/'dt + d(pv)/dx + 'd{pv)ldi/ + d(pw): dz = 0. 
We assume that the fluid is incompressible, and have 

(c) du/dx + dv/dfj + du'd: = 0. 

fp(H + V . dujdx + r . du/ci/ + y . du/dz) = pX'hi + pX - dp/dx, 
p(v + u . dr /?.r + r . ?/• idi/ + w . 3r /d:) = ftV^r + pV- c^/ df/, 
p(w + u . div/dx + V . dw/dij + w . div.dz) — fi^hr + pZ - 'dpj'dz. 

The Cfjuations are simplified if the motion is steady, that is, if 
7/ = 0^ V = 0, w = 0. If the velocity is very small, the terms u . duft/. 
r . ?J//3//, etc., may be neglected ; we then have 

(e) fiV^u + pX^dpidx = 0, /iV-r + /)}'-3;);5// = 0, pV'^v + pZ - c^p/d: = 0. 
If the forces have a potential ^, (f) V-7> + /^V^ == 0. If we introduce 
the components of rotation 

and if the forces have a potential, we have from (e) 

(g) r-^ = o, v'n^o, r-f=o. 

Further we have (h) d^/d.r-hdi)/di/ + dC-d:-0. 

* Stokes, Cnmhriihie. Phil. Tr., Vol. viii., p. 297, 1845. 
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With reference to the boundary conditions, it is assumed that the 
particles of the fluid which are in contact with solid boundaries have 
no relative motion with respect to them ; at the boundary of the fluid 
we hoive therefore ti = 0, t; = 0, w? = 0, if u, r, and w represent the 
components of velocity at the bounding surface. If solids are present 
in the moving fluid, we may generally assume that each particle in 
the surface of the solid has the same velocity as the particle of the 
fluid which is in contact with it. 



Section XLIX. Flow through a Tube of Circular 

Cross Section. 

We consider a viscous fluid moving slowly through a narrow tube, 
which is set horizontal, so that gravity does not influence the 
motion. Let the axis of the tube be taken as the 2:-axis, and suppose 
that the particles of the fluid move parallel to it. We then have 

tt = 0, t? = 0. 

Equations XLVIII. (e), (c) and (f) then become 

(a) ap/ar = 0, dp/dy^O, fiV^^'dp/dz; (h), (c) dw/dz^O ; V^p^^O. 

From (c) it follows that (d) d^/dz^ = and p =^fz + jp^, where / and 
Pq are constant 

It follows further from (a) that fiV^—f- Since w depends on 
the distance r of the particle from the axis of the tube, we have, 
since r^ = .T2 + y2^ 

V^u; = d'hv/di'^ + 1/r . dw/dr. 

Hence we obtain d^w/dr^-k-l/r^dw/dr^^f/fi. By integration 

w? = c log r -^fr^l^fJL + Wq, 

Since w has a finite value for r = 0, the constant c must equal 0. 
Therefore (e) w — WQ+fr^/ifi, where Wq is the velocity in the axis 
of the tube. If the pressure is equal to p^ when z = i) and to p^ 
when c = Z, we have from (d) f=(Pi-Po)/i- If we substitute this 
value of/ in equation (e), we have w = WQ-r^.(pQ-p^)lifil. For 
all particles of the fluid which are in contact with the wall of the 
tube, we have tr=0. Representing by B the radius of the tube, we 
will therefore have = WQ'-E^,(pQ-p^),'ifil. We obtain finally 
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The volume m of the fluid which flows in one second through a 
cross-section of the tube is given by 

(f ) m = j'2irrdr. w = w{p^ -p^Wl^fd. 

that is, the volume of the fluid is directly proportional to the fourth pcmr 
of the radius of the tube^ inversely proportional to its lengthy and inrersdji 
proportional to the constant /a. 

Poiseuille was the first who investigated the flow of a fluid through 
narrow tubes ; he was led to results which agree with the above 
formulas.* 

* Among recent works on hydrodynamics are to be mentioned : Lamb, Tnaivt 
on the Motion of Fluidtt, Cambridge, 1879. Auerbach, Die Thtortlvschti Hfdw- 
dynamih, Braunschweig, 1881. 



CHAPTER VI. 

CAPILLARITY. 

Skction L.— Surface Energy. 

The form of a fluid mass on which no external forces act is determined 
3y the forces with which its particles act on one another. If the 
tnass is very great, it will take the spherical form, in consequence of 
the gravitational attraction of its parts; if, on the other hand, the 
mass is small, the force of gravitation between the particles will 
have no perceptible influence. If the force of gravitation can be 
neglected, the force of cohesion, which acts in every fluid mass, tends 
to bring it into the same spherical form. From researches whLch have 
been made on the mode of action of this force, it appears that it 
acts only between particles which are at very small distances from 
one another. The law of its dependence on the distance between the 
particles is not yet known. We may nevertheless develop the laws 
of capillarity by the use of a method which does not require a 
knowledge of that law. 

If the form of a fluid mass is originally a sphere, work must be 
done to change it into any other form. If the fluid ofiers no frictional 
resistance, this work can be due only to the fluid particles situated 
in or near the surface; since the only particles which can act on a 
particle at a greater distance from the surface are those which 
immediately surround it; these either remain in their positions or 
are replaced by others which act in the same way as those replaced. 
The work done is therefore expended in adding new particles to 
those already present in the surface, or, what is the same thing, in 
enlarging the surface. To increase the surface S of the fluid by the 
infinitely small quantity dSf the work CdS is necessary ; C is constant 
and may be called the capillary constant. 

Two bodies in general meet in a surface, and C depends on the 
character of these two bodies. In the case of a falling raindrop the 
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7v^ ititnt** n limr^wz ir* ^^ncdr imi ur. At the snr&ce of a drop 
}r 111 -roicii "lumzs^ m i Ti i iMP g 'X wi&ser and alcoboL as in the 
▼»il"4cnj«in -iXDermfflic if P'.ar<!Ki. rwo 5:Txid3 are in contact. Eren 
vrxflffi A inzii :s :n xnriiit: w^sk a fi:oL or wlien two solids are in 
.'Qiii:;i(L'C. liuf :T:mTnnii CTr*Skn* 3t : a gepneg a definite sur&ce enenrr. 

Lee liLf -asiHary :i:nffCL:i]: if zwn bodies 4 and b be C^, and let 
5 be zhit 9sriux in v^tiidt zhm 7913 btxiass meet. The potential eDergr 
£, •:t ihu iardkx !* 25 k E^ — C^.^. Since C^^E^S, and since 
rhe f±iien£iML$ :f i", AOii 5 are LrT'^M and Z,- respectively, the 
*rTitfggi«:gtf :c ^aie ri&^iZarj 'rocjica;!^ are T'-M. 

Pitf fnr^-tf :t triif i^i 5 iruier a dednite tension somewhat 
as;&Ii:e:c&« to tiiii :t in. eiifcRii: membruie. If a rectangle DEFG 
is iietsLTt'r^ii i^ x r»';iri» s:n£h£e of a ifxnl and if three sides of it 
recaiz :^eir 7t>5hi*:-c;< :i:ii:!LLr.p>d vhile the foarth side FG, along with 
the pikr:i>:les oc :3x* ±=:«i po»e:i: in it. is mored through the distance 
FH in :h* direcoxi EF, tie sorfiice is enlarged bv the area FG . FH, 
And :he $cinb«L-e ec'er^y f* increased by C . FG . FHj where C is the 
oapillijT oxi;s:;k:i:. To pr>i:iee the motion considered, a foree A' most 
act on F*.ri the w:^k d«.^e is therefore equal to K . FG . FH. It 
follows tha: ^ a'='_". '^t lii-' uikt^.sk i^r umit-lmath of iht fluid surf act 
u< mi / j^ T x%'y ^,^,:' r :\^ ■'• '} ■ 1" 7/7 '.-• »^*j »/. 

This tension existi::|^ in the saifftce exerts a pressure in the fluid. 
Le: /' .FiiT. 51 ■ Se a p^in: in the sorfkce which is supposed convex 

ir. :he neijihbourhood of P. Suppose two plane 
^ sections erected at P, which contain the normal 

to the surfece at that point. One of these 
pUnes cuts the surface in the curve PAj the 
other in the cur^c PB. PA and PB shall 
intersect at right angles and their radii of curva- 
ture shall be the principal radii of curvature of 
the sur&ce at the point P. A third plane 
containing the normal to P cuts the surface 
in the curve PF, whose radius of cim-ature B is determined from 
Euler's theorem by the equation (c) I B ^cos- <I>/Bi+ sin- 4>IB^ where <^ 
is the angle between PA and PF. About the point P as a centre we 
suppose described a sphere of infinitely small radius which cuts the 
surface in the curve AFBDE. The element FG of this curve is acted 
on })y the tension C . FG, proceeding from the adjacent parts of the 
Hurface. FG may be set equal to nl<t> and the tension to Crd4>. Its 
direction makes an angle with the normal to the surface, whose 
(lOMine is r/B ; hence the force acting in the direction of the normal 
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is Cr-lR . d4>. The surface tension therefore draws the surface-element 
ABDE toward the interior of the fluid with a force 

Therefore if P represents the pressure on unit of surface we have 

Pirr^^Ci^r'd4>IB and P^CjTr . C'd4>IR. 

If for R wo introduce the value given in (c), we obtain 

(d) P = C(IIR,-^IIR^), 

It is probable that in addition to the pressure here found, which arises 
from the curvature of the surface, there also exists a constant pressure 
M which acts in the fluid when its surface is plane. The total 
pressure due to capillary forces is therefore 3/+C(l/-ffi + l/i?2)» where 
M and C depend on the character of the two bodies which are in 
contact in the surface. Since the phenomena of capillarity do not 
permit of the measurement of this quantity M, it need not be further 
considered. 

At 20" C. the value of C for the surface of contact between water 
and air is 81, between mercury and air 540, and between mercury 
and water 418. 



Section LI. Conditions of Equilibrium. 

Equilibrium exists in a fluid mass if its potential energy remains 
unchanged when the position and form of the mass are changed by 
an infinitely small amount. Since the energy depends on the extent 
of surface we must obtain an expression for the increment 8S of the 
surface. Suppose a fluid A surrounded by another fluid B, the two 
fluids being such that they do not mix. If no external forces act on 
them, A will assume the spherical form. 

Suppose the surface <S^ to be concave toward A and to move toward 
B so that it undergoes an infinitely small change of form. Let .s- 
be the contour of the surface S, and 6" represent that surface after 
the change of form has occurred. The contour of S' may be repre- 
sented by 8\ Erect at all points of s normals to S which cut the 
surface S' in a new curve <r, which may be supposed to lie within s. 
If we designate the infinitely small distance between o- and s' by Sly 
the part of S' which lies between <r and 5' will be given by (b) J8I . ds. 
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We now erect at a point P in 5 the normal PF which cuts S 
at F ; set PF = ^v^ and draw through P on the sur£sice iS^ two curves 
PE and PF^ one of which corresponds to the- maximum curvature 
of the surface at P, the other to the minimum. These principal curves 
and two others infinitely near them will bound a rectangle PEQfy 
whose sides PE = a and PF=h are infinitely small. If R^ and B., 
are the principal radii of curvature, there will always be two angles 
tt and P such that a^RyOy b = BJ3y and therefore dS = a , b = B^Rodp. 
The normals to S erected at E, Q and F, intersect S at E\ Qy P. 
We set FE'^a\ FF = b' and obtain a' ^ {R^ + 8i')a, b' = {R^ + Sv)P 
If Sj* is the part of S bounded by <r, we will have 

dS{ = a'b' = (R^R^ + (^ + R2)^^>P and d{S{ - 5) = ( 1 //^^ + 1 IR^)8i'dS. 

We have therefore (c) S^; -8^1(1 /R^-^-l/ R^)8i'dS. The total incre- 
ment 8S which S receives in consequence of the change of form is 
therefore (d) SS= j(l/iij + llR^)8ydS+ jS/ . ds. This expression remains 
valid even if 81 and Bv at particular points or at all points of the 
surface S are negative. If the fluid mass is bounded by a single 
surface, the contour s will be zero ; if the contour is fixed we have 
6/ = 0. In both cases the condition of equilibrium is 

(e) \(l/R^ + l/R^)8vdS=i). 

Since the space occupied by the fluid mass is supposed constant, we 
have (f) J8vdS=^0y since ^BvdS represents the increment of volume. 

From (e) and (f) it follows that (g) IjR^+ljR^^Cy where c is a 
constant. The same result is also given by L. (d) if we notice that 
the pressure in the fluid mass must be constant. 

If three fluids which do not mix meet in a line, the three angles 
which the surfaces of the fluids make with one another mav l>e 
determined. Such relations occur if a drop of oil lies on the surface 
of water. In this case the three fluids which meet are water, oil, 
and air. We shall designate these fluids, for greater generality, by 
a, 6, and c; let the energy of a unit area of the surface separating 
a and 6 be (7^ ; let C^ and C,^ have similar meanings. It is sufficient 
to examine the case in which the edge is a straight line. The 
directions of the three surface tensions C^j, C^ and G^^ determine 
the inclination of the surfaces to each other ; equilibrium exists when 
the three forces C^*, C^, 0^ are in equilibrium. Let a, f3, y be the 
three angles sought, belonging respectively to the throe fluids a, 6, 
and c. We then have as the condition of equilibrium, 

(h ) CJ si n a = CJ sin /3 = CJ sin y. 
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CONDITIONS OF EQUILIBRIUM. 
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From these equations we may in general determine a, p, y. If, 
however, one of the tensions, say C^ is greater than the sum of 
the other two, equilibrium cannot exist In this case, the fluid 
spreads out into a very thin sheet which separates the fluids b and 
e ; we have as an example the behaviour of a drop of oil of turpen- 
tine on water. 

The theorem given in (h) may be also obtained by the following 
method: If the edge is displaced by an infinitely small distance 
from its original position, the sum of the surface energies 

where 5^, S^ and ^3 designate the three surfaces of separation, is 
increased by C^^S^ + C^BS^ + C^^S^- This increment must be equal 
to zero, if equilibrium exists; we thus obtain equations (h). 

If a solid c (Fig. 61) is in contact with two fluids a and b, the 
edges may be displaced infinitely little along the surface of the 
solid. In this case we have SS^ = - &S»2, SSj = -SS^. cos a, and further, 
Cu-C„ = C^,c(Ma. Hence we have (i) cos a = (6^ - 6'«^)/C„4, where 
a is the so-called contact angle. 



Section LII. Capillary Tubes. 

To make an application of the foregoing principles, we will consider 
a cylindrical tube c (Fig. 51 a) placed perpendicularly, the lower end 
of which is immersed in a fluid b; the upper |)art of the tube is 
surrounded by air, which may be repre- 
sented by a. The bounding surfaces may I cv 
l>e represented as before by S^, ^2* ^"^ 
S.^. We may call the surface of contact 
between the fluid and the tube 5^, that 
between the air and the tube ^2, and 
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that between the air and the fluid ^3. M 
The fluid surface MM outside the tube 
may be infinitely great; it may also be 

considered as at rest, even when the surface in the tube is in motion. 
Take the siuface MM for the or^-plane, and let the ;2:-axis be directed 
perpendicularly upward. If g represents the acceleration of gravity, 
and p the density of the fluid, the potential energy of a particle of 
the fluid pdv^ will be g.pdv.z. Hence the potential energy of the 
fluid mass lying above the a^-plane is 

I j \gpzdxdydz = \gp\ \zUjdy, 
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if /, y, z are from now on considered a« belooging to ^^V The | 
of the potential energy E^ whose ^-ariatioiu are to be considenH 

In the caJie of equilibrium we have 6E^ = C\ or 

If 4 in the length of the line of section of the surface ^ m 
the inner surface of the tube, if ^ represents the angle between -/> i 
the v'y- plane, and if all points of the snr€ue 5, are elerated >*y 
same infinitely small amount or, where 6z is constant, we will h 
fh% Of oS^- -oS,^=^^ COB 4^zds. The equation (a) then Incomes 

< h) gp\ \zd/.dy = ( C^ - C^ ) J cos ^'/;c. 

Hence the fluid will l>e dispUced by the diflference of the tensic 
in the surfaces ^S'^ and Sy 

If, on the other hand, the line of section i retains iu positic 
and if the only change is the change in the shape of the surface t 
wfj will have from LI. (d) oS^^\(\.R^-\-\iR^)tv^lS^ and a:?i=6Sj= 
in which c,v is an clement of a normal lying between the sxahxy 
S and S\ 

Wis may replace <i:dxdy by SvdS^, and obtain from equation (J 

Since oi' is arbitrary, we must have (c) fl'pc + 6'^(l,/?i + 1 L'i)^^^^- 
tin; curvature of the Hurface is expressed by the differential coefficien 
of ; witli respect to x and f/, we will obtain from (c) a differenti 
etjuiition for the determination of the form of the surface. If tl 
contjict Jingle iH also given, the surface is completely determined 
If the croHH-Hection of the tube is circular and very narrow, ^ 
nijiy HHsunio that approximately /i\ = i?o = r/ cos a, where r is tl 
radiuH of the tul)0 and a the contact angle. The height .: to whi< 
the iluitl rises is then z= -2 cos a/ r/pr . C^. We obtain the sai 
result from eijuation (b) if we set ^jzdxdf/ = in'h, j cos <^i« = 2rr, ai 
UHc ecjuation LI. (i). 

Th(; thtjory of capillarity was discussed by Laplace in a supp 
mciit to the tenth book of the Mirttnique Celeste. Poisson wrote 
larger work on the subject, called Xouvelle Theorie de VAct\ 
('iipilhiirt': Paris, 1831. Finally Gauss made an epoch-making 
vcHtigation on the theory of aipillarity, published in the Comnwihitm 
Sor. Sritna. (Jottingensis. Vol. VIL 1830. (Works., Vol. V., p. 2 
The most elaborate recent publication on the subject is that of Mathi< 
TJuonr dv la Cnpillnnti' : Paris, 1883. 



CHAPTER VII. 

ELECTROSTATICS. 

Section LIII. Fundamental Phenomena of Electricity. 

The theory of electricity is founded upon the observation that 
amber and other bodies obtain by friction the property of attracting 
light bodies. Gray showed that this property may be transferred 
from one body to another. The conception was thus suggested that 
this property depends upon the presence of a fluid which is formed or 
set free by friction in the body, and which, under certain conditions, 
can pass from body to body. Dufay first showed that there are two 
so-called electrical conditions, or according to the conception just 
stated, two fluids, which Franklin named positive and negative, since 
they can completely neutralize each other. 

The hypothesis of two fluids has had an extraordinary influence 
on the development of the theory of electricity. Poisson proceeded 
from this conception in his researches on electrical distribution, 
and W. Weber founded on it his theory of electrical currents. 

In opposition to this theory, which, in its mathematical treatment, 
proceeds from the conception that electrical action is, like gravity, 
a force acting at a distance, Faraday adopted the view that the 
electrical forces propagate themselves from particle to particle, not 
immediately, therefore, but by the action of an intervening medium. 
On this view it is not possible to explain the phenomena of electricity 
completely without introducing a hypothetical medium, the ether, 
and we thus meet with peculiar difficulties, which have not yet been 
entirely overcome. Fruitful as Faraday's conceptions have been, 
we still cannot explain many phenomena, even by their help, and a 
complete systematic discussion of electricity cannot yet be given. 
In the following presentation it has not been possible to consider the 
whole subject from one point of view ; we have only endeavoured 
to present the most important results which have been obtained. 
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The starting point of our study is Coulomb's investigation of the 
mechanical force which two electrified bodies exert on each other. 
Two bodies which carry the charges e^ and e^, measured in any manner 
and separated from each other by the distance r, will then act on 
each other, according to Coulomb's law, with a force i^ = c.e^e^'r, 
where c is a constant According as the two charges are similar or 
dissimilar the bodies repel or attract each other. If the distribution 
of electricity on extended bodies is known, the mechanical force 
with which the bodies act on each other may be calculated. As a 
rule, however, the distribution of electricity on a body cannot be 
considered given. If electricity is developed by friction on a glass 
rod or a stick of sealing wax, that is, on relatively poor conductors, 
a slow discharge of the same occurs with lapse of time. The distribuim 
of electricity on good conductors depends on their form, on the char- 
acter of the body surrounding them, and on the charge. In deter- 
mining the distribution, we start from the assumption that the same 
force acts between two quantities of electricity as between two bodies 
which are charged with these quantities of electricity. If a definite 
charge is imparted to an insulated conductor its separate parts will 
act on each other, and there will be a definite distribution. 

Charged bodies excite an electrical distribution in neighbouring 
bodies. The attraction which a charged body exerts on an uncharged 
body is explained by the assumption that positive and negative 
electricities in equal quantities are present in the latter body, and 
that under the influence of the charged body a separation of the 
opposite electricities occurs, the force which proceeds from the charged 
body acting as an electromotive force. The distribution thus pro- 
duced acts against the external electromotive force, and a condition 
of equilibrium is brought about if the electromotive force, which arises 
partly fi'om the force acting from without which causes the distri- 
bution, and partly from the electricity separated in the body itself 
and therefore free, is everywhere zero within the conductor. In poor 
conductors also as, for example, the air, an electromotive force must 
arise under similar circumstances, whose action we will at present 
not consider. 

Section LIV. Electrical Potential. 

Suppose that electricity of density p is contained within the body 
Jj (Fig. 52), and that electricity of density o- is present on its surface. 
A volume-element dr then contains the quantity of electricity p . dr, 
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and a surfetce-element dS contains the quantity cr . dS. Suppose that 
unit quantity of electricity is pre- 
sent at the point P, whose co- 
ordinates are x, y, z, and that the 

charges within L and on its surface { L J p Q 

act upon it. Let the coordinates 
of any point in the body Z be ^, 
»;, f» and let iT, F", Z be the com- pj^ 52 

ponents of the force which acts at 
the point F. We then have from Coulomb's law (cf XIL), 

(a) ' )"=j(y-'?)/r8./)rfT + j(y-,,)/r».(«^S, . 

where r« = (x-f)2 + (y-i^)2-f.(^-f)2. 

If we set (b) ^ = |p . drfr -i- j<r . rfiS/r, it follows that 

(c) X=-9^/3x, r=-'a^/9y, Z= -34^/3;?. 

"^P is the electrical potential. If the unit charge moves from F to Q, 
and if / is the distance of the point Q from the point (^, tf, () of 
the body Z, we will have ^ = jp . rfr/r -i- jcr . rfiS/rj. The work done 
by the electrical forces during the motion is 

\(Xdjr.+ rdy + Zdz) = ^^'-'r. 

If the point Q is so far distant from the body L that ^' = 0, the 
work done will equal "^P". We can therefore say : the electrical potential 
at a point is equal to the work done by the electrical forces when a unit 
of electricUy moves from the point considered to a point at an infinite dis- 
tance from the charged body. 

If the point F is within the body Z, we describe a sphere K of 
radius E about the point F as centre, so small that the density p 
within it may be considered constant. The force due to the charge 
in K is then zero (cf. XIII.) ; the potential within L due to the 
electricity present in it cannot, therefore, be infinite. 

The potential has the same value on both sides of a surface charged 
with electricity. If the surface density is o-, the potential ^ which 
arises from the surface distribution is ^ = jo- . dS/r. We will consider 
the values ^^ and ^g ^^ *^® potential at two points P, and Fo 
(Fig. 53) which lie on each side of the surface AB, and are separated 
by an infinitely small distance. Let the line P^Pg ^^ ^ normal to 
the surface. We suppose an infinitely small portion of the surface 
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Tliese properaes of die pccenuul houl ^tt erery system of bodies 
<:hargv»d in anj wriy widi i^eirtnehT. If die dtstribadoa is given, the 
pocentuJ can be decomined eidter firom tbi or from (e) and (f). If 
*hf: potential is given, the derides |» and <r are determined from 
♦>. and tfh, while the components of the electrical force are given 
from "I: The force /*, acting in any direcdon 'is, is /*= -?^ ?5. 



Hr/.Tiox LV. The Distributiox of Electricity ox a 

Good Coxductor. 

If ;i charge e is communicated to a good conductor, it distributes 
itpi#;lf ovfjr the conductor. We will determine its volume densitv p 
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and the surface density <r. If ^, is the iK)tential inside, and "^^ the 
potential outside the conductor, we have from LIV. (d) and (e) 

(a) V2^, + 47r/5 = and V^^„ = 0. 

After equilibrium is attained there is no electrical separation in the 
interior, that is, we have (b) 3^,/3a; = 0, 34^^3y = 0, d%ldz = for 
all points in the interior of the conductor. Hence (c) y*^% = 0, and 
therefore from (a) p = 0. Hence the dectrkity is distrtbuied only on 
the surface of the conductor. 

From (b) ^P", is constant in the interior of the conductor and equal 
to 4^, where ^ is the value of the potential on the surface. We may 
determine ^« from the equations y2^„ = and ^a=^ for all points 
of the surface. The sur&ce density is given by 

Since ^, is constant we obtain (d) 4ir(r= -d'^Jdv^. 

If we represent the force acting outward at the surface of the 
conductor by f, we have (e) F= -"d^Jdv^^iira-, that is, the force 
acting at a point on the surface of the conductor in the direction of the 
normal is equal to the surface density o- at that point multiplied by 47r. 

If ds is an element of a curve drawn on the surface of the con- 
ductor, we have 'd'^J'ds^O, since "^a is equal to "^ everywhere on 
the surface, as has just been shown. Hence F has no components 
in the surface. The surface of the conductor is a surface of constant 
potential^ and the direction of the force F is everywhere perpendicular 
to it 

To determine the potential of the conductor its charge e must be 
calculated; we have tf = jjo-.rf<S, and therefore 

<f) ^= l/47r . \\F, dS^ - l/47r . l\d^Jdv, . dS. 

Since there is no charge in the interior of the conductor, we have 
^„ = jj<r.<i5/r. If the electricity on the conductor, whose density 
is 0-, is in equilibrium, it will remain so if the density becomes no-, 
where n is a number. If one distribution which is in equilibrium is 
superposed on another, the new distribution is still in equilibrium. 
If the density is everywhere w<r, the potential has the value n^,^. 
The potential is therefore proportional to the cliarge. If the charge C will 
bring the conductor to the potential 1, the charge (g) ^ = 6^^ must 
be imparted to the conductor in order to bring the potential from 
to ^. We call C the capacity of the conductor. The capacity C 
is the ratio of the charge Q of a conductor to its potential '^. In 
order to give a means of representing the magnitude and direction 
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of the electrical force in the region around the conductor, we determine 
the position of the surfaces of constant potential which surroiuid 
it. Their equation is 4^ = c, where c is a constant. The first equi- 
potential surface is the surface of the conductor, for which ^ = ^. 
At a distance which is very great in comparison with the dimensions 
of the conductor, the equi-potential surfaces will be spheres, sinc^ in 
that case the expression reduces to '^ — e/r. 

From VII. the surfaces of constant potential are perpendicular to 
the direction of the force. If two such surfaces are considered which 
are infinitely near each other, it appears from YII. that the force 
at every point in one of them is inversely proportional to the distance 
between the surfaces. If a line of force PP^P^P^ (Fig. 54) is dra^Ti 
from a point on the surface, and if the points Pp P^ P3, etc., are 
so chosen that F ,PP^ = F^. P^P^^F^, P^P^, etc., where /\, -F, are 

the electrical forces at the points P^, P^ we 
have a relation which may be carried out to 
any distance. If we draw the equi-potential 
surfaces in such a way that the potential, as 
we pass from one to the next, increases or 
diminishes regularly by the same amount, the 




product P«.(P„Pn+i) will be constant. The 
further we pass from the acting quantity of 
electricity the greater will be the distance 
between the successive equi-potential surface?. 
If the magnitude of the force at one of the 
equi-potential surfaces is given, its magnitude 
at another point of the figure may be calculated from the distance 
between the successive equi-potential surfaces, and if the magnitude 
of the electrical force F at the surface of the body is given, its 
magnitude at every other point of the figure may be determined. 



Fig. 54. 



Section LVL The Distribution of Electricity on a 

Sphere and on an Ellipsoid. 

1. The Sphere, Suppose the charge Q given to an insulated sphere 
of radius B. We are to determine the potential ^„ at a point outside 
the sphere. Let the centre of the sphere be taken as the origin of 
coordinates. We have V'-^o = ^^- Since "^^ is a function of the dis- 
tance from the centre 0, we have [XV. (1)] l!r,d%r^r„)/(h'' = 0, and 
hence ^'^ = ^1 + ^ o/'** ^^'^®re (\ and c, are constants. 
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We assume that no charged bodies are present besides the sphere, 
so that ^„ = when r = cx>, and hence c^ = 0. The electrical force 
at the distance r from the centre is /*= -d'^jdr^cjr^. 

From LV. (e) we have further 

<r = l/47r .F^l/iir. cJR^ ; ^ttR^o- ^Q = c^. 
The potential ^^ and the capacity C are therefore 

The dimensions of capacity are therefore those of a length. 

2. The Ellipsoid. Represent the semi-axes of the ellipsoid by a, b, c, 
and its charge by Q. It is most natural to assume that the surfaces 
of constant potential are confocal ellipsoids. The equation of a 
system of such sur&ces is 

(a) E = j^lia' + X) + y'^Kb^ + X) + z^;((^' + X) = 1. 

On our assumption the potential must be a function of A, so that 
we will write ^ =/(A.). To find this function / we proceed from 

d'iri'dx = d^/dX . dkjdx; d^'^I'dx^ = d^/dk^ . (dk/'dxy^ + d^/dk . d^kldx^ 

and the analogous expressions for y and z. These give 

<b) V^4^ = d^/dk^ . ( (dk/dxf + (dk/dyy + (dk/dz)^) + d^/dk . y 2 x. 

We will set for brevity, 

A = xy{a^ + ky + y 2/(62 + A.)2 + z^/(c^ + A)2 
B = j:2/(a2 + kf + y2/(62 + X)3 + ■^2/(02 + A.)3. 

We then have 

(c) dE/^x = 2a:/((e2 + A) - ^ . 3A/3a; ; 

<d) dA/'dx = 2a;/(a2 + A.)2 - 2B . 3A/ Sx. 

Analogous expressions hold for the differential coefficients with respect 
to y and z. Hence we have 

32jc:/^x2 = 2/(tt2 ^k)-A, d^kfdx^ - 2x/((t2 + A)2 . dk/dx - dA/dx . dk/dx = 0, 

or, using equation (c), 

(e) d'^E/dx^ = 2/(a2 + A.) - ^ . 32X/3a;2 + 2^. (dk/dxy^ - 8/ A . .^7(^2 + kf = 0. 

From equations (c) and (a) it follows that 
<0 A^{{dkfdxY + (dk/dyy + {dk/czY) = 4^, 

and from (e) and (f) that 

<g) A.V^k = 2/(a2 + X) + 2/(62 + a) + 2/(c2 + A). 

By the help of equations (f) and (g) it follows from (b) that 
(h) ^ . V2^ = W^ldk^ + 2d;^ldk . (l/(a2 + A) + 1/(62 + X) + l/(c2 + A)). 
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If in (n) we set c = the ellipsoid becomes a circular plate, and its 
capacity is C=Qp¥Q = a/(^7r). For an ellipsoid of roUUion whose length 
is great in comparison with the equatorial diameter, we have from (p) 
% = 0/c . log (2c/a) and C=c/log(2c/a). 

The sur&ce density o-, from equation (m), is 

(T = Q/4twahc . l/Ji^la^ + f/b^ + z'/c*, 

If z is eliminated by the help of the equation of the ellipsoid, and 
if c is infinitely small, we have for the density on an elliptical 
plate whose semi-axes are a and b, o- = Q/4Trab, l/Jl -a^/d^-y^/b'^. 
If the plate is circular, that is, if a = 6, and if we set x^-^y^ = r\ 
we have a-=^Q/iiraA/Ja^-r\ At a point whose distance u from 
the edge is very small, we have a-=Q/i7ra.llJ2au, In this case, 
therefore, the density is inversely proportional to the square root 
of the distance of the point from the edge. 



Section LVII. Electrical Distribution. 

If several charged conductors are present in a region, the distribu- 
tion of electricity on the conductors is determined not only by their 
form and magnitude, but also* by their mutual action. The deter- 
mination of the conditions of electrical equilibrium is, as a rule, very 
difficult The most important work on this subject has been done 
by Poisson and William Thomson. We will here make use of the 
method of electrical images given by Thomson. 

(a) Distribution on a Plane Surface. — Suppose the quantity of 
electricity e present at the point (Fig. 56); let AB be the plane 
surface of a very large conductor L, 
which is in conducting contact with p 

the earth. The potential ^^ of L is y^^^A 

therefore zero, since we assume the /> 

potential of the earth equal to zero ^ 

(cf. VII.). We are to determine the B 

surface density o- of the distribution 

on the surface. Let the potential at 

an arbitrary point in space due to the 

conductor L be ^^ 80 that ^^ is the 

work done by the electrical forces of Fio. 55. 

the conductor if unit quantity of electricity, which is supposed to be 

merely a test charge and to have no effect on the electrical distribution 
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pUne Ab 2A 0, except at the pi>in: '."' itself. Further, the potential 
viiiriivhea at all points of the plane AB. since all points of that plane, 
which j/aMea peq>endicii]arly through the middle point of the line 
01/ , ixrfi er|ually distant from the points and (/, and hence for 
all jKiintH of the plane AB we have *- r-/ r' = 0, where r and r 
n:\fn:H4:ut the distances of a point in the plane from and (/. Now 
if /i function satisfies Laplace's equation and assumes assigned values 
ov«;r ;i ^vcn surface, and if the function itself and its differential 
ro«',ffi<'jcfitM nTii (xnitinuous, it is single-valued and determinate. This 
t\wntt'.tii \n known as Dirichlet's Principle. 
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It should be noticed that "^^ — el/^ and that the potential ^ at the 
point P is ^-ejr-elT'. 

A unit quantity of positive electricity lying at a point P (Fig. 56) 
in the plane AB is acted on by two forces, K=e/r^ and K = elr'^^ 
whose directions coincide with OP and Pff respectively. Hence the 
direction of the resultant force F is parallel to OO and equal to 
/*= - 2eOB/OP^, if we consider the force positive when it is directed 
toward the region in which lies. Now since 4-^0- = F we obtain 
(T^ -el2ir .OBjOP^. The surface density cU the point P (Fig. 56) 
is therefore inversely proportional to the cube of the distance of tJie point P 
from the point 0, at which the quantity of electiicity +6 « situated. 
The potential and the surface density are calculated in the same 
way when several points carrying charges are present in the region. 

(h) The Sphere, — Suppose that the quantities of electricity e and e' 
are situated at the points and 0' (Fig. 57). The equi-potential 




Fig. 57. 

surface for which the potential vanishes is given by the equation 
ejr-\-ejr' = if r and r represent the distances of a point on the 
equi-potential surface from and Cf respectively. If e and e' have 
th6 same signs, this equation represents a surface lying at infinity; 
if e and e' have opposite signs it represents a sphere and, in the 
limiting case, a plane. 

The centre C of the sphere lies on the line 00' and we have 
OC :0'C^(»x e'^ and CO'/CB= CB/CO = e'/e. The triangles CO'B and 
CBO are similar, and the radius CB of the sphere is the mean 
proportional between the distances of the points and 0' from the 
centre of the sphere. 

If a hollow sphere of very thin sheet metal, in conducting connection 
with the earth, is brought into the place occupied by this spherical 
surface of zero-potential, the potential of points in the region will 
not be changed, either within or without the sphere ; the electrical 
action depends only on the quantities of electricity e and e\ 
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If the sphere remains in conducting contact with the earth, and if 
we remove the quantity of electricity t' from the interior of the 
sphere, the potential within the sphere will become zero, while 
outside the sphere it retains its former value, since the quantity of 
electricity e does not change its position and the potential of the 
sphere still remains zero. Hence, the quantity t lying outside the 
sphere, kept at potential zero, together with the electricity induced 
on the sphere, exerts on points outside the sphere the same action 
as if the induced electricity were replaced by the mass e* lying inside 
the sphere. We call the point 0\ where the mass e' is situated, the 
eXecincal image of the point 0. The quantity of electricity «' at that 
point will exert the same action as the quantity of electricity actually 
present on the sphere. In optics a point which appears to emit 
light from behind a mirror or lens which, if it were self-luminooS) 
would emit rays in the same direction as those which proceed fiom 
the mirror or lens, is called a Hrtual image. Hence, we may consider 
0' the electrical image. 

If we set (70'=/, CO = a, and CB = L\ we have 

e'le^aBIOB^flR^^lila) 

and hence e'^Re/a. We set OB=r and O'B^i'. The force e;t^ 
acts at j5 in the direction OB, and the force e'/r'^ acts at the same 
point in the direction B0\ The former of these may be resolved 
into the components e/r-. a/r along OC and e/r-. Rjr along CB, the 
latter into -e'/r'^.f/r' along OC and -e'/r'^.R/r along CB. The 
two components in the direction OC are equal but oppositely directed, 
and therefore annul each other. The other two combine to give the 
force eR/i^ - e'R/r^ = - (a2 - It^)/R . e/r^, which acts in the direction 
CB. The sph^'e in therefm'e an equipotential surf ace j sinc-e the direction of 
the fo)'ce, at any jmnt of its surface, coincides with th^ direction of the 
normal to that surface. 

The density <r, as obtained from F=^ 4ircr, is <r= - {cC^ - R^)liirR.eli^, 
ami hence is inversehj proportional to the third power of the distance 
from the charged ^)r/in/ 0. The quantity of electricity on the sphere 
is - g' = - Re /a, since this charge produces the same potential in the 
region as the actual charge on the sphere, and therefore [LV. (f)] must 
be equal to it. 

The sphere is attracted by the point with the force 

ee/(a-ff = Reya{a-ff. 
If the distance CO^a is very great, this force becomes Re'/a^. 
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(c) If the sphere is originally insulated and uncharged, we can 
find the electrical distribution on it by assuming that, besides carrying 
a charge, distributed as above described, it also carries a uniforml}' 
distributed charge whose surface-density is «747riP = 6/4iri?a. The 
Bum of these two charges or the charge of the sphere is equal to 
aero. The surface-density is then <r = e/47r^.(l/a-(a2-iP)/r3). The 
8iir£Eu:e-density o- is zero on a circle whose periphery is distant 
r^ai/l -B^/a^ from the point 0. The plane of this circle lies nearer 
to than the centre of the sphere. In order to find the potential '4^ 
of the sphere, we determine it for the centre. Since the charge on 
the sphere is zero, the potential due to that charge is also zero ; the 
potential at the centre is therefore "^ — e/a. This follows from the 
remark that the induced charge -e' and the charge e at together 
have no effect on the potential of the sphere ; the potential is due to 
the additional charge +e\ which makes the potential e'/E = ela, 

The force with which the sphere is attracted by is in this case 
very much smaller than if the sphere were in conducting connection 
with the earth. It is 

When R is very small in comparison with a, the force is approximately 
Be^/a^. 2R^/iA In this case we have a simpler expression for the 
surface-density o-. Designating the angle BCO by 0, we have 

r^ = a^-2aBcoBe-^B^. 

If a is so great that the higher powers of B/a can be neglected, we 
have r~^ = a"^(l + 3^/a.cosO). If we designate the inducing force 
e/a^ which proceeds from by X, we have <r= ~ 3 cos 6/47r . A', if, 
in the formula for o-, we consider the radius B as infinitely small in 
comparison with a and substitute the value just given for 9'~^. 



Section LVIII. Complete Distribution. 

If a charged body A (Fig. 58) is situated in the interior of a metallic 
shell BCf there will be a distribution of electricity on the shell. If 
A is charged positively, the inner surface B will be negatively, and 
the outer surface C positively electrified. Let the charge on A be 
€, that on B -e\ and that on G -He'. We will show that the 
quantity of induced electricity t' is equal to the quantity of induc- 
ing electricity e. Let us suppose a closed surface D drawn in the 
interior of BC. If ^ is the potential in the shell BC^ and v the 
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normal to the element dS of the sorfieice D, we have from XIV. 
(c), 4ir{e - ^') = - J(3^/ 3v)</5. Since the potential ^ in the shell is 
constant the intend vanishes, and hence e = e'. The charge e on C 
can be conducted oW, or another charge can be conducted to it 
without causing any change in the charges A and B. If the inducing 
body is entirely surrounded by the body in which electricity is 
induced, we may say that the induction is complete ; the inducing and 
induced quantities of electricity are equal. 

C 





Fio. 58. 



Fio. 69. 



This theoreln may be used in the comparison of the charges of 
different conductors. If the outer surface of BC is connected with 
an instrument which will measure potentials, and if the charged 
bodies to be tested are brought successively into the hollow within 
BC, the potentials indicated by the instrument are proportional to 
the magnitudes of the charges. 

Suppose the sphere A^ whose radius is R, to be charged with the 
quantity e (Fig. 59). Let BC be a spherical shell concentric with A, 
whose radii are R^ and R^. The inner surface of BC is then 
charged with the quantity -e. If there is no electricity on the 
outer surface (7, the potential 4^ at ^ is 4^ = ejR^ - ejR^ The potential 
at a point within the shell BC or outside the surface C is zero, since 
both charges act with respect to an external point, as if they were 
concentrated at the common centre of the spheres. From the 
4letinition of the capacity C, we have [cf. LV. (g)] 

<a) C = ei^ = R,RJ(R.,-R,), 

The induction can, in many cases, be almost complete, even when 
(ho ono conductor is not completely surrounded by the other. Let 
.//>(* and I>KF (Fig. 60) be two conductors whose surfaces BC and 
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DF lie very near each other. On the surface BC describe a closed 
iurve GH^ and from all points of it draw lines of force, which cut 
out on DF the curve KJ, Now draw a closed 
surface G'GJJ'K'KHH' in such a manner that the 
two carves GH and JK lie in it. The surfaces 
bounded by the curves G'H' and J'K' lie inside 
the conductors and are congruent to the surfaces 
GH and JK respectively. Let dS be a surface- 
element of the closed surface G'H'J'K\ and let e 
and €' be the charges of the surfaces GH and JK, 
The potential is represented by ^ and the normal 
by V. We then have from LV. 

(b) 4ir(« + «')=- W-d^l^v . dS. 

The integral vanishes, since ^ is constant within the conductors, and 
since between the conductors the force is parallel to the closed surface. 
Hence we have e= -e\ If the surfaces BC and DF lie very near each 
other, we also have cr= - cr', that is, the densities on the two surfaces 
are equal but of opposite sign. 

If a is the distance between the surfaces BC and DFy and if ^^ 
is the potential of ABC, and ^2 ^^^ potential of DEF^ the electrical 
force F in the intervening space is [VII. (e)] 

The surface^ensity cr is [cf. LV. (e;] o- = - o-' = (^j - "^^j^ira. The 
charge on the surface S is « = (^j - '^^jAira , S. 

If the conductor DF is connected with the earth, that is, if ^2 = ^r 
the capacity C will be C=^SI4tira, that is, the capacity is inter sely^ 
proportional to the distance between the conductors. 

This formula is used in air-condensers, when a is very small. 



Section LIX. Mechanical Force Acting on a Charged Body. 

If an element of volume contains the quantity of electricity pdv, 
it is acted on by a force whose components are Xpdv, Ypdt\ and Zpdv^ 
From LV. (a) the ic-component can be expressed by 

l/47r . ^'Vl'dx . X^dv = + l/47r . Xi^dXj'dx + ^^/^y 4- dZ/dz)dv, 

In the interior of a good conductor the force and electrical density 
are zero ; but a force acts on each element of its sur&ce, where the 
density is not zero. This force is determined in the following way : 
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Let AD (Fig. 61) be the electrified surface, and BC=dS the surface- 
element, which is cut out by an infinitely small sphere described 
- about the point P as centre, with the radius FB=PC. 

\ Let ^2 lie on the normal PP^ to BC, and let PJ" be 

infinitely small in comparison with PB. A unit of 
^1 electricity at the point Po is acted on by the force 

•/> ^''f^ arising from the distribution on the surface BC 
[cf. XIIL (3)]. At the corresponding point P, on 
the opposite side of BC the force acting is - 2irv. If 
/, m, A are the cosines of the angles which P^Po makes 
with the axes, and A*, K, Z are the components of 
force which arise from all the electricity present except 
Fig. 61. that on BC, we have 

Aa = - 04^2 3j- = A+ 2ircr/, X^ = - d%ldx = A- 2ir«r/. 

Ag, Aj and 4^.„ 4^j are the components of force and the potentiab 
at the points P^ and P^ respectively. We have (c) A=J(A2 + A,). 
Analogous expressions hold for the other components of force. X 
represents the force which acts on a unit of electricity on dS in the 
direction of the a;*axis. The element dS is therefore moved in the 
direction of the x-axis by the force (d) Aot^S = J( A^ + Ai)<7t/5. 

If the element dS is part of the surface of a good conductor, and 
if Pj lies within the conductor, the force at P^ is equal to zero. If 
we represent the force acting at P.^ by F, the force which acts on 
dS is, from (c) and (d), (e) ^FadS, Since, from LV. (e), we have 
F- -r47rcr, the force sought will be (0 27ra^dS = \ /Sir . F^ . dS. 

W. Thomson has made an interesting application of this equation 
in the constniction of his abstdute electrometer. This consists of an 
insulated metal plate EF and a smaller circular plate C/>, which is 
parallel with EF, CI) forms a part of the base of a metallic cylinder 

AB (Fig. 62). If the potential of EF 
is 4^, and that of CD and AB is zero, 
CD will be attracted to EF bv a force 
which is determined in the following 

way : Since AB and CD are almost 

' — ' like a single continuous body, there 
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is no perceptible surface distribution 

on the inner surface of A BCD, Re- 

Fio. 62. present the density on the external 

surface of CD by o-, the distance between CD and EF by a, and let 

the surface CD = 5. The force K which attracts CD toward EF is, 
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from (o), equal to K^-^FirS. Wo have Fa^^ [cf. VII.], 4ir(r = F, 
and therefore K^S^^/SiraK We determine the weight which is 
necessary to counterbalance the electrical attraction. If M grams are 
necessary for this purpose, we have ^ = (uJ^irMgjS^ where g is the 
acceleration of gravity. 
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Fio. 63. 
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Fig. 64. 



Section LX. Links of Electrical Force. 

All actions by which electricity is produced, such as friction, induc- 
tion, etc, produce equal quantities of positive and negative electricity ; 
for this reason we are led to assume that in every unelectrified body 
equal quantities of positive and negative electricity are present. Let 
A and B (Fig. 63) be two bodies electrified 

by friction which are gradually separated --v * ' 

further and further from each other, as in 
Fig. 64; during this separation they retain 
equal but opposite charges. Suppose A and 
£ to be good conductors and to be insulated. 
Now, construct lines of force from all points 
of the contour of a surfiftce-element dS on A, 
They will determine a surface-element dS' on 
B, The region bounded by the lines of force 
and the two elements dS and dS' may be 
called a sphondylaid. If the density is o* on dS and o-' on dS\ we may 
prove, as in the discussion following LVIII. (b), that (rdS-ar'dS'=^0. 
The surface-densities on the two charged conductors A and B are 
therefore inversely proportional to the surfaces limited by the 
sphondyloid. 

If the conductor A is charged with a quantity Q of positive elec- 
tricity, and if the surface of A is cut into Q parts, each one of which 
is charged with unit quantity, the lines of force drawn from the 
contours of the Q parts on A cut the surface B also into Q parts, 
each one of which is charged with unit quantity of negative elec- 
tricity. 

If a conductor A BCD is charged in any manner to the potential 
^, the equi-potential surfaces about it are spheres, at all distances 
which are great in comparison with its dimensions. If we construct 
the equi-potential surface, whose potential is (^-1), it lies nearest 
the conductor at the points A, B, and D (Fig. 65). At these points 
[LV.] the electrical force and the surface-density are greatest. The 
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lines of force also lie in closest proximity to one another at these 
I>oints. If the conductor has edges or points projecting outward, 
the density on them is very great; it will be infinitely great on a 
perfectly sharp edge. On this depends the so-called action of poinU ; 
the density of the electricity is greatest at these points, and therefore 
the electricity flows out from them with especial ease. 





Fio. 66. 



Fig. 65. 



If A (Fig. 66) is a conductor charged with positive electricity, 
and B an insulated conductor without charge, negative electricity 
will be present at all parts of B which are met by the lines of force 
proceeding from A. Lines of force also proceed from the other points 
of B ; the number of the lines which fall upon B is equal to the 
number of those proceeding from B. Hence, the surface of B is 
divided into two parts with opposite charges. The parts are se})arated 
by a curve encircling the body B, along which the surface-density 
or and therefore also the electrical force are zero. This curve is the 
line of intersection of B and an equi-i)Otential surface around A. 

Let ABC (Fig. 67) be a conductor on whose surface the potential 
is constant and equal to ^, and let A'BC be an equi-potential 

suiface at which the potential is ^,. ^Ve 
suppose that the charge of each surface- 
element, for example of AB^dS, is moved 
outward in the direction of the lines of 
force and transferred to the surface A'lfC. 
If this surface is a conductor, the electricity 
transferred to it is in equilibrium. If the 
potential within the surface A'B'C is ^j, 
and if it retains its former values outside 
of that surface, the condition y^„ = is 
fulfilled for all external points. If the electrical forces at AB and 
A'B' are /' and F' respectively, we have from LV. (f), since AB and 
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A'R are bounded by lines of force, AB,F=A'B\F'. If <r and cr' 
represent the densities at AB and A'B respectively, we have further 
AB.€r = A'B.(r'. We therefore obtain F/a-^^F'jar', We have, how- 
ever, F=4v(r and, therefore, also F'^iira-', 

Hence, if we divide the surface of the conductor into elements, each 
of which contains unit quantity of electricity, and if we draw lines 
of force outward from the boundary of the element, these lines bound 
a tube. The tube cuts the equi-potential surfaces surrounding the 
conductor in such a way that for all of them we have 

From the form of the tubes of force we obtain a representation of 
the distribution of electrical force in the region. And also from the 
distribution of the lines of force we may distinguish between the 
attractive and repulsive forces. Two lines of force proceeding in the 
same sense repel each other, so that the repulsion maintains equili- 
brium with the tension which acts along the lines of force [cf. XXVII]. 



SEcrrioN LXI. Electrical Energy. 

A conductor charged with the quantity of electricity e can do 
work in consequence of that charge ; it possesses electrical energy. If 
the charged surface ABC (Fig. 67) is extended so that it assumes in 
succession the form of its equi-potential surfaces, the forces acting 
on the electrified surface do an amount of work which can be deter- 
mined. If the surface of the conductor has the potential '^, and 
if it is extended until it coincides with the equi-potential surface 
whose potential is ^-hc^, the work done is calculated in the follow- 
ing way: A surface-element dS carrying the charge a-dS is acted 
on by the force J . FordS, We represent by dv the distance of the 
equi-potential surfiftce ^ + (W^ from the conductor. The work done 
on the element dS during its motion is ^Fa-dSdv, The total work 
done is therefore ^j^FardSdv, 

From the definition of the equi-potential surface [cf LY. (e)] we 
have Fdv=^ -d^ ; we therefore have for the total work done 

-•il\<rd^dS=-i\ed^. 

If the surface of the body is extended until it coincides with the 
equi-potential surface at which the potential is zero, the work Jr 
done is 



(a) ;r=:-ijW=j«^. 



K 
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All the work which can be done on the given conditions is represented 
by IF, and hence it is called the potential energy of the conductor. 

The electrical energy of the conductor can be geometrically repre- 
sented in the following way : About the conductor L (Fig. 68), 

whose potential is ^, we construct the 
equi-potential surfaces whose potentials are 
successively ^-1, ^-2, ^-3, etc., and 
we divide the surface of the body L in 
such a way that each part carries unit 
charge. The space surrounding the body 
L is divided into e^ parts by the lines 
of force starting from the boundaries of 
the separate parts and by the equi-potential 
surfaces ; the number of these ports is 
double the value of the electrical energy. 

If we designate the electrical • energy by JF and the capacity by 
(7, we have e = C% and thus (b) /r= ^e^ = JC7^2 ^ J«2/C. We have 
seen before that the energy is also given by 

Jr= J j \F<rdSdv = I/Stt . j \F^dSdv, 

If X, V, Z are the components of the electrical force, and if dxi^t 
is a volume-element, we will have 

(c) ;r= 1 /8ir . j j j(Z2 + r^ + Z^)dxdydz, 

If the two conductors ABCd^nA A' EC (Fig. 67) are charged with the 
quantities of electricity + e and - e respectively, and have the potentiak 
"^1 and ^2> ^® obtain their potential energy in the same way by 
supposing the body ABC carrying the charge +e to be gradually 
extended so as to coincide with the equi-potential surfaces which 
surround it. In this way the charge e is finally transferred to A'BC- 
The integral in (a) then becomes 

(d) ?r=- J [*•««' = Je(M'i-^,). 

•'Ski 

This method of treatment may be applied in all cases. A system 
of conductors whose charges are 6j, e^, ^3, ..., and whose potentials are 
^'j, 4^2* ^3» ...,have, with respect to a conductor whose potential is 
^Q, the potential energy 

(e) JV= le,(^^ - %) -H i..,(^2 - ^0) + • • • • 

If the sum of all the charges is zero, that is, if «i + ^9 **"••• ~ ^ 
we have (f) /r^ie^^^j-f J«2^2+ ••• • Tliereforey if all charged con- 
ductors are brought to the same potential^ tlie electrical energy is inde- 
pendent of the value of the common potential. 
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The expression for the electrical energy may be derived in still 
another way. In a system of conductors the electrical distribution 
is determined if the density p is given at all points in terms of the 
coordinates x^ y, z. The potential at any point is then, in the usual 
notation, '^^^^pdTJr, The potential increases and diminishes pro- 
portionally to p. If the density of the electricity is doubled at all 
points, the value of the potential also is doubled. 

If the charge l/'n.pdr is removed from every volume-element, the 
potential becomes (w- l)/n.^. In order to transfer the quantity of 
electricity 1/n . J/x/t to a distant and very large body whose potential 
is ^Q, for instance to the earth, the work 1/w. lpdT(^ -"^q) must be 
done, if n is a very large number. If the quantity l/n . ^pdr is again 
removed, the work required is 

l/n.jpdT((n-l)/n.*-%). 

U the whole charge is at last transferred to the earth, the work 
JF which is done is 

lV::^\ln. \pdr{ 1 + (n - 1 )ln + (w - 2)//i + . . . + 1 jn)^ ~ %1/h^t. 

Now, we have 1 -h (n - 1 )//i + (w - 2)/n + . . . + 1 /n = n{;n + 1 )/2n, and 
if rt is very great (g) /F= l^^'^pdr - "^^ . ^pdr. If the sum of the 
quantities of electricity present is zero, we will have (h) JF=\\^p(lT. 
Since v=^ = 3^*^/3a;2 + 3^/3/ + 3^/5^2 = _ 4;rp, we have 

/r= - 1 /Sir . j j j^ . (32^/3x2 + -mrj-dtf + d'^/dz^)dxdydz. 

Now, Wl'V. -d^/dx^ . dxdydz 

= j j(^ . d'irfdx) . dydz - j j \(d^fdx)^ . dxdijdz. 

Hence, by partial integration extended over the whole volume, we 
obtain 

(i) JF^ 1 /Sir . \{(d^/dxY + (d^/dijf 4- {d'^/dzy)dT = l/Sir . iF^dr, 

This result has already been derived for the energy in a good 
conductor. 



Section LXII. A System of Conductors. 

If several insulated conductors A^, A^, A^ are given, and if a unit 
of electricity is imparted to one of them, say to A^, while the others 
have no charge, then the potential of ^^ becomes jt?n, while the potentials 
of A^ and A\^ etc., become p^o and p^^ respectively. If A<y were to 
become charged with unit quantity while the other conductors were 
to remain uncharged, the potential of A2 would equal j^>22' ^^^^ ^^^ 
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potentials of A^, A^ A^, ... would be />2i» Pn^ Pn9 ••• respectively. Nov, 
if the conductor A^ is charged with the quantity e^, the conductor 
A. 2 with the quantity e^, etc, the potentials ^j, ^j, ... of the con- 
ductors -^j, A^ A^, ... respectively will be expressed by 

r ^1 =Pu^i -^Pii^o +fti^3 + - 

(a) I ^o=;?iA+;?2j«.^+;?32<r3+... 

The total energy of the electrical system is 

(b) /r=i(^i^i+^2€o + ^/3 +...). 
Hence, 



(c) 



^ + (f lb +/'3l)«l«3 + (/'SH +/'32)V3 + — • 



If an infinitely small quantity of electricity Be^ is communicated to 
one of the conductors, for example to A^, the energy of the system 
will be increased by Sjr=^ '^^Se^ This increment of the energy may 
also be expressed by the help of (c), since we have 

(d) ^f^^^{Pu^l + i(Pu+P2l)^2'^iiPn+Ps\>S-^ '•')K 

Now, since BJV is in this case equal to ^jStfi, it follows from tb€ 

first of equations (a) that (e) ^^^=(i>n«i+|>2i^2+i'3i^3 + •••)^r Co**^" 
paring the formulas (d) and (e), we obtain 

Therefore, (f ) ;)oi =;?,2, Psi =i^i3» ^^^ i" general p„^ =p^. 

The electrical energy //', of the system may therefore be expressed 
as a homogeneous quadratic function of the charges by 

(g) ^^^e = hPn^i^ + hPzoSi + \p^e.^' + . . . +;?i2^i^2 +i'i3^i^3 -^Pn^j^z + - » 
where the coeflicients />„„ are called coeffidenis of potential. 
If equations (a) are solved for e^y e^, e^, we obtain 

' ^1 = Qn^l + ^21^*^2 + ^31^3 + • • • 
(h) - ^2 = fc^l+fe'^2 + ?32^3+-- 

. ^3 ~ !7l3^1 "^ 5'23^2 ^" ?33^3 + • • • • 

If the charge Se^ is communicated to the conductor A^ and the charge 
Se,^ to the conductor A^, etc., so that the potential "^^ is increased 
by 0^1, while the other potentials retain their original values, we have 

^l=?ll^^l» ^^.J = ?12^W ^3 = ?13^1»-'* 

The increment of the energy is therefore 

(i) 8/r» (?ii^i^i + (?i2^.'^i + 71.^3^1 + ... . 



(n) { 
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From equation (h) the energy IF is given by 

If ^j is increased by S^'j, we have 

(1) srr= bii^?, + i(jj, + jj,)*, + i(gi3 + 23,)>p3 . . . + ]s^y 

Comparing equations (i) and (I), it follows that (m) g„n = <lnm- '^^^ 
energy fF^, expressed in terms of the potentials, is therefore given by 

'^* = kll^l' + i?M%' + i?3»*3' + • • • + 912%"^ 2 
"*" ?13 * 1^3 + • • • + 9'28 2 3 "^' • • • • 

The coefficients q^^ in which the indices are the same, are the capacUies 
of the different conductors; the coefficients q^^ in which the indices 
differ from each other, are the coefficients of induction. The energy 
can therefore be expressed by the charges as well as by the potentials ; 
in the former case it is represented by /F., in the latter by JF^, 

The significance of the coefficients q^^, q^^ ... is shown as follows : 
If A^ (Fig. 69) is an insulated conductor having the charge 6^ and 
if A^ -^3, etc., are connected with the earth, we have 

since ^2» ^3» ®^-> ^^^ equal to zero. The coefficient ^^^ is the 
capacity of the conductor A^ under these conditions. Hence, the capacity 
of a conductor is the quantity of electricity 
which it must contain in order that its potttUial 
shall be unity, while the potential of all other 
conductors is zero. The quantity of elec- 
tricity induced on the conductors A^ A^ 
when connected with the earth is given 
by q^^ ^13, ..., if Ay^ is electrified to unit 
potential The coefficients q^^ q^^ are 
negative. The lines of force proceeding 

from Ay may either pass to the earth or terminate on the conductors 
^2» -^3» ®^- Since a positive charge is present at the points at 
which they leave A^, the points at which they fall upon the other 
conductors must have a negative charge. 

On the other hand, the coefficients p^^^ p^^ "Pmn are positive. If the 
charges of the conductors -^g* -^3» ••• a^® e2 = e.^ = e^= ...=0, we have 
^1 '^Pn'^i* ^«~-Pi2*u ••• • -^^ many lines of force enter the uncharged 
conductors A^ A^9a pass out from them. Since lines of force pass 
from points of higher to points of lower- potential, the potential of 
an uncharged conductor in an electrical field cannot be a maximum ; 
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it lies between the greatest and least values of the potential in i 
field. If the conductor A^ is charged with the unit of electrici 
its potential isp^y At a point infinitely distant the potential is zei 
Hence, we have ;?„ >p^^ in general p^ >p^^ and p^ >p^. Furth( 
the value of p^^ lies between p^^ and zero, and since p^^ is positiv 
p„^ is also positive. The potentials of the two conductors are equ 
only when the charged conductor encloses the uncharged conducto 
If one conductor does not enclose the other, we will always have 



Pnn>Pmn a^d P^>P 



mn* 



] 



_n 



ii 



Section LXIII. Mechanical Forces. 

Liet us suppose a set of insulated conductors ; their charges w: 
remain unchanged in quantity when the conductors are displace 
Their potentials depend on the charges in the manner given in LXl 
The forces acting on the charged surfaces tend to set the conductc 
in motion. We assume that all the conductors except A^ reta 
their relative iK)sitions ; that A^ can move in the direction of t 
;r-axis ; and we then determine the force which tends to move Ai 
this direction. Let the displacement of -^^ be 8x, The energ}' i 
of the system will be diminished in consequence of this displacerae 
by X6x. At the end of the motion the energy is Jf\ + SJr^ a 
hence we have Jf\- X.Sx= Jf\i-8Jf\y and (a) X= -SJf\/Sx. Nc 
from LXII. (g) we have 

(b) A' = U^'Sp^JBx + ^(^^Bp^J^' + . . . + e^e^Bpyy'Bx + . . . , 

because the charges do not change during the motion, and are in 
pendent of the displacement 6/. This method may be always appl 

^- --, if the motion of the conductoi 

one for which the mechanical w 
done by the system may be re] 
sen ted in the form X^. 

We now determine the f< 
with which one of the conduce 
will move in the direction of 
/-axis if the potentials remain < 
stant. Let A^ A^^ A^^ ... be 
given conductors (Fig. 70). T 
are supposed to be connected by very thin wires with the very h 
conductors B^ B^ B^^ ..., whose potentials are M^j, ^.,i ^3» ••• ^^^ 
tively, and which are so remote from the system of conductor! 





^3 

Fig. 70. 
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that they have no influence upon it by induction. If the conductor 
Ay is displaced by 8a;, the charges g^, «2> ^3» ••• increase by Se^, he^ 8^3, ..., 
and we have from LXII. (h) 

K = "^1^12 + "^2^22 + "^3^2 + • • • 
^3 = ^1&?13 + "^2^23 + ^3«^33 + • • • 

* • • • • • 

The electrical energy of the system thus increases by 

5/r= ^j5(5^ + ^2^2 + ^3^3 + • • • » 
or 5;r= 4^1%! + ^2^5^22 + "^zh^ + • • • 

+ 2^,^2«^,2 + 2^1^8^13 + 2^2^3^23 + ' • • • 

But from LXII. (n) the energy is equal to JF^ + SIF^ in the new 
configuration of the system, where 

BJr^ = i^l^S^ll + i^2'^22 + i^3'%3 + • • • 
+ ^1%^12 + ^1^3^13 +•••• 

The work done is X&x. The sum of the energy fF^ originally present 
and the energy 8fF supplied is equal to the sum of the energy in 
the new position and the work done. We therefore have 

If we substitute the expressions found for SfF and 8^F^, we have 

I + %%8q,,^ + ^1^38^13 + ^2'^3^23 + • • • • 

Hence, we obtain (d) X.8x = 8Jr^^ or X=8/F^/&c, and further 
8fr='2X.8x. 

The electrical energy supplied to tlie system is therefore twice as great 
as the mecha/nical work done. Now, if during the displacement of 
the conductors their potentials do not change, energy must flow 
from B^, B^ B2, etc., to the conductors A^^ A^ A^^ etc. One-half 
of the energy 8JV supplied is expended in doing the mechanical 
work, the other half in increasing the electrical energy. 



Section LXIV. The Condenser and Electrometer. 

1. Parallel Plates. 

If two bodies at different potentials are placed near each other, 
a relatively great quantity of electricity can be collected on the 
surfaces which face each other. If A and B arc two such bodies, 
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whose potentials are ^^ and ^g respectively, and if the opposing 
sur^u^es of the bodies are planes, the electrical force in the inter- 
vening space is everywhere constant, except near the edges of the 
plane surfeu^es. K a represents the distance between the planes, 
and if ^j is greater than ^^ so that this force is directed from 
A to B, we have from VII. (c), (a) ^-'ir^ + Fa and Jf'=(^i -^o)/fl. 
The surface-density on A^ is determined from 

4ircr = i^ or ar=={^^^'ir^)/iira. 

If S represents the surface of the conductor A which faces B, we 
have for the charge e^ on S, (b) «i = iScr = (^i -^2).5/47ra. The 
charge e^ on B is equal to - e^ The electrical energy Jr^ of the 
system is 

Jr^ = i(^i^ + ^2^2) = i(^i - ^2)^1. 

or (c) /F^ = l/8ir . (^j - ^2)^ • 'S'M where the energy is expressed 
in terms of the potentials. From (b) and (c) it follows that 

(d) n\^2Tae^yS, 

If the X-axis is perpendicular to the plane surfaces of the conductors^ 
and if it is directed from A to B, we have, representing the x-co- 
ordinate of the plane face of A by x^ and that of the plane face 
of B by x^ a^x^-x^, and 

JF^ = l/8ir . (4^1 - ^2)2 . S/(x^ - x^) ; IF. = 2irej^{x^ - x^)iS. 

The mechanical force which acts on A is [LXIIL] 

Xj = - 8fFJ8x^ = 27r«i2/5 ; X^ = 2ir(re^ = ^Fe^ 

This corresponds to LIX. (e). We further have [LXIIL (d)] 

Xi = Sfr^/Bx^ = l/87r . {% - ^2)^ . S/(x^ - Xi)2 = 1/8^ .F^.S, 

This agrees with LIX. (f). From the expressions which have been 
given for W^, we also have W^^\l9>Tr.F^ ,S{x^-x^, which agrees 
with LXL (i). 

The capacity C is C=«i/(^i-^a); if ^2 = ^1 ^e have C^SIAra, 

2. Concentric Spherical Surfaces, 

If a sphere A^^ whose radius is J?, is enclosed by the concentric 
spherical shell, whose internal and external radii are B^ and i?3, 
and if Ai is given the charge e^, and A2 the charge e^, the inner 
surface of A^ will take the charge -e^ while its outer siuface has 
the charge e^ + e^ 
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The potentials within the sphere Aj^ and within the spherical 
shell A^ are therefore ^^ = eJB^ - e^/i^g + (e^ + e^^B^ ; 4^2 = (^2 + h)/^3 y 
and hence e^ = B^ J (R^- Ri) .%^ B^. I{J{B^- B^) .%\nd 

€2 = - B^BJiB^ - B,) . ^1 + (i?3 + /?2 . Bi/(B^ " B,)) . ^2. 

These equations agree with those given in LXII. (h). The potential 
^1 in the space between the two spheres is 

^i = ejr - eJB^ + (e^ + e^)IB^, 

where r is the distance of the point considered from the common 
centre of the spheres. The potential outside the spherical shell is 
^a = (^1 + ^2)/**' "^^^ capacity C of the inner sphere is determined 
by «j = 6*^1, when ^^ is set equal to zero ; we have therefore C=B^BJa, 
if we represent by a the distance between the surface of the inner 
sphere and the inner surface of the spherical shell. 

3. Coaxial Cylinders, 

Suppose two coaxial cylindrical surfaces, A^ and A 2, confronting 
each other. Let their potentials be ^^ and ^2> *"^ their radii B^ 
and B2 respectively. Let a point in the space between A^ and A 2 
be at the distance r from the common axis of the cylinders. The 
potential ^ must satisfy the equation V^^ = for this space. Since 
the equi-potential surfiices in the space considered are cylindrical 
surfaces coaxial with Ajy the equation V^'^ = may be given the 
form [cf. XV.] d^/dr^ + 2/r.d'^ldr = 0y and we obtain by integration 
"ir^clogr + Cy For r==B^ we have ^ = ^1, and for r = B.^ ^ = ^2> 
th eref or e 

^i = ^1 . (log B^ - log r)/(log B, - log B,) 

+ ^2 • (log r - log B,)l(\og B^ - log i?i). 

For a point outside the outer cylinder, the potential is 

^« = % + c(logr-logi?2), 

where r is the distance of the point considered from the axis of 
the cylinder. The constant c cannot be determined from the 
potentials alone. The electrical force F in the intervening space is 
/'= - d^^jdr = - (^2 - ^i)/(log -ffo - log ^^1) • V^. The surface-densities 
o-j and o-g on A^ and A^ are [LV. (e)] 

(Ti = (^1 - 4^2)/(log B, - log B,) . l/47ri^„ 

0-2 = (^2 - ^i)/(log B^ - log B^) . l/47ri?,. 

The charge on a portion of the cylinder A^^ whose length is /, is 

«i = 2ir J?ifo-i, or «i = //2.(^i-^2)/(log-ff2-logi?i). The charge on 
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the inner surface of j4,2 is equal and opposite to this. The capacity 
C of a portion of the inner cylinder, whose length is /, is 

(7=J//(logi?,-log7;,). 



4. TJt4i Quadrant Electrometei\ 

Suppose A^A^ to be two metal plates whose potential is ^^^ and 
A2A2 to be two similar plates whose potential is "^2 (^^S- ^^l- 
lu the middle between the two pairs of plates there is placed a 
plate A^ whose potential' is ^3. We assume that '^^<^2<^y If 
A^ is displaced by the distance Sx in the direction from A^ to A^, 
and therefore in the direction of its length, the area bSx is 
displaced from right to left, if b represents the width of the 





Fig. 71. 

plate A.y If the distance of A.^ from A^^ and A.^ ^^ ^» ^^^ ^^^^ 
acting between A^ and ^g is i^i = (^3-^1)/^, and that acting between 
A, 2 and A^ is i^i = (^3 - ^i*)/^* ^" ^^® assumption that the pointN 
considered do not lie near the edges of A^^ or in the space between 
A^ and A. 2- From LXI. (i) the electrical energy is /r= I/Stt. J/'-i/t. 
During the motion considered, the energy on the left side of the pair 
of plates is increased by 

that on the right side is diminished by I/Stt. (^r.^-'^.2)-/a' ,2ali^r. 
The gain of energy is therefore 

This expression does not fully represent the gain of energy, since 
no account is taken of the relations at the edges. We therefore set 



SECT, Lxiv.] CONDENSER AND ELECTEOMETER. 155 

The force X which tends to move A^ from right to left is then 

[LXIII. (d)] X=)l;(^2-'*'i)-(^3-i(^i + '^2))- Wo may apply this 
result to the quadrant electrometer. If, in this instrument, the 
movable aluminium plate turns through the angle 6,* we may set 
approximately 

where ^j and ^2 *r® *'^® potentials of the quadrants, ^3 is the 
pK>tential of the aluminium plate, and a is a constant whose value 
depends on the form and dimensions of the apparatus. 



Section LXV. The Dielectric. 

We have assumed un,til now that the bodies considered were 
either good conductors or perfect insulators, on which the charge 
'Was immovable. Experiment shows, however, that there are no 
perfect insulators. 

Electricity on insulators is often lost by conduction, which for 
^he most part is due to the film of fluid deposited on them by 
the air. But even if this film is removed by careful drying, con- 
duction still persists. If a charge of electricity is communicated 
to one part of an insulator, it is distributed after a considerable 
time in the insulator in the same way as it would be in a good 
conductor. Besides this, another action also exists which is instan- 
taneous. When a movable insulator is brought into the neighbour- 
hood of a charged conductor, the insulator sets itself 
in the same way as a good conductor, from which it . — , — , 
follows that an instantaneous distribution of electricity H r^ 

takes place in it. According to Faraday, insulators con- 
sist of very small conductors which are separated by 
an insulating medium. The capacity of a condenser 
is increased by replacing the air which serves as the ^ 
insulator between its surfaces by other insulators, such 
as glass, shellac, calc spar, etc. 

Let A and -5 (Fig. 72) be two conducting plates which ^ , 
are separated by the insulator CD, Let A be brought l 



to the potential ^j, and B to the potential ^^'y ^^^ ^^^ 
surface-density on A bo <r, that on B is then -o-. 

In order to explain this, Faraday assumed that a peculiar electri- 
fication exists in the insulator CD, by which each of the conducting 
particles contained in it acquires negative electricity on its right 
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and positive electricity on its left. Just as a mechanical force can 
give rise to an elastic displacement, the forces proceeding from 
the plates of the condenser produce an electromotive action by setting 
up a current of electricity in the particles of the dielectric. The 
positive electricity flows in the particles toward the left, the negative 
toward the right. 

By this process, which we may call dielectric displacement, there* 
arises a polarization of all the particles. 

The condition in the dielectric can be compared with the polaritj 
of the particles of a permanent magnet 

The quantity !D which flows through a unit of area parallel to 
A and B must be equal to o*. A unit of area of the surface of the 
insulator at A receives the charge - o*, and that at B the charge +(r. 
Let a be the distance between A and B^ whose difference of potential 
is ^1 - ^2- The force in the intervening space is (a) F= (^^ - ^j)/a. 
If the quantity of electricity ® which flows through the unit of arei 
is proportional to the force acting in the insulator, we can set 

(b) 3) = Kj^ir . F, 

where JT is a constant Hence, the surface of A, whose area is 5, 
will have the charge (c) <SD = Kjiir . (^^ - "^.^ja . S. A comparison 
of this equation with LXIV. (b) shows how many times greater the 
capacity of the condenser becomes if another insulator is used in 
place of air. We call K the dielectric constant ; for air, which is chosen 
as the standard medium, we set K=^l, 

The dielectric constunt of an insulating iMdinm is the rati/j of (he 
capacity of a condenser having that viedimn as an insulator to the capacUji 
of the same condense^' tchen air is the insulator. It is, however, more 
correct to set K=l for a vacuum ; it has been shown that K for 
gases is a little greater than 1. As examples of the values of the 
dielectric constant, we have for 



Glass, 


- ^^=5,83 6,34, 


Paraffin, 


- K=2 2,32, 


Sulphur, - 


- a:- 3,84, 


Shellac, 


- A:=3— 3,7, 



Bi-sulphide of carbon, K= 2,(5, 
Oil of turpentine, - AT =2,2. 

On the whole, the results obtained by different observers are not 
very consistent. 

Let us, as in LVIIL, suppose that the body A is brought 
into the space enclosed by the metallic shell BC, Suppose that 
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B receives the charge -Q, and C the charge Q. The quantity 
Q of positive electricity flows outward through the closed surface D 
taken within BC. Hence, when the quantity Q is introduced through 
the closed surface 2), the same quantity flows out through the same 
surface. We are therefore justified in assuming that the quantity 
enclosed by the surface D is always zero. This holds for the closed 
surface E^ which may be drawn in the insulator surrounding BC, 
and thus we obtain the general theorem tluit the total quantity of 
electricity contained within a closed surface is equal to zero. 

If the quantity of electricity !D, which flows through a unit of area 
perpendicular to the direction of electrical force, is proportional to 
that force at every point, we will have (d) D = K/iir .F, Jf f g, 
and h ai'e the quantities which pass through three units of area in 
an isotropic body taken perpendicular to the three coordinate axes, 
that is, if they are the rectangular components of the displacement ^, and 
if X, Y, Z are the components of the electromotive force F, we have 

(e) /= K/iir .X, g= K/Att .Y, h = K/Air . Z. These expressions are 
consistent with the relations 

(f) X^' d'iridz, Y= - d^/dy, Z= - d'^/dz. 



Section LXVL Conditions of Equilibrium. 

Suppose the closed surface S to enclose a portion of the electrical 
system, passing partly through the dielectric, partly through the 
conductors. We will make use of our previous conclusion, that the 
total quantity of electricity within S is zero. If we represent by 
e the total quantity enclosed by S, and by D' the quantity which 
flows out through a unit of area in consequence of the displacement 
in the dielectric, we have e = \^' . dS, The normal to the surface 
S directed outward makes angles with the axes whose cosines are 
/, fw, n. We have '^'^Kfiir. F cose, if c is the angle between the 
normal to dS and the direction of the electromotive force F. Since 
Fco8€ = Xl+Ym + Zn, we obtain 

(b) (c) e = l/4ir . \K{Xl + Ym + Zn)dS =-\{fl + (tm + hn)dS. 

If we apply equation (c) to an infinitely small parallelepiped, whose 
edges are dx, dy^ and dz, wo find that the quantity which enters 
it ia fdydz-^gdzdz + hdxdy, and that which leaves it 

(/+ ydiyydz + (^ + ^d^dxdz + (a + '^^d^Kdxdy ; 
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Using LXVI. (e), we have 

(X) = l/4ir{X . 'd{KX)l'dx + X . d{Kr)/dy + .Y . d{KZ)ldz). 

Since [LXV. (f)] the forces have a potential, we obtain from 
XXVII. (b) 

(A') = K/Sw . {d(X-^ - y2 - Z^)/dx + 2d{XY)/'dy + 23(ZZ)/3>j). 

The force which acts on the volume-element dr may be considered 
as due to the stresses X^ Y^ etc. [cf. XXVII. (c)], where 

(X,^KISir.{X^^Y^-Z^), Y,=Z,^K/4:ir. YZ, 

[ Z, ^ K/Stt , (Z2 ^ X^ - Y^), X^^^Y.^KjiTT.YX. 

If the direction of the :c-axis is that of the electrical force, we have 

(c) Z,=ZZ2/87r, Y,^-KXyS7r, Z.^-KXySir, 

and the tangential components vanish. In the direction of the electro- 
motive force F, there is a tension S, and in all directions perpen- 
dicular to the force F, a pressure T, such that (d) S^T^KF^Stt, 

If A and B (Fig. 73) are two conducting surfaces which are 
separated by an insulator whose dielectric constant is AT, and if AB 
is a line of force, a tension S acts along that line, 
and a pressure T^S acts perpendicularly to it. 
A surface-element at A is under a tension 

l/Srr.KF^ 

acting in the direction of the normal drawn 
outward. When K=l this reduces to the result 
reached in LIX. 

For example, let ^ ^ be a hollow sphere of glass whose inner and 
outer radii are r^ and rg respectively. Lfet the potential of the surface 
A be ^1, and that of ^ be 0. The potential in the interior of the 
spherical shell is determined from LXVI. (f); when p = 0, we have 
V^=:0. Since the potential depends only on the distance r from 
the centre, we have from XV. d^ldr^+2/r ,d'¥/dr==Of and hence 
'^=^A+B/r. Having regard to the boundary conditions, we obtain 
-•p = ri(r2 - r)/(r2 - rj) . "^Fj/r. The forces F^ and F2 which act at the 
inner and outer surfaces are 

Representing the stresses on these surfaces by p^ and P2t we obtain 

i>i = JT/Sir . {%/r, . rj{r, - r,)^ ; p, = K/Sw . {^/r^ . rj{r, - r,p. 
These stresses may be regarded as pressures which act on the surfaces. 
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If d^^jdr represents the increment of r which results from the presstu 
on the surface, we have from XX XL (h) (^<^/rfr = Jar + ft/r^, where 

rt = 3/(3A+ 2,*) . (^1 V -;,^r23)/(r23 - ri3) ; ft = 1/4/^ . (^, -;,2)r,^ 

From this it follows that 

(Pi -i>2W V = K^iV^^ . V2( V - r,*)l{r, - r,Y. 
If we set K%ySTr . i\rj[(r^ - ri)(ra3 - r^^)] = JV, wo will have 

d4>ldr = (r/(3A + 2^) + (^ - V)/(r, - r,) . l/4,iLr^)A^. 

The volume contained by the hollow sphere will be increased bj 
the action of the electrical force. 

If we represent by 9^ the increment of the unit of volume, we hare 
47r/3.(r + (/<^/(/r)3 = 47r/3.r3(l+e<,), so that eQ = 3d<f>/rdr. For the 
volume of the sphere, for which r = r^, we obtain 

e, = 3(l/(3A + 2,.) + (V - r^*)l(r^ - r,) . Wj')iV: 

If we set Tg - Tj = 6, and if 5 is very small in comparison with r^, 
we have eo = 9iV. (A + /Lt)/,x(3A + 2/Li), where N^K^^^/SirA/ZS^. It 
thus follows, using XXIX. (d), that (e) 0^ ^ 3/ E8KK%y Sir. The 
increase of volume here considered has been observed for various 
condensers. 

If a region, in which the dielectric constant K h a function of 
the coordinates, contains electrical charges, whose density is />, and 
which give rise to the potential '^^ the energy JF is determined 
as in LXI. by (f) /r= J jp^rfr. 

If p is expressed in terms of the potential by 

d{K. d^idx)/dx-\-d(K, d^/dijydij-^diK. d^ir/dzydz+iTrp^o, 

we have for the energy /r, 

/r= - i/Stt ,111 -^{diK. d^/dx)/dx 

+ d{K. d-^/dij^dy + d{K. 'd^ l'dz)fdz)dxdijdz. 
By integration by parts, we obtain 

/r= i/Stt . j j ja:((d^/?^)2 + {d^/dyy + (d^idzy)dxd!/dz, 

where the integration is extended over the entire region, and it i^ 
assumed that the force and the potential vanish at infinity. K f 
represents electrical force, we have (g) JF—li'S'n'.^^JKF^dxdyd:. 

Eledriad Double Sheets. We have seen in LVIII. that two conductors 
which are very near each other, and are kept at the two different 
potentials ^^ and ^^t ^^® oppositely charged. The surface-densities 
o- and -or of their charges are given by or = ('4^j— '*F2)/4^^, where < 
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is the distance between the surfaces. If a is taken infinitely small, 
there is still a finite difference of potential between the surfaces ; 
calling this difference V, we have (a) or = VjAira, 

Now, there are several ways by which such finite potential differ- 
ences may be established across a surface ; for example, it may be 
done by friction or, what amounts to the same thing, by contact 
This being so, we must necessarily assume, as was first remarked by 
V. Helmholtz, that a dovhle sheet of electricity is formed on the two 
surfaces which are near each other, in which, if the distance a is 
extremely small, the density o* must be extremely great if the potential 
difference K is to be finite. When two such bodies are separated 
from each other, provided they still retain the electricity thus disposed 
on them, they will both be very strongly charged. It is usually not 
possible to separate them without discharging them, but if one or 
both of them are insulators a very considerable charge remains. 
V. Helmholtz thus explains the action of the rubber of the frictional 
electrical machine. 

In the same way v. Helmholtz explained several remarkable pheno- 
mena, for example the phenomena of electrical convection, studied 
by Quincke and Wiedemann. Let us consider a capillary tube, 
of circular cross-section, whose inner radius is R and whose 
length is /. A liquid is supposed to be flowing through this tube. 
If there is a difference of potential V between the liquid and the 
wall of the tube, a layer of electricity forms around the liquid, whose 
density o* is determined by equation (a). Setting the radius of this 
cylindrical electrical layer equal to r, so that a = Il-r, we have (b) 
a- = Vjiir^R - r). Let the velocity of the flow at the place at which 
this layer is present be w. The quantity of electricity which is carried 
on by the current in unit time through any cross-section of the tube is 

Now, we have found [XLIX.] ths^t 

^Jp^zJb^zf), and hence Q^^nS^ZlMlll. 

We may in this equation set R — r^ and obtain 

<^> ^^ 4/i/ " ilTfll ' 

where S is the area of the cross-section of the tube. 

If the pressure at the two ends of the tube is the same, while a 
difference of potential ^^-^g exists between them, an electrical 



162 ELECTROSTATICS. [chap, vil 

force F^-^ J -^ will act within the tube, and therefore a force /V 

will act on every unit of area of the electrical layer. The liquid will 
thus be set in motion. The velocity increases from the wall of the 
tube, where it is 0, to the layer cr, where it may be called u. By 

the definition of internal friction [XLVIL], we then have Fir=ii . 

If o* is expressed in terms of the potential difference, we have 

VF 



CHAPTER VIII. 

MAGNETISM. 

Section LXVIII. General Properties of Magnets. 

vas very early known to the Greeks that in the city of Magnesia, 
isisL Minor, stones were to be found which had the power of attract- 

iron. If such a stone, which consisted mostly of magnetic oxide 
ron, were thrown into iron filings, they would adhere with special 
ngth to it at certain points. A long magnet is especially active 
;he vicinity of its ends, which are called poles. If a bar magnet is 
pended horizontally, so that it can turn about a vertical axis passing 
)ugh its centre, it assumes of itself a definite direction which 
roximately coincides with the meridian of the place. The end 
he bar which points toward the north is called the north pole, the 
er end the south pole. Following the indication of this experiment, 
assume the existence of two magnetic fluids, which are separated 
each particle of iron by the influence of a magnetic force. If a 
magnet is floated on a fluid at rest, it assumes a definite direction 
m exposed to the influence of a magnetic force, but the force 
s not set the floating magnet in motion if the dimensions of the 
;net are very small in comparison with its distance ftrom the seat 
.he magnetic force. We conclude from this that the north and 
bh magnetic fluids are present in a magnet in equal quantities. 

us represent the quantity of one fluid by + 7/1, that of the other 
- m, the north magnetism being conventionally taken as positive, 
ilomb proved that the poles of two magnets repel each other with 
)rce F, which is given by (a) F^7n^mjr\ where m^ and m^ are 

quantities of magnetism at the poles and r is the distance 
ween the poles. 

f a magnet is broken into many small pieces, each part is still a 
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magnet. Because of this fact, wo conclude that even" magnet is 
made up of a very great number of very small magnets. 

If a magnet is broken, positive magnetism appears on one, and 
negative magnetism on the other, of the surfaces formed by the 
fracture, and their ([uantities are equal unless the magnetization is 
changed by the jar given to the magnet when it is broken. We will 
represent by -f o- the cjuantity of magnetism that is present on a unit 
of area of one of the newly formed faces. For each point on this 
face (T has a definite value, dependent on the position of the point 
on the face and of the face in the original magnet. Construct a normal 
to this face drawn outward ; o- then depends on the coordinates z, v, : 
of the |)oint and on the direction of the normal, which makes angles 
with the axes whoso cosines are /, r/?, il Let ABC=dS (Fig. 74) 

be an element of the positive face 
and a point in the magnet infinitely 
near it. A, B, C are points in which 
the surface dS is met by the lines 
Ox, Oyy Oz parallel to the axes drawn 
through 0, The surface OBC, one of 
the surfaces of the tetrahedron OABC, 
may be considered as a negative face. 
Suppose that the magnet is mag- 
netized with the components A, B, 
C in the directions OA, OB, and 
OC, the surface ABC of the tetrahedron exhibits positive magnetism, 
the surfaces OBCj etc., negative magnetism. Represent the surface 
density perpendicular to tho .r-axis by A ; each unit of surface of 
OBC then cxhilnts tho quantity of magnetism - A. Tho unit of 
surface of OAC and OB A will, in a similar notation, exhibit the 
quantities of magnetism - B and - C respectively. The position of 
the surface ABC is determined by the cosines /, in, n of the angles 
which the normal to the surface makes with the axes ; we have 
OBC=: I . dS, OAC— m . dS, OB A = n . dS. If A represents the perpen- 
dicular let fall from to the surface ABC, and if the quantity of 
magnetism in the unit of volume is represented by />, the total quantity 
of magnetism contiiined in the tetrahedron is 

(o- - 1 A -mB- nC)dS -f IhpdS. 
Now, since the total quantity of magnetism in a magnet is zero, and 
the altitude h of tho tetrahedron is assumed to be infinitely small, we 
have (b) (T = Al-\-Bm-\-CtL Hence, if the surface-density on three 
perpendicular surface-elements passed through a point is known, the 
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density on any other surface passed through the same point is deter- 
mined from (b). If we set 

(c) J'^^A^'^'B^ + C^ and A^Jk, B = Jii, C^Jv, 

where A2 + /Lt2 + v2= 1, it follows from (b) that or = /(ZA + m/A + 7iv). / 
is the intensity or strength of magnetization. The direction of the inten- 
sity makes angles with the coordinate axes, whose cosines are A, /x, i^. 

If we set /A + wift -h ni' = cos €, where c is the angle between the 
intensity of magnetization and the normal to the surface-element, 
we have cr = /coB€, that is, or is the component of the intensity of 
magnetization along the normal to the surface-element. The greatest 
value of <r is reached when € = (), that is, when the direction of the 
intensity of magnetization coincides with the normal to the surface- 
element on which the density is cr. A surface may be passed through 
any point in a magnet for which the surface-density is a maximum. 
The direction of the intensity of magnetization J lies in the normal 
to this surface. For such a surface, whose normal coincides with the 
direction of magnetization, (r = J; that is, the quantity of magnetism 
on the unit of area of this surface is /. We construct a parallelepiped, 
one of whose ends, dS, lies in the surface considered, and whose edges 
perpendicular to the surface are ds; J.dS.ds is called the magnetic 
moment of this parallelepiped. The intensity of magnetization J is 
equal to the ratio of the magnetic movient of the magnet to its volume. 

The magnetic condition of a magnet is defined by the components 
of magnetization Aj B, C. The density o- on the surface of the magnet 
is determined by (b) from these 
components. Free magnetism 
may be present in the interior 
of the magnet also. If OC/ (Fig. 
75) is a rectangular parallel- 
epiped, whose edges are dx^ dy, 
dz, taken within the magnet, and 
if ^, B, C are the components 
of the intensity of magnetization 
at the point 0, OA' will con- 
tain the quantity of magnetism 
-AdydZj and O'A the quantity 

{A -i- dA/'dx . dx)dydz. Analogous expressions hold for the other 
surfaces. Representing by p the (quantity of magnetism contained 
in the unit of volume, we have 

{'dAj'dz -I- 'dBI'by -I- 'dCj'dz -f p)dxdydz = 0, 



A' 











c 


./^ 







/ v^ 









^ JC 


^ 






y 





c 



Bf 



Fio. 75. 



166 MAGXETBIL [chap. viii. 

tince the total magnetiBm in die panJIelepiped is zero. Hence (e) 
f>= -{"^A ?x-)- r^ 'bf^l:C ?r). Wliile we may consider A, B^ C s& 
the natural and direct expressions tor the condition of a magnet, we 
determine its firee magnetian from the derived magnitudes p and <r. 



Secti«>x LXEX. The Magxeth; P«)textial. 

The force with which a magnet acts on a pole at which unit 
quantity of magnetism is concentrated is called the tna^netic force. 
Its components are represented by a, ^, y. These are determined 
firom the potential in the same way as the components of the electrical 
force. Let the quantities of magnetism m, m\ m'^, ,.. be present at 
given points: let the pole P. for which the potential is to be deter- 
mined, be distant r. r\ r\ ... respectively from those points. The 
potential is then given by 

F= m r-^m' r -^ m^ r* -h ... , and ra-h in' + m* + . . . = 0. 

If iV is a north pole with magnetism + m (Fig. 76) and S a south 
pole with magnetism - m, and if P is the point for which the potential 

p is to be determined, and whose distances 
from the north and south poles are r and 
^ -' ' ' ' r respectively, we have 

• '' / ^ J"= mir - m r = mir - r)'rr', 

^\ / If the length / of the magnet is very small 

ftii_l^-^ in comparison with r and r\ and if we set 

^ ^^ -^ lm = 11J cos e ri, we have (a) r= 0)? cos 6 r-\ 

'iDi = lin is calle<i the monumt of the magnet ; 
5>J\'l/ is called the mnfjn^tif' axi<. Its positive direction is that from 
the south to the north pole. 

We now determine the pyteniial of a nuignet whose components of 
magnetization A, B, and C are given. Let the coordinates with respect 
to any point taken as origin he ^y yj, (; A, By Care then fiinctions 
of these three coordinates. A parallelepiped whose edges are d^, 
drjj d( will have the magnetic moment Adrjd(.d^y if, for the present, 
we consider only the magnetization determined by -^. If the co- 
ordinates of the point P, for which the potential is to be determined, 
arc r, y, z, and if its distance from the point ^, rj, ( is r, we have 

r- = (r-^)•-' + (y-7;)2 + (.r-f)^ co8e = (a--^)/r. 
The potential due to the element d^.drj. d( arising from the com- 
|)onent of magnetization A is, from (a), Ad(drjd(Jr- . (x - ^)/r. B and C 
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give rise to the potentials Bd^dr)d(/r^ . (y ~ i?)/r, Cd^dijddr^ . (z - ()/r. 
The sum of these three potentials, integrated over the whole magnet, 
gives the total potential F, 

(b) r= \\l[A(x - f ) + ^(y - ^) + C(z - 0¥$drjd(lr^. 
Since r'dr/dz — x-^, rdr/dy^y—rj^ rdr/dz^z-l, we have 

(c) r= - jJK^ .d(llr)ldZ'^B,d(l/r)/di/-^C.d(\lr)ldz)d$drjd{. 
If we set 

^i = jj|^/r.ifrf,rfC, '('i'lllBlr.d$dr,d{, i', = lllC/r.d^d^d(, 

we have (d) F= -{d\p^/dx + d\pjdjf + d\l/jdz)y since the components of 
magnetization A, B, C are independent of the coordinates x, y, z of 
the point P. 

Another more general transformation may be made by help of the 
equations, r . 'dr/d( « - (aj - ^), r . 9r/3>; = - (y - >y), r . dr/d(^ - (2; - f), 
by the use of which we obtain from (b), 

(e) F=l\\[A.^{l|r)^^( + B.^l/r)|^r, + C.^{\|r)|^C]d$dr,dC. 

Let the normal to the surface-element make angles with the axes 
whose cosines are /, m, n. By integration by parts, it follows that 

(f) r= lliAl + ^m + Cn)/r . dS - \\\(dAfd$ + dB/drj + dC/di) . d(drjd(/r, 
and using LXVIII. (b) and (e), (f) becomes 

(g) r= ll<rdSlr + lllpd£drjdi/r. 

The correctness of the last equation is immediately evident from 
the meaning of o* and p. 

The components a, ^, y of the magnetic force are expressed, as 
in the theory of electricity, by 

(h) a=-Br/Bx, p^-dFfdy, y=^dVldz, 

The force AT, which acts in the direction of the element of length dv, 
is iV= -dV/dv. If the potential is F, inside the magnet and V^ 
outside the magnet, we have at the surface F] = V„, If v, is the 
normal to a surface-element on which the density is o- drawn into 
the magnet, and v. the normal to the same element drawn outward, 
we have from the general laws of the potential [cf XIV. (I)], which 
are applicable here, (i) ^Fi/^l',^-^F'„/^^'^ + 47ror = 0. For every point 
within the magnet, we have (k) V^F) + 47r/> = 0, or introducing the value 
for p given in LXVIIL (e), (1) V^V^ = i7r(dAldx + dB/dy + dC/dz), if 
p and Af B, C are functions of x, y, and z. Outside the magnet we 
have, on the other hand, (m) V^V^^O, If ^ is a closed surface, v 
its normal drawn outward, and M the total magnetism enclosed by 
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the surliice. we have nxnn 2LLV. ci -IsrJf = - ' rF^ rv . -i& or designating 
by ^^ zhe mmi^nedc !brce in die iireenoa of die oonnal to the sor&ce, 

in) ^?rjr= '.r^5. 

Tlie eqnaciaiis i', ami k. ire spetniJ cases of this equation. 



Sacnojr TXX The PoTEiTLkL of a >[ag;xitized Sphere. 

If the oomponencs ot nuignetizaQoa are gnren fdnctions of the 
coordinatei* and ^ % ^ are the coordinates of a point within the 
magnec we obcaun the potential most eiLalj by using the formula 
T^-\ I X {du If A. B. C are constant, the problem is to determine the 
poCentiaL of a bodT <)f constant Tolome-d^isitT. Hence we set 

(a) i ^ fi'^.'iff.d^r, 

and obtain (b) r= -{A. 'bL Zt^B. Z-w ?y-^C.?^ ?-). The potential 
of a sphere whose components of magnetization are ^, ^, C is to be 
determined by means of this equation. Take the origin of the system 
of coordinates at the centre of the sphere. The potential ^ has 
different Tallies^ according as the point for which the potential is to 
be determined lies inside or ootside the sphere. In the osual notation 
we hare, from XITL <c) and id), f. = 4y^;3r: ^,= 2aX^-r^3), 
where B is the radius of the sphere. 

If we represent the magnetic potential for points outside the sphere 
by F^ and for points inside it by f'^ we have 

(c),(d) r, = WZ.R^ r'.iJx^By^Cz): r, = 4x 3.( Jjr + j^y + Cz). 

Let / be the intensity of magnetization, and let its direction make 
angles with the axes whose cosines are A« fs i^. Let 6 be the angle 
between the direction of / and the line r. ^ye then have 

Xr r 4- /ly r-^-v: r — cos 9 

and (e) V^^ iirj 3. R^J cos S/r^: r, = 4x S./rcosO. 

Hence, the potential outside the magnet is the same as that which 
is set up by an infinitely small magnet, whose magnetic moment is 
aM-47r/3.^y [LXIX (a)]. 

If the a^axis lies in the direction of magnetization, the potential in 
the interior of the magnet is F, = iv,- 3 . Jx, The magnetic force ^ 
inside the sphere is therefore constant, and is expressed by 

Oiitside the sphere we divide the force into two components, one of 



SECT. Lxx.] POTENTIAL OF A MAGNETIZED SPHERE. 169 

which, P, acts in the direction of the line r, the other, Q, perpendicularly 
to that line. We then have P= -'dVJdr, Q^ -l/r.3r„/3e, or 

P = 87r/3 . ^/co8 e/7^ = 2aK/r3 . cos e ; 
Q = 47r/3 . R^J«in Q/r^ = aW/r^ . sin 6. 

From LXVIII. the surface-density is determined by or = / cos 6. The 
resultant force FibF^- ^/r^.s/l -r3c'o82e. We have further tgO = 2Q/P, 
If €f> is the angle between the direction of the force F and the direc- 
tion of r, we have fg<f> = Q/P=^tgO, 

* 
Section LXXI. The Forces which Act on a Magnet. 

Let us suppose that the magnetic forces of a magnet, whose com- 
ponents we may represent by a, ^, y, are functions of the coordinates. 
Let us suppose also another magnet, 
whose components of magnetization are 
A, B, C. Its action on the first magnet 
is to be determined. Consider the in- 
finitely small parallelepiped Off within 
the second magnet (Fig. 77) ; on the 
face OA' there is a quantity of magnet- 
ism present equal to -Adydz, which is x/^ -^ 
acted on by the force - Adydza in the Ym. 77. 
direction of the positive x-axis. The face 

ACy^ on which is the quantity of magnetism Adydz, is acted on by 
the force {a + dafdz.dx)Adydz in the same direction. The resultant 
of these two forces is A . da/dx . dxdydz. On the surface-element 
OE there is the quantity of magnetism -Bdxdz, and on BO' the 
quautity Bdxdz. The former is acted on by the force - Bdxdz . a in 
the direction of the positive a;-axis, and the latter by the force 
-h ^(a + dajdy . dy)dxdz in the same direction. The resultant of those 
two forces is B . 3a/3y . dxdydz. For the surface-elements 0(7 and O'C, 
we obtain the resultant C.dafdz. dxdydz. We form the sum of these 
three resultants, integrate over the whole volume occupied by the 
magnet^ and obtain for the force Xj which tends to move the magnet 
in the direction of the a;-axis, 

(a) X= llliA . da/dx + B . da/dy 4- C . daldz)dxdydz. 

Analogous expressioDS hold for the forces Y and Z, 

If the magnetic force whose components are a, A 7 ^^ ^^^ ^o 
a system of magnets which give rise to the potential Fat the point 
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X, y, z, we have a= -?F/3x, )8= -dF/dy, y= -3F/3z. We 
have also ?a, :*v = "^P c^x, ?o, S^r = dy;dx, and hence 

(b) A' = \\l(A . 3a/3x + B . 3)8/^* + C . dy/dxylzdydz. 

We now determine the moment of the forces which tend to tni| 
the magnet aboat one of the coordinate axis, say the x-axis, on tkj 
assumption that the magnetic forces are constant Let the coordinita 
of the point (Fig. 77) be jt, y, r. The force which acts on the soi&a 
B(y in the direction of the r-axis has a moment with respect to thi 
jr-axis equal to Bdxdz . y . (y + dy). The force acting on OB bai 
a moment with respect to the same axis equal to ^ Bdxdz. '^.^ 
Neglecting small terms of higher order, the resultant moment v 
Bydxdz.dy. The forces acting on the surfaces O'C and OC gin 
rise to the moment - Cpdxdy . dz. The moment L, which tends to 
turn the magnet about the a; axis, is therefore 

(c) L^\\\(By^CP)dxdydz. 

The moments of rotation M and N^ with respect to the two other 
axes, are determined from analogous expressions. 

If the magnet is subjected to the action of the earth's magnetisn 
only, the magnetic force may be considered as constant both h 
magnitude and direction. The components a, j9, y are then inde- 
pendent of ar, y, ::, and therefore A'=F«Z=0. The centre of grarH^ 
of a magnet does not more under the artion of the earth's marfntiis^ 
The magnet is, however, acted on by a moment of rotation, which 
may be determined in the following way : 

Let the magnetic moment of the magnet be S){, and suppose its 
direction with respect to the coordinate axes to be determined hj 
the angles whose cosines are /, 7«, n. We then have 

1!iill = \\\A.dr, mm=^\\\B,dr, 50?^= jjjC. Jr, 

and hence L = 3)i(ym - ^n) ; M^ M{an - yl) ; N= ^iliPl - aw). Froi 
these equations, it follows that La + MfS + Ny == and LI + Mm + iVw =( 
that is, tlie resultant moment is perpendicidar to the magnetic foree an 
also to file magnetic axis of the magnet. If the direction of the fon 
is parallel to the x-axis, and if the magnetic axis lies in the xy-plai 
and forms with the .r-axis the angle 6, we will have 

(d) L = 0, il/=0, iV= -aOia.sine. 

If a magnet can turn about a vertical axis, the moment which ten 
to increase the angle 9 between the magnetic axis and the magnei 
meridian is -9)?^. sin 6, where H denotes the horizontal compone 
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the earth's magnetism. If <d is the angular velocity of the magnet 
i J* its moment of inertia, we have, from XXII. (c), 

d(Jio) = - 9Dlir . sin 6 . dt, or since w = dB/dt = 6, 

je= -SDiiT.sine. 

the angle 6 is very small, the period of oscillation of the magnet 
given by XXIL (e), (f) r^irJjJWH, 
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Section LXXII. Potential Energy of a Magnet. 

By the potential energy of a magnet is meant the work which is 
teded to transfer the magnet from a position in which no magnetic 
roes act on it to the position ^ 

which the magnetic potential 

V. We will first consider an 
finitely small parallelepiped 
''ig. 78), whose components of 
agnetization are Ay B, C. In 
*der to bring the magnetic 
irface OA' to the position in 
hich the potential is V, the 
ork - A . dydz . F must be 
one. The opposite surface O'A 
> brought to the position in 

hich the potential is V+dV/dx.dx, and the work done on it is 
t .dydz.{F+dF/d^jc.dxy The work done on these two surfaces 
lerefore amounts to A .dV/dx.dxdydz, If we obtain in like 
lanner the work done on the two other pairs of surfaces, we 
ad that the whole work fV done in transporting the magnet is 

i) /r= \\l(A . dF/dx + B . dV/dij + C . dF/dz)dxdydz, 

r since a, p, y, the components of the magnetic force, are 

e have (b) ^= -■\l\{Aa + BI3 + Cy)dxdijdz, We will apply this 
)uation to the case of a magnet subjected to the action of the earth's 
lagnetism only. Let its magnetic moment be 2f{, and let the 
irection of its magnetic axis make angles with the coordinate axes 
hose cosines are /, m, n. We then have 

l\\A.dxdydz^m, l\\B.dxdydz = mm, \\\C .dxdydz = 71311, 

JV= -9)i(/a + m^ + «y). 
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Representinsr the mAgnetic force by ©, and supposing its direction 
to make angles with, the coordinate axes whose cosines are A, /x, r, 
we obtain /r= -^^ilX^mft^nv), Letting 6 represent the angle 
between the magnetic axis of the magnet and the magnetic force, 
we have (c) /r= -Sit), cos 0. If the direction of the force is 
parallel to the x-axis« as in LXXI., and if the magnetic axis lies 
in the ry>plane. the work done in taming the magnet through the 
angle de is dW = -u llt£» . sin . dS. This agrees with LXXI. (d). 

We will now consider a verj small magnet situated near a very 
strong magnet. If the small magnet has sufficient freedom of motion, 
it will turn so that its magnetic axis is parallel to the direction of 
the magnetic force. In this case we have 6 = and its potential 
energ\- Wis /r= -3fto. 

Since the motion of the small magnet involves the loss of potentitl 
energ}% it moves in such a way that jr diminishes. This occurs by 
the last eiiuation, when £» increases : the magnet therefore moves in 
the direction in which the magnetic force increases. A particle of 
a paramagnetic substance therefore tends to move towards the place 
where the magnetic force is greatest. On the other hand, diamagnetic 
boilies move toward the place where the magnetic force is a 
minimum. 

In order to find the magnetic energy residing in a system of magnets, 
we proceeii in the following way : The potential at every point within 
the system varies proportionally with the values of the compoDents 
of magnetization. We assume that the components of magnetization 
change only in such a way that, in successive instants, they always 
increase by the same fraction of their final values. On these con- 
ditions the potential increases in the same proportion. If the com- 
ponents of magnetization are originally zero, the potential is also 
originally equal to zero. Let the final values of the components of 
magnetization he A, B, C. At a particular instant during the increase 
of the comi)onents of magnetization, let these be represented by «//, 
tiB, nC, where n is a proper fraction. At the same time the potential 
at any point is equal to nf\ If the components of magnetization 
increase by A.d% B.dn, G.dn respectively, the potential at the 
point considered increases by Vdn, If A^ B, C increase by A . (/w, 
B.dn, C.dn respectively, the work needed to accomplish this is, 
by (a), 

\\\(A . dn, ndFjdx-\-B, dn . ndF/dy-\-C ,dn. n^Vl'dz)dxdydz 
= n . dn\\\{A . dF/dx-^-B . cFldy-\-C\ dF/dzyixdydz. 
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Now, if n increases from to 1, we have / iidn^^y and the work 
done is 

(d) ;r= i\\l{A . dF/dx + B . dV/dy + C . dFldz)dxdydz, 
or, by introducing the components of the magnetic force, 

(e) /r= - i j j|(^a + J^jS + Cy)dxdydz, 

The energy of a magnetic system may be expressed in another 
way. The same method by which we before obtained an expression 
for the energy, shows that (f) JV^^^o-.V ,dS-\-\\\\p,V,dxdydz, 
where o- and p represent the surface and vohime-densities respectively. 

If F and its first differential coefficient vary continuously, we have 

o- = and }r==^\\\p.F.dxdydz. Now, V^F+iTrp==0, and hence 

;r= - l/S7r,\llF(d^F/dx^ + d^F/dy^-hd^Fldz^)dxdydz. 
By integration by parts over the whole infinite region, we obtain 
/r= l/8ir . \ll[(dFldxY + (dF/dy)^ + dF/'dzy]dxdydz, 

or (g) fF—l/Sir.j\j{a^-^^-^y-)dxdydz, Similar expressions hold for 
dielectric polarization [cf. LXI.]. 

Section LXXIII. Magnetic Distribution. 

A piece of soft iron brought into a magnetic field becomes magnetized 
by induction. We assume that the intensity of magnetization at 
any point is a function of the total magnetic force acting at that 
point. We assume that the intensity of magnetization is proportional 
to the magnetic force, or that (a) A^ka, B = kPj C=ky, where k is 
a constant. The magnetizing force proceeds partly from the per- 
manent magnets present in the field, and partly from the quantities 
of magnetism induced in the soft iron. The potential due to the 
former may be designated by F, that due to the latter by U, 
so that 

A^'k.?>{F+U)fdx, B= -k,d(F+U)/'dy, C= -k,d(F-^ U)l'dz. 

Now, in the space not occupied by permanent magnets, we have V'F=^ 0, 
and therefore dAI7>x-^dB/dy + dC/dz= -kV^U, or since, from LXVIIl. 
(e), p= ^(dAfdx-k-dB/dy + dC/dz), we have finally V^U-p/k = 0, 

Since the potential /F is due to the components of magnetization 
Ay By C, the equation that holds within the soft iron is V'-'J7+47rp = 0. 
From the last two equations we obtain (b) {\ + iirk)p = Oy and hence 
p = ; that is, there is no free magnetism present within the soft iron. The 
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force coincides with the direction of the lines of force, the normal 

force over the surface of the tube is everywhere zero except at the 

ends DE and UE', Let ^ be the force acting at DE and ^' that 

acting at D'E'; let 6 and 6' be 

the angles between the direction of 

the force and the directions of the 

normals to DE and UE' respectively. 

Since there is no free magnetism 

present in the interior of the tube, 

we have 

Fio 79 

-;g).(/s.cose+$'.d5'.cose'=o. 

If the sections dS and dS' are perpendicular to the lines of force, 
we have $/^' = dS'/dS, The foice is therefore inversely proportional to 
the cross-section of the tube of force. The lines of force may be so 
drawn that their distances from one another furnish a representation 
of the magnitude of the magnetic force in the field. 

A tube of magnetic force cannot return into itsdf or form a hollow nng. 
If this were not so, the work which is done by the magnetic 
forces during the transfer of a unit quantity of magnetism from any 
point over a closed path back to the same point again would not 
be zero. If ds is an element of the tube of force, the work done 
would be j^.rf*>0, if the direction of motion coincides with the 
direction of the force. If the magnetic potential is Vy we have, 
however, j^= -dV/ds, and therefore, for a closed path, 

ldFlds.ds=F-F=0, 
since the potential is a single-valued function of the position of the 
point. 

j4ny tube of magnetic force must begin and end on the surface of a 
magnet. If the tube ends with the cross-section PQ (Fig. 80), so 
that a magnetic force is present in the tube Tl/QPy while 
it is zero outside the tube at R and <S, we may apply 
equation (a) to the region TUQSRP, Since a magnetic 
force acts at the surface TZ7, but not in the region 
PQSR, the surface integral taken over TUQSRP cannot 
be zero. Magnetism must therefore be present within 
the closed surface, which contradicts our assumption. 
Therefore, any tube of magnetic force ends at the surface pjQ gQ 
of a magnet. 

In order to represent the magnitude and direction of magnetic 
forces, Faraday used lines of magnetic force ; he assumed tluit (lie lines 
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force acts in the region PQRU (Fig. 81). This force is due partly 
to the free magnetism in the interior of the magnet and on its origioal 
surface^ and partly to the free magnetism on the newly-formed sur- 
faces. The force due to the former cause is directed from the north 
pole n to the south pole .s that due to the latter from 5 to n. The 
latter force is in practice the stronger, so that we may say with » 
certain propriety that the magnetic tubes of force are produced through 
the interior of the magnet along the path UF'FD (Fig. 81). 





Fig. 82. 

If S (Fig. 82) is a closed surface lying outside all the magnets in 
the field, and therefore containing no magnetism, we have from XIY., 

It is customary to express this result in the following way : The 
integral f.^„ . dS which is extended over a part of the surface may be 
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divided into the parts ^«i.rf/S>i, $„2.rfSij, etc. Let them be so taken 
that they are all equal, and let their common value be taken as unity. 
Since the product ^^,dS is constant for the same tube or line of 
force, the integral |^^ . dS gives the number of lines of force which traverse 
the surface. If this integral is zero, as many lines of force enter the sur- 
face as leave it. 

This holds for a surface which contains one or more magnets, for 
the sum of the magnetism in every magnet is zero. On the other 
hand, the theorem does not hold if the surface cuts through a magnet. 
Nevertheless, if the magnet is divided into two parts, MNQP (Fig. 81) 
and BSTUf and if they are situated infinitely near each other, the 
theorem holds for either of them if the surface considered contains 
one part, but excludes the other. Now, if this mode of division of 
the magnet produces no disturbance in its magnetization, the theorem 
can be expressed in the following way: 

We represent the components of the magnetic force by a, p, y. 
In the part of the surface lying outside the cleft, no other magnetic 
force is acting; on the other hand, the free magnetism +0- on the 
element dS of PQ (Fig. 81), and -o- on the corresponding element 
of BUf produce a force which can be determined in the following 
way : From XIII. a surface on which the surface-density is o- exerts 
an attractive force tiva- on a unit of mass lying very near it. In 
the case of magnetism, the force 2ir(r is a repulsion. If there are 
two parallel surfaces, on one of which the density of the magnetic 
distribution is cr, while on the other it is -o-, the magnetic force 
acting between the surfaces is iira-. If the normal to the surface- 
element dS directed outward makes angles with the axes whose cosines 
are /, 971, n, we have, if A, B, C are the components of magnetization, 
ir = lA+ mB + nC. The magnetic force in the direction of the normal 
is la-^mp + ny. Since, in the case considered, the surface-integral must 
be zero, we have j|(^a + m)8 + wy + 4ir(r)6?5=0, or, from LXVIII. (b), 

\[l{a + iwA) + m{/3 + AwB) + n(y -¥ AirC)]dS^ 0. 

We set (b) a = a + 4ir^, b^ff + iwB, c = y + 47rC, and obtain 

(c) l{al + bm + cn)dS = 0, 

The quantities a^ b, c are the components of magnetic induction. If, 

therefore, the directions of the lines of force are determined by the 

directions of the resultants of the magnetic induction, it follows that 

the lines of force may be considered as continued through the magnet itself 

and thai they therefore return into themselves. Now, equation (c) shows 

M 
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that as many lines enter a surface as leave it If we consider an 
arbitrary surface S so drawn as to pass through every point of a cloeed 
curve 8j and detennine the magnetic induction whose components 
are a, 6, c, the magnitude X = \{al + bm + cn)dS is determined by the 
boundary s of the surface S. We may say, the curve s encloses N 
lines of magnetic force. 

From equations (b) it follows that 

?«/ dx + dbl dy + dcfdz 

= dafdz + dp/dif + dyi'dz + 4x^?^/3jr + dBfdy + dC/'dz) = - V^F- AirfK 

Hence, we have cafdx + 'db;dif + dc2z = 0. 



Section LXXV. The Equation of Lines of Force. 

We will develop the equation of the lines of force of a smtll 
straight magnet NS (Fig. 83) which is magnetized in the direction 
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Fig. 83. 

of its length with the intensity of magnetization J. Let N and S 
reprcHcnt the north and south poles respectively. Free magnetism 
is present on the end surfaces S and iV, supposed to be plane and to 
have the area dA ; the quantity at the north end is J, dA, that at 
the south end -J.dA, Let the centre of the magnet be the origin 
of coordinates, and the ar-axis coincide with the length of the magnet. 
We are to determine the components a and fi of the magnetic force 
which acts at the point 1\ whose coordinates are x and y. If 2/ is 
the length of the magnet, and if PS=r^, FN=r^ J, dA = q, we have 

a^q,{x- 1)1 r^^ - q . {x + l)lr^^ /S^q. ylr,/ - q . y . r^^. 



SECT. Lxxv.] EQUATION OF LINES OF FORCE. 179 

If <lx and dy are the projections of an element of the line of force, 
we have dy/dx^^/S/a^ or 

(a) (x - l)lr.2^ .dy-ix^ l)li\^ . dy = y/r/ . dx - yjr^^ . dx. 

If we set i.PSx = B^^ lPNx = 0^ we have 

cos Bj = (a: + /)/ri and cos Go = (x - Z)/ro. 

If x and y increase by dx and dy respectively, cos 9 will increase by 
rfcosB, or 

dcosB^ = ( l/fj - (a* + l)yr^^)dx -(x + l)yh\^.dy^y^li\^,dx - (x + l)ylr^^>dy. 

In the same way d cos Og = y V^o^ .dx-{X'- l)ylr^ . dy. From equation 
(a) we obtain d(cos6i - cosBg) = 0, or, if c is a constant, cosBj - cosBj = c. 
This is the equation of the lines of force. 

Section LXXVI. Magnetic Induction. 
The components of magnetic induction are 

If we consider a, 6, c as components of flux, they have a property 
similar to that of the components of flow of an incompressible fluid 
[of. XLI. (e)], for 'da/dx + dhfdy + dc/dz = Oj or, what amounts to the 
same thing, \(al + bm + cn)dS = 0. If 93 represents the resultant of 
(I, b, c, and c the angle between 93 and the normal to the surface-element 
dS of the closed surface S, we have j93 . cos €,dS = 0. 

Let EF=dS (Fig. 84) be an element of the surface of the magnet, 
and let the quantity of magnetism <r ,dS be present on dS, Let the 
induction outside the surface EF^ jo> p' 

in the direction EE\ be 5B„, and " 




inside that surface, in the same ^ • "G 

direction, be 93^ Suppose perpen- -^ ^ 
diculars erected on the perimeter of 

the element EF and the surfaces E'F' and E"F" drawn parallel 
to EF. We then have 

(93,-93j.(/5=0, or», = 93„. 

Outside the surface, 93^ is the same as the magnetic force in the direc- 
tion EE ] it will be 93„= -dFjdv,^, if the potential outside the sur- 
face is Va and the normal EE' is equal to dv^. Let Fi be the potential 
within the surface. The induction 93| is then [LXXIY.] 

93, = 3r,/3i', + 47ra-, 

and we have, therefore, 'dViidv^-{-dF„;dv,^ + iTra-^O. This is the same 
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equation as LXIX. (i). If the body considered is a mass of inm 
whose coefficient of magnetization is k, we have 

A=kay B^ kPy C = kyf /x = 1 + 4irZ:, a « /xa, b = /x/J, c = /xy. 

It follows that d(i/dx-\-db/dif + 'd<:idz = fi.V'Fi^O within the mass of 
iron. Within that mass, therefore, no free magnetism is present 
The magnetic induction perpendicular to the surface has the sune 
value on both sides of it, that is [cf. LXXIII. (c)]. 

The magnitude /x, which is the ratio of the magnetic induction to 
the magnetic force, may be called the magnetic inductive capacity (mag- 
netic permeability). The coefficient of induction or the penneabiliiy fi is 
equal to unity in vacuo, w^here A' = ; in paramagnetic bodies /ix > 1, in 
diamagnetic bodies fi< 1. 



Section LXXVII. Magnetic Shells. 

Suppose a thin steel plate to be magnetized so that one face is 
covered with north magnetism and the other with south magnetism. 
At any point A in the face N (Fig. 85) draw a normal to the plate 
which cuts the surface S at B. Let the plate be so magnetized 
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that -o- represents the magnetic surface-density at By and +o" that 
at A, We set AB = e, and call (re = 4> the strength of the shell* at 
the point under consideration. If the plate is infinitel}'^ thin and the 
surface-density infinitely great, 4> has a finite value. Such a plate is 
called a magnetic "^At//." 

The potential of such a shell may be expressed in the following 
way : Let LM (Fig. 86) be the shell, dS a surface-element on its 
positive face, I>C the normal to this surface-element, and P the point 

* In the original, the moment of the surface. — Tr. 



yr. Lxxvii.] MAGNETIC SHELLS. 181 

which the potential is to be determined. We represent the angle 
tween BC and BF by e. The potential at the point P, due to 
at part of the shell whose end-surface is dS, is [LXIX.] 

(I V= (T,dS,e» cos €lr^, 

ence, if the strength of the shell is constant, (a) ^= * . jj cos c . dS/r^j 
lere the integral is to be extended over the whole surface. If 
e solid angle subtended by dS at the point P is called d<a, and if 
3 set BP = r, we have dS , co8 € = r^do). 

Therefore dF= o- . « . dw = ^ . do), and hence (b) F= * . w, where w 
the solid angle subtended by the shell at the point P, We may 
11 cu the apparent magnitude of the shell seen from the point P. 
If the point for which the potential is to be determined lies on 
e opposite side of the surface, say at F, and if w is the solid 
igle subtended by the shell at the point jP, we have P = - €> . w'. 
the points P and F approach each other until they are infinitely 
lar, but on opposite sides of the shell, we have (c) P = — 4> . (Air - w), 
ice 4r7r is the total solid angle about a point. Hence, finally, 

If PQF (Fig. 87) is a curve which does not cut the shell, and 
bose ends lie infinitely near each other on opposite sides of it, the 
3rk done by the magnetic forces in moving a unit 
agnet pole over the path PQP' is equal to 47r4>. / fl ^^Q 
lis theorem holds even if other magnets are present ' 

the field. They act on the pole with forces which 
tve a single-valued potential, and the work done by 
em during the motion of the unit pole in the curve 
QF is equal to zero; for this curve may be con- 
lered as a closed curve, since P and F are infinitely 
jar each other. 

After obtaining an expression for the potential of a 
agnetic shell, we determine the force with which 
e shell acts on a magnet pole of unit strength. The normal to 
e shell makes angles with the axes whose cosines are /, m, n ; 
t- f > Vi f ^® ^^® coordinates of a point in the shell, and .r, y, z 
6 coordinates of the point outside the shell for which the potential 

to be determined. We then have 

cos € = L (x - ^)/r -{-m,{y- T])/r + 71. (z- f )/r, 
lere r- = (a; - ^)^ + (y - vY + (^ ~ 0"- From equation (a) the potential 

F= ^ . \l[(x - ^) . / + (y - ri)m + (z - On]/r^ . dS, 
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Since 3r~V^^ = (^-f)/^\ we obtain 

Represent the components of the magnetic force in the direction of 
the ;r-axi8 by a, we then have (d) a--= -dF/'dx, and 

because ?/"V<^^=^ -3r~YB^- If the shell does not pass through the 
point /, ijy .:, r will never become zero, and we have 

(e) a- +^.ll[in,d^-r-\'^yjd$-^n.d'h-'^/'dCd$--l(dh'y'dri^^ 
From the theorem of VI. (f), we have 

Wesot J=0. r= +€».^r-V^f; ^= -*.Br-Vdi/, by which the right 
sides of equations (e) and (f ) become identical, and then obtain 

(g) tt = * . JDr- V^f • dy)lds - 9;- VBi/ . dC/ds)ds. 

Analogous expressions hold for )3, y. By carrying out the differen- 
tiation, we obtain (h) a = * . j[(c - ()/r^ . drf/ds - (y - rj)/r^ . dC/ds]is. 

The force w therefore determined by the contour and the strength of the 
magnetic shell. This result follows from the fact that the potentitl 
is determined by the solid angle and the strength of the shell. 

In order to find the geometrical meaning of equation (h), we use 
the following method : Let ^, >;, ( be the coordinates of the point 

y (Fig. 88) ; Oi/ and 0.z represent the directions of 
the 1/- and raxes respectively. Let the element 
ds be parallel to the >axis, and represented by 
OA = d( ; we then have dr) = 0. Let the point P, 
for which the potential is to be determined, lie 
■^-T — ^ in the t/z-plaine, and let OP--^r. We set AOP^^, 
„ g^ and have y - >; = r . sin 0. The magnetic fowe 

due to ds = OA is, (i) a = - 4> . ds . sin 0.'/^* ; it 
is perpendicular to the ?/:-plane. Its direction may be determined 
in the following way : // the right hand is held so thut the Jimjers 
jmnt in the direction of ds^ and the palm is turned toward th^ polt P, 
the thnnh gives the direction of the force. 

Finally, we determine the work which must be done to bring a 
magnetic shell from an infinite distance to a place where the magnetic 
potential is equal to V. Let the shell be divided into elements d\ 
In order to bring the surface-element which carries the quantity 
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r,dSo{ south magDetism to its final position, work equal to --a-.dS, F 
nust be done. In order to bring the corresponding surface-element 
carrying the same quantity of north magnetism to its place, work 
equal to {F+dF/dv,e)(r.dS must be done, if v represents the normal 
to the surface-element dS. Hence the total work done is 

A = \\dF/dv ,etr.dS=^. \\dVldv . dS. 
Now, since dF/dv= -(/a + m^ + ny), we obtain for the work done 

If .Y represents the number of lines of force contained by the contour 
)f the shell, we have A— -^,N, 
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i>~:i-: ;;is^--"-:r^^ "nn: "rii* «iKc:!i=k. ctctcbi exerts ui action on 

c::? ::ix; !&▼ rr zh* ssaciiscir irrx nk& » doe to an electrical 

.,T - w-w -i^ j^-^rri ij lam joii S&nrL L« JB (Fig. 89) be 

k :'in}mirr:ze ttsj^x^h^ tyr a cmrent which is 

•r" iir*sir-»i ~if istt iiarsiT of electricity flowing 

n xhj: '±xui i2^js£i aar cross-section. Let 

n>f . lajLTZTT :c icftfXkfiiism ■ be situated at the 

".•.dz S. A3i£ j*^ ihat coadactor AB he divided 

a : : :i.izr:elT saiiill Ttarts is. If (7/> = ds is an 

z.T.i_:t-- ??r.k" iifcr: :: :he conductor CP-r, and 

^ :>:- Lz^L^ :ir:wr^~ ^ and the direction of the 

--Ti-: ii: J. lii-* -iireciion of the force will be 

:«:r:«fz. i.:::lir :o lie r-Iane determined bv r and «/». 

• • « * 

"'■'"■■' " "" : ''• '■'••.•'?. :'' f-.'Y'^'i^ •■' rv /T'-f^ exeriffJ h'j ih( 
r.. • I - '•»- I, -/- ...' ... -;>% =, :'s^ 'jir^7:tiofk "f ihf thumb. The 

n-A^ ..r .: :-r ::rw a :> i A = a . i .ix r^.smO. 

T::e mAjnetfc : :r:e which :> d:;e to anv srsiem of electrical currents, 
wno^ a:n^::ion, srrtn^h, and {H^sition in space are known, may 
he calcu:at<r<l tDr-m a-. 

It the current forms a ■-:.<<*/ n.vn//. and if the intensity of the 
current is the same at all points in the conductor, we may determine 
the force due to the current and also the potential which the current 
produces. The force due to any current-element is equal to that 
exerted by a line-element of the same length, which forms part of 
tbe conUiur of a magnetic shell, whose strength is equal to the current- 
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strength. This follows from a comparison of equation (a) with 
LXXVIL (i). 

From LXXVIL (b), the potential F of a closed circtiit of strength t, 
at the point P, is (b) F—io), where cd is the solid angle subtended 
by the circuit at P, If a, /S, y are the components of the magnetic 
force acting at P, we have, from LXXVIL (h), 

f a = i . l{(z - Olr^ . drjids - (y - 77)/r3 . d(jds)ds, 
(c) I yS = t . l{(x - ^)/r3 . dilds - (^ - Oh"" . d^lds)ds, 

i 7 = * . i((y - V)!^"" . d^i'ds -{X- ^)/r3 . drjlds)ds. 
If ABC (Fig. 90) is a conductor through which a current t flows 
in the direction indicated by the arrow, and if a unit magnet pole 
moves around the current in the direction 
found by using the right hand in the manner 
before described, the work done by the mag- 
netic forces during the movement over the 
path DFED is, from (b), equal to Ain, If the 
path of the pole encircles several currents i, i\ 
iT etc., the magnetic forces due to these 
cnrrente do upon it, during its motion, the 
work A^ given by (d) ^ = 47r(i + i' + r+ ...), 
in which the currents which flow in one ^ig 90 

direction are to be reckoned positive, and 

those which flow in the opposite direction, negative. Hence, the 
potential which an electrical current produces at the point F is 
not determined only by the position of that point If we bring a 
unit pole (Fig. 90) to F over the path GF from an infinite distance, 
the work which is done will be equal to V, the potential at the 
point F. If the pole then passes around the current over the path 
FEDF^ the work ^iri will be done, and the potential at F becomes 
V-\-Av%, If the pole passes n times around the current in the 
same way, the potential at F becomes ¥-¥ 4imi, Hence, the potential 
at the point F has an infinite number of values. The diflerential 
coefficients of the potential with respect to x, y, z are nevertheless 
completely determined. 

If a pole of strength /a passes once around the current, the work 
done on it is 4irtfi; if a magnet passes once around the current and 
returns to its original position, the work done is 47ri^/A, when 2/a 
represents the sum of the quantities of magnetism in the magnet. 
But since for any magnet S/a = 0, the work done is in this case equal 
to zero. 
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Since an electrical current may be replaced by a magnetic shell, 
we can obtain the magnetic moment of an infinitely small closed 
current. If i is the current-strength, the strength of the equivalent 
magnetic shell is a-e^-i. If dS is the surface of the shell, we have 
i . dS = are . dS. The quantity of magnetism on one side of the shell 
is ardS, and the thickness of the shell is e. Hence, the magnetic 
moment of the current equals the product of the current-strength 
and the area enclosed by the circuit. 



Section LXXIX. Systems of Currents. 

Let a conductor be wound around a cylinder, so that the distances 
of the separate turns from each other are equal. We may approxi- 
mately determine the magnetic action of the system in the following 
way : If Z is the length of the cylinder, N the number of turns, 
and i the current-strength, the current flowing in unit length of 
the cylinder is Ni/Lj and that flowing in the length dx is Ni.ds-L 
A portion of the cylinder whose length is cLc may be replaced bj 
a magnetic shell, whose thickness is dz and whose surface-density 
is <r, if (a) a-.dx^Ni.dxjL and ar^Ni/L. If this substitution is 
carried out for the whole length of the cylinder, the actions of the 
positive and negative faces of the substituted magnetic shells annul 
each other everywhere except on the ends of the cylinder. If the 
current flows in the way shown in Fig. 91, ^ exhibits negative and 
B positive magnetism. Such a system of currents is called a sohnM. 
Outside the cylinder, the only magnetic forces which act are those 
which proceed from the poles A and B. If the length of the solenoid 
is great in comparison with its diameter, the magnetic force outside 
of it vanishes near its middle point. The force in the interior of 
the solenoid ma}' be determined in the following way : Let the 
line CD be parallel to the axis of the solenoid (Fig. 91), let CF and 

DE be perpendicular to its siir- 



, . -^ face, and let the line FE be 

^ I ] parallel to CD. We assume that 

the magnetic force y is parallel 

to the axis of the solenoid in its 

interior, and that no magnetic 

force acts outside of it. Suppose a unit pole to traverse the closed 

path CDEF. The work done by the magnetic force is y . dx, if we 

set CJ) = dx. From LXXVIIL (d), we have (b) y,dx=-4ir,Ni,d/L, 



Fig. 01. 
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■^ ^ixNijL. IF we represent the number of turns in unit length by 
.^F, we have yivN^i, that is, tke magnetic force (ntiniber of lines 
<*ff force per eqnare centimetre) in the inlerwr of tke sdatoid and 
Vkaar iii middle point is given by tke product of the currenlstrenglh i 
•■■Jo tlu nitmber N .of lams per unit length of ike solenoid. 

We will now determine the magnetic force of a sphere on whose 
mirbce a conductor is wound. Suppose that a conductor is wound 
C»x a sphere of radins Jt, so that the planes of 
^Im tnms are parallel and separated from each 

Oither by the distance a. Suppose that ABCD 

^^A.EFGH (Fig. 92) are two of the turns. If 

fclie current-strength is i, a single turn may be 

V«placed by a magnetic shell whose surface-density 

ia i, if a« = t. For points outside the sphere, 

tJie action of the positive magnetism on the 

Vorface BC will be nearly annulled by the action 

«f the negative mt^etism on the surface EH; 

the only effective part of the two surfaces is the pj^ 02 

circular ring, whose width is BE. Suppose the 

mBgnetism on this ring to be distributed with the density <r, over 
the zone BFGC. We have then 

BE.i = BF. <r, or tr/s - BEIBF= coa 6, 

if 6 is the angle between the radius OB, and the line OP |)erpendicular 
to the plane of the coils. Using the relation as = i, we obtain 
o-'t/a.cosB. From LXX. (e), (f) the magnetic potential for points 
outside the sphere is given by F„= 4)r/3. /fi/it. cos0/r-', since ija is 
equivalent to the intensity of magnetization /. 

In determining the magnetic force in the interior of the sphere, 
we must remember that the magnetic lines of force due to the currents 
are continuous, and that the magnetic force in this case ia the same as 
the magnetic induction of the equivalent magnetized sphere [LXXIV.]. 
To find it, we suppoae, as in that section, that the magnetized sphere 
is divided into two parts by cutting out an inflnitely thin section 
perpendicular to the lines of magnetic force, and that the unit pole 
is placed in the opening between these two parts. It wilt then be 
subjected to the force 2irs directed toward the north end of the 
magnetized sphere due to the repulsion of the north magnetism 
exposed on one face of the cut, to the force 3n-g due to the attraction 
of the south face of the cut and in the same direction, and to the 
force - sirt/a [LXX. (f)] due to the distribution on the outside of the 
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the positive direction in the time dt, u is the component of current 

in the direction of the ir-axis. The components of current in the 

directions of the two other axes are represented by v and w. If Oy 

md Oz are drawn through the point (Fig. 94), 

whose coordinates are x, y, z, parallel to the cor- 

respoDding coordinate axes, and if the rectangle 

OBDC is constructed with the sides dy and dz, C\ J ) 

the current u,dy,dz flows through the element 

OBDC. If the components of the magnetic force 

are represented by a, p^ y, and if a unit pole Q 



moves about the rectangle in the direction OBDCO, 

Fi<f 94 

the work done by the magnetic forces will be 

P»dy-^{y + dy/dy . dy) ,dz-(P-\- djS/dz .dz) .dy-y ,dz 

= (dy/dy - dp/dz) ,dy.dz. 

This is [LXXVIII. (d)] equal to iir , u . dy . dz. Hence, we obtain 
the equations 

(a) 4lrtt = (^y/^y-^JS/^;^), iirv = {daldz--dyldx\ iTrw^CdPldx-da/dy). 

These equations express the current in terms of tlie magnetic force. In a 
r^on where there is no current we have w = 0, t? = 0, w = 0, and 
therefore -dyl^dy^dp/dz, da/D^^By/dx, dp/dx^da/dy, 

^f <i.dx + l3,dy + y,dz= -dV. TltereforCy in a region where theie is no 
^rrent the magnetic forces liave a potential In this case the forces arise 
from magnets. 

From equations (a) the magnetic force is not determined only by 
the components of current If Uy v, w are given and a, jS, y so deter- 
mined that equations (a) are satisfied, these equations will also be 
satisfied if we replace a, jS, y by 

a'^a-^dV/dx, p'^p + dF/dy, y^y-^dV/dz, 

where V is an arbitrary function. The potential due to the magnets 
present in the region is K 
We will now consider a few simple examples : 
(a) Suppose the direction of the magnetic force to be parallel to 
the 2:axis, and its magnitude to be a function of the distance /* from 
this axis (Fig. 95). We then obtain from equations (a) 

iTTU = + dy/dr . y/r, 4irv = - dy/dr . x/r, xv = 0. 

The current is parallel to the a:yplane and perpendicular to r. The 
current-strength / is 

/= u cos (tiJ) + V cos (tt/), J= -u, y/r + v.x/r= - I /Air . dy/dr. 
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Tlieise e«;:x;iz:i}it:» wzL 'm BSsdifii if we idBome chat y = and thit 
« Aori i jmK rx3i:Q»jQti -x r la^i v •hiIj. Sappoee that the magnetic 
force ss r;«xT«id ]nzo tttj '^3lILpt:■a)es.:;& one of which, B^ acts in the 
direcQijii of zhe pp^uroAiciL or ■-. A3»i rh-f o4her. 5» is peqwDdicolar 
to r. We laea oo&ii;3. t = iL . r *• -5. f r. d = ^. » r-i-5. jr r, and 
therefore 43^' = i^ 'ir • :? ' = I - . /i :?r ■*>. 
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if C; C^ '.\ are ci:.a5CA-:5. -/ = 'V ^'•^•'"i = «>>r •^/•=^r Ti»« 
firsc of these et;:L*:ioci biMs ::r rh- :n:erior. the second for the con- 

ductor. the thiri for th-e- sosi^-e ictsf-ie th'* oiMi-iuctor. From the nature 
of thr pr»:^blem, 5, m^sc hive i naite value in the axis ; we therefore 
hare '.'.=0. Since th-e mj^retio force ohanses continuouslv, we have 
S. = •;• when r = A'., and therefore L\ = - -=-ifi;--. .S^ = ^-icr - 2z'tcE.' r. 
When r = h\ we have 5^ = .>. and therefore 

C I:. = 2-;.-^, - 2-r. -A\^ /:. ^, = J-jn RJ - /?,- • r. 

Since ^vd hv^ - /^-; is c^ual to the earrent-strength i in the conductor, 
we have .> = i'i >■. 

Therefore, an indaxtKlu >.«7 ^*i\iii\t IIm>u' cnrrt^nt €jrerU a mtignttl' 
pffrt at a y<V*?n pArtf, ichkh i.< iff^rs^ifj yop'^iiional to the durance of ihoi 
jif/mt ff'itix tM r>/rr*;nt. 



SfXTioN LXXXI. Sy>telms of Currents in General. 

The comfionents of current and the components of magnetic force 
arc connected by the equations [LXXX. (a)] 
(ii) \vH V// ;y - cfi cr, 4-r = ja, :r - ?y ?^, Wic = ?/8 ?/ - ?a ?y. 
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From these equations it follows that (b) 'du/'dx + dv/dy-^dw/dz^O, 
This equation corresponds with the equation of continuity in mechanics, 
and asserts thai the total quantity of electricity contained in a closed region is 
constant It thus appears that the current, whose components are u, v, w, 
mm like an incompressible fluid. There is never any accumulation 
of electricity, but only a displacement of it. This apparently con- 
tradicts experience ; in order to be consistent with our method of 
treatment we assume with Faraday that an electrical polarization or 
an decirical displacement occurs. We represent the components of 
this displacement by /, ^, h. If one of the components, say /, increases 
by the increment df in the time dt, df/dt =/ represents the quantity 
of electricity which passes in unit time through a unit of area per- 
pendicular to the a;-axis, in consequence of the change of polarization. 
If J7, q, r represent the components of the electrical current which is 
due to the flow of electricity through the body, we have 

(c) u==p-\-dfldt, v = q-\-dg/dt, w = r + dh/dt. 

These quantities, u, v, w, are the components of the actual current, 
which is made up of the current conducted by the body and the current 
arising from the change of polarization or the electrical displacement 

If the components of the current are finite, the components of 
magnetic force vary continuously when no magnets are present in the 
^on. The components of force perpendicular to the surfaces of the 
magnets, if any are present, is in general discontinuous. We assume 
that currents of infinite strength do not occur in practice ; however 
we sometimes consider the flow in a surface, in which case we must 
^^ssurne that the components of current in the surface are infinite. 
In this case the components of force parallel to the surface vary dis- 
<^ntinuously on passage from one side of the surface to the other. 
If ^1 and ttj represent these components of force, and / the quantity 
of electricity which flows through a unit of length perpendicular to 
the components, we have from LXXVIII. (d) 47r/= a^ - a^ We may 
obtain the same result from (a) as follows : We consider two surfaces 
^hose equations are z = c^ and z^c^. We obtain from the first two 
equations (a) 

*'■./ u,dz= I dy/dy.dz- P^-^Pi, 47r. / v,dz = a^-a^- dyfdx,dz. 

1^1 and jSg ^^^ ^^® components of the magnetic force in the direction 
of the y-axis on both sides of the plane surface ; a^ and a^ have similar 
Meanings. K Cj - Cj = c is infinitely small, and u and v are infinitely 

^eat, the integrals / udz and f vdz are the quantities of electricity 

Jei Jci 
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which flow in a surface. The integrals on the right side vanish 
simultaneously, and we obtain the value given in (d) for the difference 
between the components of magnetic force on the opposite sides of 
the surface. 





Section LXXXII. The Action of Electrical Currents ox 

Each Other. 

The work which must be done upon two conductors A and B 
(Fig. 96), carrying the currents i and t', in order to bring them nearer 

each other, can be determined in the 
following way : Let the position of tlie 
current A be fixed, while B is brought 
toward it from an infinite distance. 
B may be replaced by a magnetic shell 
whose surface-density is o- and whose 
thickness is e. Suppose CDE to he 
Fig. 96. a straight line, normal to the shell, 

which cuts it on its negative face at 
C and on its positive face at D. A surface element dS' at C carries 
with it the quantity of magnetism -ardS\ If V represents the 
potential which A produces at C, the work done upon the element 
dS' at C is - r<r . dS\ Setting CD = dv, the work done upon the 
element dS' at D is (F+?F/dv .di').(r,dS'. Hence the work arising 
from this portion of the shell is dF/dv .dv .a-.dS'. But rfi' . o- = i', and 
hence the work done upon the whole shell is (a) JF= % . \\?}Ffdv. dS\ 

The force acting iu the direction CE is - dF/dv. If CE makes 
angles with the axes whose cosines are /', 7n\ n\ we have 

(b) 7r= - i' . \\(Va + mli + n'y)dS\ 

The quantities a, fi, y are determined in LXXVIII. (c), and may 
be put in the form 

a = / j(3r- V3// . dijds - ?;- V?^ . d7j;d$)d8, 
/3 = i](dr-^ldz . d$ld.s - dr-\'dx . di/ds)ds, 
y = i\{dr-\'dx . drj/ds - dr-^dij . d$/ds)ds. 

From the theorem of VI. (f) we have 

\(X . dx ds' + Y. dyjds' + Z . dzjdsyis' 

.-= \\[r{cZI?^y - ar/?.:) + m'{l^XI'dz - dZ/d.r) + 7i\dr/dx - dX/dy)]dS\ 
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We now set 

X=lii'/r.d$lds.ds, Y^litlr.drj/ds.ds, Z^\ii'lr.dilds.ds, 
and obtain 

i%\\{d^lds . dxjds + dr^jds . dylds' + d^jds . dz/ds')dsds'/r 

= 111" [^'(^'•" V^y • ^f/^ - dr-'^/dz . drj/ds) 
+ m'(dr'^/dz . d^jds - dr-i/^.r . dUds) 
+ n (9r-V^.« . dr^lds - Br" VBy . d^lds)]dsdS\ 

or «' j l((^^/(& . (^a;/(fo' + dr^jds . eiy/t^s' + c^f /(/« . dzlds')dsds' jr 

Hence from (b) 

(c) ^= - ii'\\{d^ld8 . rfar/e^s' + dt)jds . c^y/Js' + (^f/^/s . dzlds')dsds'/r, 

where tfo is an element of one conductor and ds' of the other. 

If we represent the angle between two elements ds and ds' by c, 
we obtain F. E. Neumann's expression for the potential energy of two 
ekdrical currents, (d) /F'= — u'lJcos€/r.c?sc?s'. 

If we represent the magnetic force which is perpendicular to an 
arbitrary surface containing the circuit B by ^, we have from (a), 
(e) fV^ -i'. l^'.d/Si'= -i'JV, if N represents, in Faraday's nomen- 
clature, the number of lines of force enclosed by the conductor. 
Therefore the potential energy of a current equals the negative product of 
the eurreni'Strength and the number of lines of force enclosed by the con- 
dudor. Hence it follows that a current always tends to move so 
that the number of lines of force enclosed by it shall become as great 
as possible. The positive direction of the lines of force is the direc- 
tion in which a north pole moves under the action of the current 
[c£ LXXrV.] The above theorem has only been proved on the 
assumption that the magnetic force ^ is due to another current. 
But because currents and magnets are equiv- 
alent, the law is true generally. Since the 
surface containing the circuit B may be 
arbitrarily chosen, the energy W depends 
only on the contour of the circuit. 

The force which acts on an element 
AB^ds of the current ABC (Fig. 97) 
may be determined in the following way : 
Suppose that the conductor ABC moves so 
that AB is displaced to A'F in such a 
manner that A A' and BK are perpendicular to AB, If AA' = dp, 

N 
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T:- n.-ejL^^Lr-r xz^ZkiLZ izrrtzLis we s^fnenJIv use a ^vanometer con- 
vlrJr.^ of j-iTiZrl iirz-ilir c.-nductors cakirring the current whose 
*trerigth is to l«e drrcrmine'L A zuiguet whose dimensions are small 
in compariyju Tn':h :he radias of the coils, is suspended in the centre 
of the ap{,aratus, which is s-3 placed that the coils are parallel to 
the magnetic meridian. The current sets up a magnetic force whose 
value irt Oi peq^endicular to the direction of the earth's magnetic force, 
wlio«e horizontal component is called H. G depends on the con- 
Htnjction of the galvanometer. If (? is constant in the region in which 
the magnet move.^, the angle <f> by which the magnet is turned from 
itH pohition of re^t by the current is determined by 

00 tg<f> = Gi;U, i = H;G.tg<l>, 

llmt JM, //ir r.ii/reul-s/ren(jth is, in this case, proportional to the tangent of 
the. ifiujlc of ih'jlcriina. 
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(b) Fdriahle Currents. 

It is very difficult to determine the strength of currents of short 
uration at any instant We may, however, easily measure the total 
uantity of electricity Q which flows through the conductor. From 
^XXI. (d) the moment which tends to turn the magnet about a 
»erpendicular axis is -SDiasinS, if 9K is the magnetic moment of 
he magnet, a the magnetic force, and 6 the angle between the direc- 
ions of 3D? and a. Setting a==Gi, where G is the galvanometer 
constant, and assuming = Jir, the directive force exerted by the current 
>n the magnet is equal to ^Gi. The total moment caused by the 
surrent is therefore l^Gi.dt=^^lG.Qy if we write Q=li.dt. Q is the 
:)uantity of electricity which passes through the conductor during 
the discharge. 

If J is the moment of inertia of the magnet, and w its angular 
velocity, J<o will be its moment of momentum. We thus obtain the 
equation (b) ^GQ = J(a, If the period of oscillation of the magnet 
is called t, we have, by LXXI. (f), 

(c), (d) T = TT . JjJWH and therefore Q = Hr^i^jGir^ 

The kinetic energy which the magnet receives from the impulse 
given to it by the current is j^Jw^, in consequence of which it turns 
through the angle 6. Its potential energy thereby increases from 
-5W£r to -aW^cosB; the work done on it is 9)JF(l-cose). We 
therefore have i/<o2 = 2SDI^8in2(9/2), or, if is very small, (e) 6 = Tu>/7r 
and Q = Ht/ttG . 6, that is, if there is no damping action on the magnet y 
and if its angular displacement is smally the quantity of electncUy flowing 
through a section of the conduct^' is proportional to the angular disphice- 
ment of the magnet, 

(c) Damping Action, 

The oscillations of the magnet generally diminish rather rapidly 
in consequence of what is called damping or damping action. Damping 
arises from resistance of the air and the action of currents induced 
by the motion of the magnet in neighbouring conductors. If there 
is no damping, we have from LXXI. (e) and (f), when the oscillations 
are small, d^/di^ = - it^/t* . 6, t is therefore the period of oscillation 
of the undamped magnet. We may assume that the damping action 
is proportional to the angular velocity dSjdt, Taking the damping 
into account, we have, to determine the deflection 6, the differential 
equation (0 ^ + 2m9 + tt^/t^ .0 = 0. The factor m depends on the size 
and character of the oscillating magnet, on the density of the air, 
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W*r Kt r=A^ m^i ob:Air: :• A = !-:cnAt jOj-O^) (Bj-e^)]. A is 
the .'o. n:.V:?' v-? ^i.\ whiih can rie verr exactly detennined from 
a r«r:e* of <:»?.i:IIi::oii5. Frr-ta ,; the /-?n\»/ »/ i^Ilafion Tj, is 
'k; r =r. ^ i - A- r--. There:': IV :he fteriol of oscillation is increased 
by the damjiiij: i.:t:on. If we se: r ^ r in et^oation (h^ we have 

tgr =~r r. . = r- wir. an-i =-r r. = arctg» - A ». mr^ = A - . arctg(r A), 

sin- r-r r. J = 1 X 1 — A- =-^. 

Hence we have further 6, =-<:/ =-. ^-^» ^n^i' V). l^'l+A=*r- and 

We obtain from (d) and (k) V = //v (?=^\ w ( 1 + A- r^), and using 
equation (\), (m, Q = e^, Hr^ G- . t^ ^•^^ii^ M. i Ji + A^ r-\ 

In order to determine the quantity of electricity sent through a 
conductor by an electrical current, whose duration is small in com- 
parison with the period of oscillation of the magnet^ we must determine 
the logarithmic decrement and the period of oscillation of the magnet. 
Q is then determined from these quantities, if we know in addition 
the inU-nsity of the earth's magnetism and the constant of the 
galvanometer. 
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Setting arctg ir/A=j7r-a; we have igx — X/ir. If A is very small, 
we have x^Xjir and arctg (tt/A) = Jtt - A/tt. If the damping action 
s insignificant, we can neglect higher powers in the series in which 
;he exponential may be developed, and obtain 

gX/r. arctg (T/X)=,i + X/2 and Q = e,. HrJChr.(l+k/2), 



Section LXXXIV. Ohm's Law and Joule's Law. 

We have up to this point assumed the existence of the electrical 
current and have not discussed the question of the way in which it 
is started and maintained. This mode of treatment in many respects 
lacks clearness. We will therefore state such facts as are well established 
by observation. The so-called galvanic elements can establish and 
maintain an almost constant current. In order to maintain a constant 
current in a conductor, an electromotive force must act in the direction 
of the current. If u is the quantity of electricity which flows in unit 
time through a unit of surface of the a;y-p1ane in the direction of 
the ic-axis, we can set u^CX, if C is the condudmbj and X the 
component of the electromotive force in the direction of the a:-axis. 
C depends on the nature of the conductor, and may be supposed to 
have the same value in the conductor in all directions. If the com- 
ponents of current and of force in the other two directions are v, «?, 
and F, Z respectively, we have (a) u = CXf v = CY, w=CZ. Hence 
^ufdx + dvrdt/ + dwldz=C(dX/7>z + dY/dij-^dZfdz). If the steadi/ state 
of the electrical current has been reached, the left side of the equa- 
tion equals zero, and hence the right side is also equal to zero. If 
the electromotive forces have a potential F, we have (b) V^^^q. 
This equation states that no free electricity is present within the conductor 
CIS soon as the current becomes steadi/. The electromotive forces must 
therefore arise from the free electricity on the surface of the conductor. 
Suppose ABC (Fig. 98) to be an electrical conductor. We will 
consider a portion of it which is bounded by the infinitely small 
cross-sections AA* = S and BB' = Sj separated 
from each other by the distance /, which is 
also infinitely small. If AB is parallel to 
the X-axis, the component of current u equals 
CX, and therefore the quantity of electricity 
i=^uS=^CX.S flows through the cross-section S. If F and F' are 
the potentials at A and B respectively, we have i = C ,S ,( V- V')/l 
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and farther *c) i^iF^ T) il CSi^lF- V) B, Tfu resistance R i$ 
dirfdln p:'0jifjrtyjti4il t*y tk< Um/th of the amdudor and inrtrseln prif'T- 
tiomal I* its cnMU-iifctiotk, amd to the condurtitity of the substance ccnstitvtin^ 
the co^'indor. The difertikce of potential between A and B is T-P. 
Eqnadon (cy contains Ohm's laiCj according to which the airmt- 
streiyith ii directiy pnjpfii^.'nal to the difference of p4ential and inmdv 
propyriion^xl to the resistance. 

The qoantitT of electricity i . dt flows through the cross-section A A' 
in the time dt and passes from A to B under the influence of the 
electromotive force .Y. The work done is therefore 

i.dt.X.l^i.dt.iF-r). 

The work done in this part of the conductor by the electromotive 
forces in unit time is (d) A = i(F-F)=:i'R This work is trans- 
formed into heat in the conductor. Therefore the quantity of heat 
detetoped in a aoiductor is proportional to the square of the current-strength 
anii the r*!sistance of the conductor. This theorem was proved experi- 
mentally by Joule and deduced theoretically by Clausius. 



CHAPTER X. 

INDUCTION. 

Section LXXXV. Induction. 

Faraday was the first to demonstrate that a current is set up in 
a conductor if a magnet or a conductor carrying a current is moved 
in its neighbourhood. F. £. Neumann discovered the laws of these 
induced currents. Faraday himself afterwards described a method 
of determining the strength and direction of the induced current 
which possesses great advantages, because it makes it possible to 
visualise the process. Suppose ABC to be a closed conductor 
(Fig. 99), and DE, UE, etc., the lines of force 
enclosed by it. Let us designate an element 
of a surface bounded by the conductor by 
dS, the components of the magnetic force 
(cf. LXXI.) by a, ^, y, and the angles which 
the normal to dS makes with the axes by /, 
m, n. An electromotive force arises in the 
conductor if the integral 

(a) N^\{aUPm + yn)dS 

changes its value. If magnetizable bodies are enclosed by the circuit 
which have a greater permeability for lines of force than air, the 
components of force must be replaced by the components of magnetic 
induction. An electromotive force then arises in the conductor if 
the integral (cf. LXXIV.) N=\{al-¥hm + cn)dS changes its value. An 
induced current arises if the number of lines of force enclosed by the con- 
ductor is changed. If the change in the number of lines of force 
is an increase, the induced current tends to diminish the number of 
the enclosed lines of force, for the direction of the induced current 
is such that its own lines of force are opposite to the lines of force 

formerly existing. If the direction indicated in the figure by the 
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arrow is taken as positive, the induced electromotive force acts in 
a negative direction. 

According to Lensfs law, the current induced by the motion of a circmi 
tends, by its electrodymimic action, to oppose the motion by which U u 
induced. 

In order to determine the magnitude of the induced electromoti?e 
force, we suppose that the current-strength at a given instant is 
equal to i. If we move the conductor in the magnetic field, we 
must, by LXXXIL, do the work -i.dN, and, at the same time, the 
quantity of energy i//^ . dt is transformed into heat. We have at 
once " i , dN = Ri^ , dt, and therefore, because Ri equals the electro- 
motive force e, (b) e= -dNjdt, that is, the induced electromotive fmt 
is eqtud to the decrease in unit time of the number of lines offeree endosei 
by the circuit. 

The induced electromotive force depends on the value of the 
magnetic induction, whose components are a, b, c, not on the magnetic 
force, whose components are a, p, y. If there is no magnet near, 
and if the coefficient of magnetization of the region is k = (cf. 
LXXVL), the induction and the magnetic force have the same value, 
and a, b, c may be replaced by a, p, y. 

For example, if the circuit ABC at the time / carries a current of 
strength i, the number N of lines of force passing through the circuit 
in the positive direction is N= Li L is the number of lines of force 
if the current-strength is unity. It is called the coefficient of self- 
induction. If the current diminishes there arises an electromotive 
force (c) e= -d(Li)/d(. According to Ohm's law we have e = Ri, if we 
represent the resistance by R, and therefore 

(d ) Hi =.- - d{Li)ldt = - L . dijdt, 

provided that the coefficient of self-induction L is constant. This 
coofficient depends on the permeability of the region and also on 
the form of the conductor. 

If i^y is the current-strength at the time / = 0, we have (e) i = i'q . c"** '. 
The current-strength therefore diminish^ the more rapidly the greater tht 
remtance and the smaller the coefficient of self-induction. 

We obtain from (c) 



" X • X 

/ cult — - L\ i .di = iLif^ 



From LXXXIV. (d), the left side of this equation is an expression for 
the work done, which appears as heat in the conductor. Hence we 
obtain for the electro-kinetic energy J of a conductor whose self-induction 
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s L and which carries a current of strength i, (f) T=\Li?, The 
lectro-kinetic energy of the circuil is therefore equal to half the product of 
he coeffideni of selfinduciian L and the square of tJie current-strength i. 

If ABC and A'FC (Fig. 100) are two 
conductors carrying currents whose respec- 
Ave strengths are i^ and i^, the current 
'r^ sets up a number L^i^ of lines of force 
w-hich pass through the conductor ABC, 
The current i^ also sets up lines of force, 
a.nd the number of them which pass 
through ABC may be represented by 
lf22«2- The total number of lines of force 
enclosed by ABC is therefore 

(g) N^ = L^i, + M^^i^. 

The number of lines of force enclosed by A'B'C is (h) N^^ L^i^"^ ^h^h- 
From LXXXII. and the discussion at the beginning of this section, 
we have, in the usual notation, 

j(^2^i + ^2^1 + ^2^i)^'S^2 = h\ ^^^ ^/^ • dsyds^, 
\{h^% + m^ftg + f^\^2)^S^ = i^] cos c/r . ds^ds^, 

The integral with respect to dS2 equals iiM^^ that with respect to 

dSy^ equals tg-^Ai- From LXXXII. we have 

Afj2 = M.2X = j cos c/r . ds^ds^; 

M^^^^M^i is the coefficient of mutual induction of the two circuits. 

If R^ and R^ are the resistances of the conductors ABC and A'HC 
respectively, we have 

-^1*1 = ^1 = - dNJdt = - Zj . dijdt - Jlfji • ^V^^ 
-^2*2 = ^2 ~ " dNJdt = - ^2 . dijdt - M^2 • ^*i/^^« 
Hence we have, for the electro-kinetic energy T of a system of two con- 
ductors which carry the currents i^ and tg, 

T=j^ («i»i + ^2*2^^ = Ihh^ + -^^12h*2 + i^2V- 

For the electro-kinetic energy T of any system of conductors, we 
find in the same way, 

(i) r=}(Ziti2 4-z:2i22+X3V+ ... +2i¥i2tji2+23f,3V3+ 23/23*213+ ...). 

If N^j N^ -^s-' denote the number of lines of force enclosed 
respectively by the conductors 1, 2, 3... so that, for example, 
iVj = L^i^ 4- -^21*2 + -^31*8 + • • •> ^^6 expression for the electro-kinetic 
energy T becomes (k) T=\{N^i^-\' N2i2 + ^zh-^ ...) = i^Ni, that is, the 
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4mii cf fil; \mMer ^ Ibus ^ f^ra ^%H^t^ hf toA cemiwckr ad flf 
ttrtmjfk fjf ike cmmai pnaeai m £if O'^^mrter. 

yiiitiii ■] ctirreiit^ tfue coc onl j if the ndgliboiiriiig c urreuU cbange 
IB itm^th. boc also if zhtj dui^ their pontioii, so that Afj«, J/u... 
▼mrr, and alio if the condoctor itself changes it« form. In all am 
the induced cnmnt is deceimined by the change in the number of 
lines of force enclosed bv the conductor. 
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In the inrestigation of Tariable electrical currents flowing in irire 
eoils, the coefficients of induction between different turns in any one 

cofl and between separate coils are of grett 
importance. The calctdation of these co- 
efficients is in most cases very difficult ; we 
will consider only one simple case. We 
suppose two circular conductors whose radii 
are r^ and r^ (Fig. 101). They have a 
common axis, and are separated by the 
distance h. Suppose r^>ry We have to 
calculate the integral 

J/j2 = \ds^\dsjr . cos c 

We first evaluate the integral m, 

m = \dsjr . cos c. 

We have / - = 6- + r^- - ^r^r,^ , cos c + r^^. If 
p is the shortest and q the longest distance between points of the 
two conductors, we have 

and 







m 



= 2 / fj . cos € . lUjJp^ + (7- -p^)9\Xi-^€, 



If a is a small angle, so chosen that qa is very great in comparison 
with p, we can set 

w = 2 Cr. . dtjjp^ + // . €^4 + 2 Cr^ . (/e . (1 - 2 sin^Jc)/^ sin ic 

.'0 .'a 

VI - \r^lq . [ pU/Jipy^^^' + rd€l2 sin Jc - J sin Jc . rfcl, 

m = irjq . [log(2ritt/p) - log(tt/4) - 2], 

m = irjq . [log(8r,/p) - 2] = 2[log(8r,/i>) - 2]. 
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With this value for »», we obtain Afi2 = 47rr2(log(8rj/p)- 2). On the 
assumptions which have been made we may set r^ = r2 = B, so that 

(a) Afi2-4iri?(log(8i?/p)-2). 

The coefficient of induction between two coils, the number of whose 
turns is n^ and n^ respectively, and for which the mean value of 
logp is expressed by logP, is given by 

(b) Jf„ = 4iiin,x^log(8i?/P) - 2). 

On the same assumptions the coefficient of self-induction Z of a 
single coil, if n is the number of turns, is given by 

(c) L = 4im^B{log {SBIP) - 2 ). 

We will not go further into the calculation of coefficients of induction ; 
in most cases they are determined experimentally by one of the 
following methods : 

Methods of Determining the Coefficients of Induction. 

(a) If the coefficient of mutual induction M of two coils L^ and L^ 
is known, we may determine in the following way the coefficient 
of mutual induction M' for two other coils X/ and Zg'. 

Let Z] and L^ (Fig. 102) be the coils whose coefficient is known, 
and Lj^ and Zg' those which are to be investigated. A current is 




Fio. 102. 



passed through the coils Z^' and L2 from the voltaic cell E. The 
coils Z2 and Z/ are joined by conductors, and conductors are joined 
from the points a and b to the galvanometer G, If the current / 
which passes through Z^ and Z/ is suddenly broken, electromotive 
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forces e and d arise in L^ and L^, If Jg ^"^^ «^2 *"^® ^^® strengths 
of the currents induced in Zo and ig', ^® ^*^^® 

where L^ and Zj' represent the coefficients of self-induction. Applying 
KirchhofFs laws to the circuit LjJ and L^G^ it follows that 

- d(L^ J^ + MJ)ldt = ^2 Jj + G{J^ - Jg'), 

if the resistance of the galvanometer is designated by (?, and the 
resistances of the coils L^ and L^ by R^ ^^^ ^2 respectively. We 
multiply these equations by dt and integrate from < = to / = t, where 
T is a very small time-interval. If the current J is broken at the 
instant ^ = 0, a current is induced in the circuit L^OL^ which, in 
the time t, sets in motion in the circuit L^ the quantity of electricity 
C^ in L2 the quantity C^', and therefore in the galvanometer the 
quantity C^ - C^, At the time / = 0, / = / and J^ = J 2 = C'j = Cj = 0, 
and at the time / = r, /=0 and the induced current has also vanished, 
so that J^=:J^' = 0. Hence we have 

Mj= R^a^ + G{c, - a;), m'j^ r,;c^ - Gic^ - c^y 

C, - a; = J(MIR2 - M'/RM^ + G/R, + GjR,;). 

C2 - C2 is the induced quantity of electricity which flows through 
the galvanometer, that is, the total current. The galvanometer shows 
no deflection if the resistances satisfy the equation M'/M^R^/R^ 

{b) The comparison between two coefficients of self-induction can 
be carried out in the following way: Let A BCD (Fig. 103) be a 




Wheatstone's bridge with a galvanometer inserted in the arm BIK 
Zi and Zg are two coils inserted in the arms AB and £C, whose 
coefficients of self-induction are to be compared. The current entering 
at A and passing out at C distributes itself in the conductors, and 
causes a deflection of the galvanometer needle. Let the resistances 
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Fi\, R^ S^ and ^g in AB, BC, AD and DC respectively, be so adjusted 
^hat no current passes through the galvanometer; we then have 

When the circuit is broken at E, an electromotive force arises 
by induction in Z^ and Xg, in consequence of which a current of 
strength g flows through the galvanometer. Let i^, u, y^ 72 I'^^P^^^- 
bively be the cuiTont-strengths in the conductors AB, BC, AD, DC. 
They are connected by the relations *i = yi, *2~y2' ^^^ ^^^^ hd^ye 

- d{L^i^)ldt = (i?! + S^)i, + Gg, - d(L,i,)/dt = {B, + S,)i, - Gg. 

At the instant / = 0, when the circuit is broken at E, the same 
current i^ wa» in AB and BC; whence 

L^o=^{R^-¥S^)ri,.dt-^Grg.dt; L,i, = {B^-^S^)r^,dt-Grg,dt, 

Jo Jo Jo Jo 

where t denotes a very short time. No deflection is caused in the 
galvanometer by the current g if i g,dt=^0. 

Since i^ = ^-\-g we have ti = *2i i^ ^^ current flows through the 
galvanometer, and hence in that case LJL^ — {R^-\'S'^l{R^-k-S.^. 
By the use of the relation R^-.R^ — S^: S^t it follows that 

LJL2 = RJRo, 

that is, ihe coefficients of self-induction of the coils are in the same ratio 
fis the resistances of the two arms in which the coils are introduced. 

If therefore the needle of the galvanometer is not deflected either 
by a constant or a variable current passing through the circuits L^ 
and L^, we have a means of determining the ratio between the 
coefficients of self-induction L^ and L^. 



Section LXXXVII. Measurement of Resistance. 

The strength of the electrical current in a conductor is determined 
by its magnetic action; the electromotive force is determined by 
the change in the number of lines of force contained by the con- 
ductor. The resistance in the conductor may then be determined 
by the help of Ohm's law. Many methods of measuring resistance 
are in use. We will confine ourselves to the description of some of 
the simplest 

In one of these, used by W. Weber, the essential part of the apparatus 
is a wire coil which can rotate about a vertical axis. This coil is 
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8et porpendicular to the magnetic meridian and is then turned through 
ISO"*. The coil is in connection with a galvanometer; the total 
resistance of the circuit is E, If the plane of the coil makes an 
angle <^ with the magnetic meridian at a particular instant, the 
number of lines of force passing through the coil is SH sin <^ if ^' 
represents the area enclosed by the coils and H the horizontal inten- 
sity of the earth's magnetism. If L denotes the coefficient of self- 
induction of the coil and galvanometer and t the current-strength, 
we have (a) - d{SH sin <f>)ldt - d{Li)/dt = ^t. 

Since <f> changes, during the rotation of the coil, from + Jr to - ir, 
and since i is zero both at the beginning and at the end of the 
motion, we have (b) 2SH^ RQ, where Q denotes the total quantity 
of electricity which flows through the conductor. If Q is measured 
by the method described in LX XXIII., we have 

The absence of H from this expression shows that it is not necessary 
to know the intensity of the earth's magnetism in order to determine 
the resistance. 



Sir William ThotiisorCs (Lord Kelvin's) Method, 

If the coil above described turns with a constant angular velocity ^ 
we have by (a) - SHm cos <^ - Z . difdl = lli. The integral of this equa- 
tion is i = /,j. 6"*'--^ . C08(</)-a). If the rotation is continued for 
a considerable time, the exponential tei*m vanishes and need be no 
longer considered. To determine A and a, we have 

(c) A = SIIio/(R cos a + Lio sin a) ; tg a = LinjR, 

and therefore A = SIIi^/Rjl + L^i^'^/R^ = SHio/R . cos a. 

It thus appears that the self-indudioih appar- 
ently increases the resistance. 

If ON (Fig. 104) is the magnetic meridian 
and if the line OM is perpendicular to it, 
the coil acts on a magnetic needle at its 
centre with the force Gi, whose direction is 
that of the line OP perpendicular to the 
plane of the coil. The components of this 
force are 

Gi. cos <f) and ON =^ b = Gi . 8in<l>, 
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Let a^ and b^ denote the mean values of these forces. We then have 

Gi . cos <^ . d(f3 ; b^ = l/2ir . / Gi.8m<fi, d<l>. 

Jo 



Now 



I co8(<^-a).co8<^.(i<^ = 9r. cosa, / COS (<^ - a) . sin <^ . ^Z</) = ir . sin a, 
•'o ''o 

and hence aj = - iGA . cos a, b^= - \GA . sin a. 

The magnet at the centre of the coil turns from the meridian in 
the same sense as that in which the coil rotates. If its angular 
displacement is represented by 6, we have 

tg e - - a^l{H + b^) = GA cos a/(2//- GA sin a), 

or, introducing the value of A, tg = GSui cos2tt/(2/^ - GSm sin a cos a). 
This equation, in connection with (c), serves to determine the resistance 
R, If a is very small we have E^GS<a/'2tgB, 



L, Lorenz's Method. 

SupiK>se that a metallic disk ABC (Fig. 105), whose radius is a, 
turns with constant velocity about an axis passing perpendicularly 
through its centre. Around the rim of the disk, and concentric with 
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it, let there be placed a coil EF^ through which flows an electrical 
current of strength i, arising from the voltaic battery II. This current 
sets up a magnetic force, whose component perpendicular to the 
plane of the disk may be set equal to mi, where m is a function 
of the distance from the centre of the disk 0. If the disk turns 
from B to Ay and if the current flows in the same direction, the 
electromotive force induced in the disk is directed from the centre 
to the periphery. A spring is placed at the point B, and is connected 
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c r-kvc i::rcr:v ic'iirrrir-eii the eiectromotxTe force induced in 
•r.': v/f.'i xcv.r • by the ohi-ije is the ntimber «V of lines of force 
f^,,':u 4.:': f:Tir\r/uA bv r. .V re^reseais the number of lines of force 
f')».r\i pn%>:d through an arbitrary sar&ce containing the conductor 5: 
*t i>. t,h<;r<;for<!: determined by the conductor alone. Hence three 
f\uituUU*'.*., h\ O^ If, can be so determined that the line integral 
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is equal to the surface integral iV= jj(aZ + 2wi + cw)c?5. It is necessary 
for this, by VI. (f), that 

(a) a = ZHfdy - dG/dz, b = dF/dz - dH/dx, c = dG/'dz - dF/dy. 

We may also obtain these equations 
of condition by the assumption that, 
for example, dS is equal to the surface- 
element dydZf which is represented by 
OBDC (Fig. 106). The line integral ( 
then becomes 

Gdy + {H+dHfdy.dy)dz 

-{G + dG/dz . dz)dij - Hdz ^ 

= (dHldij - dG/dz)dydz. 

Since the surface integral in this case is a . di/dz, we obtain the first 
of equations (a). 

If these equations are supposed solved for F, Gy H^ we have 

(b) N= \(F. dx/ds + G . dy/ds + H, dz/ds)ds. 

If the part of the region considered is at rest, the induced electro- 
motive force e is determined by * 

(c) tf = - dN/di = - l(dF/dt . dx/ds + dG/dt . dy/ds + dH/dt . dz/ds)ds. 

If we set (d) P= -dF/dt, Q= -dG/dt, B= -dH/dt, we may consider 
P, Q, Rj as the components of the electromotive force (£, and if 
the integration is extended along the whole conductor, we obtain 
as an expression for the total induced electromotive force 

(e) e^l^P.dx^-Q^dy^R.dz), 

These components may also be determined directly by variation of 
the value of the magnetic induction, whose components are a, h, c. 
We thus obtain from (a) and (d) 

- da/dt = dB/dy - dQ/dz, 

(f) -I - db/dt = dP/dz - dE/dx, 

- dcjdt = dQ/dx - dPfdy. 

Suppose that the electrical current, as has been remarked in 
LXXXL, is made up of two parts, namely, the current of conduction, 
which is proportional to the electromotive force, whose components 
^i^ Pi ?9 ^) And the current due to the changes in the electrical 
polarization, whose components are /, g, h. Then for the components 
of the total electrical current, we obtain 

u=p + df/dty v=^q-^dg/dt, w=^r-\-dh!dt, 

O 
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If € represents the condoctiTitT, wc hare (g) p = CP^ g = CQ, r=CE 
and (h) / = kP 4=-, 'j^JcQ Ar, A = LB 4x, where k is the dielectric 
constant measured in electromagnetic onits. Hence we have 
(i) u^CP^kW.dPIt, r^CQ^kW.dQdi, w^CR-\-kiT,dRA 

From LXXVL the components of the magnetic induction S and the 
components of the magnetic force £) are connected by the eqoatioDi 
(k) a = lio^ h = /tj8, ( = /c7, where /« is the magnetic permeability of 
the subetancesw 

We hare already found the following equations connecting tlie 
magnetic force and the comp<Hients of current (cf. LXXX.) : 



Section LXXXIX. Electro-Kixktic Energy. 

By LXXXV. (k), the electro-kinetic energy of any system of con- 
ductors is expressed by T^^^Xi By using LXXX VIII. (b) we 
obtain T=^^l{Fi,dxds-hGi.dy,ds-hHi.dz.ds)ds. If u, r, ir, are tbc 
components of current, a current t, in a conductor whose cross-section 
is A J may be expressed by i = y/ . v/u^ + r* + ic*, and wo have also 
i.dxjds = uAj etc. If we set dxdt/dz^A .ds, we obtain 

(b) r= illli^^ + Gv -^ Hu:)dxdydz. 
If w, r, w are here expressed by the components of the magnetic force 
[LXXXVIII. (1)], we have 

r= l/8z- . \\\[F(dyl?>y - ?/3/3-j) + G(dal'dz - dy/3a:) 

+ H(dp/'dx - dajdi/)] . djrdydz. 

If the separate terms are integrated by parts, and the integration 
is extended over the whole infinite region, it follows, since at the 
boundary of this region a, ^, y are infinitely small of the third 
order, that 

lllH . dajdy . dxdydz — - j j ja . dll/dy . dxdydz 

and \\\G , da/dz . dxdydz = - j j ja . dG/dz . dxdydz. 

Analogous expressions hold for the other integrals. 
By reference to LXXXVIII. we therefore obtain 

(c) ^=1/877. ll\{aa + ^6 + yc)dxdydz. 

If no magnets or no bodies which can acquire an appreciable 
magnetization are present in the region, wo have a = a, 6 = )S, c = y, 

and (d) r= Ij^tt .[[[{a'^-^- fr- + y'^)dxdydz. 
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Section XC. Absolute Units. 

In Physics we generall}' take the centimetre^ (jram and second as 
mits of lengthy mass and time respectively. These are the units which 
.re used in the theory of electricity. We will now proceed to 
express in terms of them the most important electrical and magnetic 
[uantities. They are designated by the symbols L, If, T respectively 
cf. Introduction). 

(a) The Electrostatic System of Units, 

In electrostatics the force 5> with which two quantities of electricity 
^1 and e^ act on each other, is expressed by (cf. LIII.) i^ = e^ejr^, 
where r is the distance between the quantities. • If ^j = ^^ = ^» ^^® h&\e 
e - rx/J, and hence the dimensions of a quantity of electricity e are 

[e] = [LL^M^T-^] = [L^M^T-^], 

The electrical force F, which acts on a unit quantity of electricity, 
has the dimensions of the quantity e/r^, and therefore 

[F] = [Lh\fiT-'/L^ = [L-^M^T-^l 

The electrostatic potential ^ (cf LIV.) has the dimensions of the 
quantity e/r, and therefore [^] = [LhM^T-^/L] = [L^AfiT-^]. 

The capacity C [cf LV. (g)] has the dimensions of the quantity e/^, 
and therefore [C^J = [-^]. The capacity, therefore, has the dimensions 
of a length. 

The surface-density a- (cf LIV.) is the quantity of electricity present 
on the unit of surface, and therefore [tr]=^[L^M^T-yL^] = [L-K)fiT-^]. 
The dimensions of surface-density are the same as those of electrical 
force [cf. LV. (e)]. Since the electrical displacement or polanzatimi 
(cf LXV.) is the quantity of electricity which passes through unit 
of surface in the dielectric, its dimensions are also [L~^M^T~'^], The 
ratio between the electrical displacement S) and the electrical force 
is expressed by K/'iv, where K is the dielectric constant. K is there- 
fore a mere number. 

The electrical energy W [cf LXI. (a)] is measured by the product 
of the difference of potential and the quantity of electricity. Hence 
[/r] = [A23fr~2]. These are also the dimensions of all other forms 
of energy. 

(6) The Electromagnetic System of Units, 

Two magnet poles which contiiin the quantities of magnetism /ij 
and ftj, repel each other with the force F [cf LXVIII. (a)], F^fi^/Jijr^. 
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Hence quantity of magnetism has the same dimensions in the electro- 
magnetic system as quantity of electricity in the electrostatic system. 
This relation holds throughout between the two systems for corre- 
sponding quantities in electrostatics and magnetism ; wc will therefore 
not consider each case separately. 

The dimensions of the strength of the electrical current are deter- 
mined from Biot and Savart's Law (cf LXXVIIL). According to 
this law the force A', with which a current-element ds acts on a magnet 
pole containing the quantity of magnetism /x, is jr=ft. trfs.sinO./*. 
Since A" is a mechanical force, the dimensions of the current-strength 
i are 



iHiTrfih'-'"'^'^- 



Since the qvumtity of electncity q may be considered as a product 
of current strength and time, we have [q] = [i/^Af^]. 

The electromotive force e which arises in a closed conductor has been 
defined [cf. LXXXV. (b)] by «= ^dNldt, where iSr= jj((ii + fcwi-fm)iS. 

Since magnetic induction, by definition, has the same dimensions 
as magnetic force, the dimensions of electromotive force are 

In this system the electromotive force per unit of length of the 
conductor may be considered as the measure of the ele4:trical fuffff 
whose components are I\ Q, It. Hence the dimensions of electrical 

force are [I^^fiT-V^ = [L^Mil'-^]. 

According to Ohm's law the resistance is equal to the ratio 
between the electromotive force in the conductor and the current- 
strength ; the dimensions of resistance are therefore 






that is, the dimensions of resistance are the same as those of velocity, 

Surfarc-densitij of elect ricitij and electrical iwlaiization have the dimen- 
sions of a quantity of electricity divided by an area, and are therefore 

By LX XXVIII. (h) the dielectric constant h in this system has 
he same dimensions as the ratio between the dielectric polarization 
and the electrical force, or [L-^ifV^Al/^r-2] = [L-2r2]. 
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(c) Comparison of the Two Systems, 

If we measure a quantity of electricity electrostatically by Coulomb's 
iorsion balance and electromagnetically by a galvanometer, we have 
:wo values for the same quantity. In the first system this quantity 
is expressed by e . [L^M^T'^]^ in the second system by q . [Z*^*] ; the 
ratio F between these expressions is V= e/q . [Z^"^]. 

This ratio is therefore a velocity. It was first measured by Weber 
and Kohlrausch. Its value, as found by them, is F=3,1.10^^ 
which is very closely the velocity 3,0. 10^<^ of light in air. Subsequent 
experiments have made it probable that F is actually the same as 
the velocity of light. It is thus shown that an dectromagiietic unit 
of electricity is eqnal to V electrostatic units. 

If a certain quantity of electricity flows through a portion AB oi 
a conductor it produces heat in the conductor, which, considered as 
energy, must be independent of the system of measurement employed. 
The energy in electrostatic units is e . "^F,, in electromagnetic units 
q^^ where ^, represents the difference of potential between A and B 
in electrostatic units, "^^ the same difference of potential in electro- 
magnetic units. Hence we have e^, = ^^^. We have shown that 
€f= Vq^ and therefore '^^ = '^,. V; that is, an electrostatic unit of potential 
is equal to V electromagnetic units of potential. 

If we designate electrical force in the electrostatic system by F„ 
in the electromagnetic system by F^, the difference of potential 
between two points, which are distant from each other by dXy is in 
the first system ^,==F,, dx, in the second system ^^ = F^ . dx. Since 
'^^ = '^,. V we have F^ = F, F,. Hence one unit of electrostatic force 
is equal to V units of elextromagnetic force. 

The dielectric polarization !D is connected with the force F, by 
the equation LXV. (d) !D = K/iir . F„ if the electrostatic system is 
used. In the electromagnetic system this equation takes the form 
/= k/iir , F^, Since !D and / are quantities of electricity divided by 
areas, and since e = qVf we have 3)=^/". Since F,^ is an electrical 
force measured in electromagnetic units, we have 

k = i7rf/F^ = 47r!D/ F'^F. = K/ FK 

Hence in the electromagnetic system the equations connecting the 
components of dielectric polarization with the electrical force are 

f=KPIi7rF% g^KQAirF'^ h^Kllj^irFK 

We thus obtain ground for the assumption that FIsTR is the velocity 
of light in a medium whose dielectric constant is K. 
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{d) Practical UniU, 

In practical work these absolute units are often discarded in &Tour 
of others, called practical anits. The unit of current-strength in this 
practical system is the ampkrn, equal to 10~^ electromagnetic units 
of current. The unit of resistance is the ohm^ equal to 10^ absolute 
units of resistance. The ohm is nearly equal to the resistance of a 
column of mercury, whose cross-section is 1 sq. mm. and whose length 
is 106,3 cm. The unit of electromotive force then follows from Ohm's 
law; it is called the ro//, and is equal to 10^ absolute units of electro- 
motive force. 

The unit of quantity of electricity is the quantity which flows 
in one second through any cross-section of a conductor in which the 
current-strength is an ampere. This unit is called a conlontb. The 
capacity of a condenser, one of whose coatings is charged with one 
coulomb when the difference of potential between its coatings is one 
volt, is called & farad ; it is equal to 10~V1^=10~^ absolute units 
of capacity. A body whose capacity is unity in the absolute electro- 
magnetic system must be charged with unit qiuintity of electricity 
in order to reach unit potential. These quantities are the same as 
the quantity of electricity V and the potential l/F" in the electro- 
static system. The electrostatic capacity of the body is therefore 
V'. It follows from this that a farad is equal to F^/IO* electro- 
static units of capacity. Since this capacity is very great, the 
millionth of a farad or a microfarad, is generally used as the practical 
unit of capacity. 
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ELECTRICAL OSCILLATIONS. 



Section XCI. Oscillations in a Conductor. 

If a conductor is traversed by alternating currents, that is, by currents 
which reverse their directions at regular intervals, we say that electrical 
oscillations exist in the conductor. Such alternating currents may be 
produced by induction, as in the well-known experiments of Feddersen. 
Let AB (Fig. 107) bo a condenser whose plates are joined by con- 
ducting wires to two small metallic spheres C and 
D. If the condenser is so charged that A has the 
potential ^ and B the potential zero, and if the 
distance CD is sufficiently diminished, a spark will 
pass, from C to D. Careful investigation has proved 
that this spark consists of a series of sparks, which 
correspond to currents in opposite directions. Hence 
electrical oscillations will be set up by the discharge. 
But if the current-strength i varies in the conducting 
wires AC and BB^ an electromotive force will be 
induced in them, which, from LXXXV., is equal to 
"L.di/dt, where L is the coefficient of self-induction. 
If we represent the electrical resistance in the conducting wires and 
in the spark-gap by r, the current-strength i is given by 

(a) "^^L.di/dt^r.i, 

If c is the capacity of the condenser in electromagnetic units, the 
charge q of the condenser at the time t is c'^ ; at the time t-hdty it 
is c'^'\-c.d^/dt,dL Hence we have 

(b) c-^^c-^-^cd^ldt.dt + idt; i= -cd^/dt. 

From (a) and (b) it follows that Lc . dH/dt^ -f cr . di/dt -f i = 0. An 
integral of this equation is i = A, e"*'* -f B . e"^, where Wj and m^ are 
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F inaZ jzc-freiw seponted by a distance of 

\'*\rr: I eenrmetre. The spheres are 
^'" *'^' cLirr-cd by the indnction coil EF \ the 

'h^<r.^r;r'; */j:»r'^. in the gap r-rtween the spheres C and i>. If at 
;« ^]^,i,h]>. in^Vint a current of strength i passes from A to ^, and 
tt t,h^j j//t>;fir,UlH of ^ and ^ have respectively the values '^^ and 
'f^„ th'in 'f^, 'f^^ />.//i <// = n. If the capacity of each of the large 
nifhf'.t*',n JH f*'.\t!*:HfiUWl by c, we have €^.(1^^(11= -x^ c^.d^^ dt = U 
in hy iiJ«iri;< ' ^c,, i = - <:. </{^, -^^W- The current-strength is 
f-lMr<'for«5 ^^iv«;n by the Hanic differential equation as before, and we 
ii\iSm\u Irorri it the Hame expression for the period T, 
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Section XCIL Calculation of the Period. 

In order to determine the period, we must first determine the 
coeffident of self-induction. The method of determining coeflScients of 
self-induction for closed conducting circuits has already been given. 
In the present case we have to deal partly with actual currents in 
the cylindrical conductors, partly with polarization or displacement 
currents in the surrounding dielectric. The principal effect must 
be due to the induction in the conductor itself, since in it the distance 
between the inducing and the induced currents is least. The full 
treatment of the question would be very diflScult, because the current- 
strengths in the different parts of the cross-section are not equal. 
We will therefore neglect these differences in the subsequent dis- 
cussion, and calculate the coefficient of self-induction Z in a cylinder 
on the assumption that the current-strength in all parts of the cross- 
section is the same. According to F. Neumann, the electromotive 
force E induced in a conductor s' by the action of a variable current 
i flowing through another conductor 5, is determined hy the variation 
of the integral Li, where L = \\co^^lr ,dsds\ In this integral, which 
is to be taken over all the elements of both conductors, c denotes the 
angle between ds and ds\ and r the distance between ds and ds. 

Let AB and CD be two parallel lines (Fig. 109) which together 
with AC and BD form a rectangle. We set ABr=CI) = l, and CF= s\ 



ds' 






■J> 



L^^ -C.' • 



£. 



^ ^--. ! 



ds b, G hi 

Fig. 109. 



^B 



In the present case the integral which is to bo evaluated becomes 
M ds.ds'/r^ because (Fig. 109) cos€ = l. In order to find first the 

•0 -0 J 

value of the integral P= j ds/r we draw FG perpendicular to CD 
and AB, and write iW^a. If AG = h^, BG = b.^ FA = r^, FB = r,^ 
we have P= / ^fs/r-H I dsj'r, where .s is the distance of any point on 



'0 •'0 

AB from G, Now since 



\dslr = Ids/s/a^ -H ,s- = log nat(.V^J + JT^JlC-) 
we obtain i^ = lognat[(/-i + ^i)(/'2 + ^o)/a2] 

= log nat[(//i^+ AG){BF^ BG)!a^]. 
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If a is very small in comparison with /, we may write 

AF=^AO = s' and FB^OB^l-s', 

and have P = lognat[4s'(^-«')/«^]. We then calculate the value of 
the integral \P,ds and obtain 

'p.ds'^^i. [log nat (2//o) - 1]. 



/■ 




Fig. 110. 



We will now calculate the coefficient of sdf'indudion of a wire icitk 
circular cross-section. Let AB (Fig. 110) be the cross-section of a 

cylindrical conductor, of length I and radius 
It. Let the current-density u be constant 
throughout the cross-section. The current- 
strength i is then given by i^t^Tru, We 
will first consider the inductive action due 
to a filament D whose cross-section is di; 
this filament is supposed to act on a line 
which is parallel to the axis of the cylinder, 
and passes through the point c If /)C=fl, 
the inductive action is obtained by the variation of the integral 

u,dS. 2/(lognat(2//a) -l) = u,dS.(M+Nlognsita), 

where, for the sake of conciseness, we use M and N as symbols 
for the quantities J/ = 2Z(lognat 2Z- 1) and iV= - 2/. We must 
distinguish between two cases : OD = r may be either greater or less 
than OC=ry First let r>ry The elements dS may bo taken so 
as to form the surface of a ring whose area is 2Trr,dr. From the 
demonstration of XIII. log(t equals the logarithm of half the sum of 
the greatest and least values which a can take. These values are 
respectively r-\-r^ and r-Vy The mean value required is therefore 
log/-. Hence we have the integral 

u \\irr . dr . (il/+ A^log nat r) = Tru{M{Br - r^^) 

+ N[R^ log nat R - r^- log nat r^ - ^(A^ - r{-)]Y 

For that part of the cylinder whose distance from the axis is less 
than rj the mean value of the greatest and least values of a will 
equal ?j. Plencc the integral for this part is 

u I 2irr . dr . {M -¥ N\og nat r^) = iru{Mr^ + Nr^ . log nat r^). 

.'o 

The sum of both integrals is 

TTM {il/74*2 + N(^l>2 log nat li - \{m - r,^)) }. 
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In order to obtain the mean value of this quantity for all the filaments 
composing the cylinder, we need only find the mean value of r^^ 
since all the other quantities are constant. But since 

Jo 
it follows that the mean value sought is iruR^f^M -\- N{\ogR - {)). If 
we introduce into this equation the values 

M= 2/(log 2/ - 1) and N= - 2/ 

and set imIP = i^ we obtain for the quantity, the variation of which 
gives the self-induction, 2li{\og(2l/E) - 1). We therefore obtain for the 
quantity i, Z=2/(log(2//£)- j). In Hertz's investigation, /=150, 
-R = 0,25 and therefore Z = 1902, where all lengths are expressed in 
centimetres. 

In order to calculate the period of oscillation, we will next determine 
the capacity of a sphere with a radius of 15 cm., such as Hertz used. 
If Q is its charge and ^ its potential, the capacity C in electrostatic 
units is C^QI"^, Representing the charge and the potential in 
electromagnetic units by Q and ^' respectively, and using ^=3. 10^^, 
the velocity of light in vacuo, we have Q=VQ and ^ = ^'/r. The 
capacity c in electromagnetic units is therefore c^Qj^' = CjV'', 
The period of oscillation is then given by T -=2Tr J LC/F. 

Using the symbol introduced at the end of XCL, we have ^ = ^^1, 
where c^ is the capacity in electromagnetic units of each of the two 
large spheres. Hence we must set (7=15/2, and obtain r= 2,5/10* 
seconds. The corresponding wave length in air is 

2,5. 10-8. 3. 1010 = 750 cm. 



Section XCIII. The Fundamental Equations for Electrical 

Insulators or Dielectrics. 

Maxwell shows that it follows, as a consequence of his theoretical 
views of the nature of electricity, that a change in the electrical 
polarization of the dielectric can set up electrical oscillations. The 
results which he obtained are so important that we will consider 
some of them here. For this purpose we will follow Hertz in sub- 
stituting in the fundamental equations of LXXXVIII. electrostatic 
units for the electrical quantities, while the magnetic quantities shall 
be measured in electromagnetic units. The quantity of electricity 
which is displaced by the electrical force at a point in the dielectric 
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through a surface-element which stands perpendicular to the direction 
of the force, is, according to LXV., equal to Kliv multipb'ed by 
the magnitude of the force F. Representing the components of the 
electrical displacement by /, ^, A, and the components of the electrical 
force by X, Y, Z, we have /= KX:A7r, g = KYl^ir, h = KZ/^tt. If the 
component X increases by dx in the time dt, the quantity of electricity 
df flows through unit area in the direction of the a>axis ; the com- 
ponent u of the current-strength in the dielectric is equal to dfjdt, 
and we have 

(a) u = K/^7r,dXldt, v= K/i7r .dV/dt, w = K/A7r .dZldt. 

The equations LXXX. (a) express the fact that the work done by 
the magnetic forces in consequence of the movement of a unit pole 
about the current is equal to the current-strength multiplied by 4r. 
If the current-strength is measured in electrostatic units, we have 

(h) AirulF^dy/dy-dpldz, iirv/F^daldz-dy/dx, 4irM?/r=Bi8/ac-da/2y, 

since the electromagnetic unit of quantity of electricity equals V 
electrostatic units. 

The electromotive force induced equals - dNjdi, if N represents the 
number of lines of force enclosed by the circuit Since the electro- 
motive force in electromagnetic units equals the electromotive force 
in electrostatic units multiplied by F", we have from LXXXVIII. 

(f) and (k) 

f - fi/F, da/dt = dZ/df/ - dY/dz ; 

(c) ] - fJLj V. dfSpt = dXjdz - -dZ/dx; 

From (a) and (b) we obtain 



(K/F, dXldt ^dy/dy- dp/dz ; 



(d) J K/F. dY/dt = da/dz - -dy/dx ; 

[k/ f . dzidi = d^idx - da/dy. 

If we now set J = dX/dx -hdY/dy -\- dZ/dz, we obtain from (c) and (d) 
fiKiF- .d''X/dt- = V'X-dJlC'X. If we are dealing with a region in 
which K is constant, K/Att .J=?fjdx + jgjd}/-\-dhfdz. If there is no 
electrical distribution in the region, we have, from LXVI. (d), /=0; 
and hence 

(e) fiKIF-^.d'Xjdt'^V'X; fJLKjF'.dU'/dt'^^V^Y', ixK/FK-d'^Z/df^^V^-Z. 
These equations, in connection with equations (c) and (d), give 

(f) tiKIVK-d^ajW^V^a; fiKIFKd'-/3/dt^ = '^^p ; /xisT/ ^2 . 32y/?f 2 = W 
at the same time dajdx-\'dl3/dt/-^dy/dz = from LXXVL, if u is 
constant. 
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From LXVII. (g), the electrical energy ir is expressed by 
(g) ;r= 1 ISir . \llK(X'^ +V^ + Z'^)dxdydz, 

The .electrokinetic energy J, according to LXXXIX. (c), is 
(h) r= I/Stt . \\\n{a^ + ^82 + y^-)dxdydz. 

Section XCIV. Plane Waves in the Dielectric. 

We will now investigate the movement of plane waves in a dielectric. 
Let the plane waves be parallel to the //^-plane. The components 
of the electrical force are then functions of .r only, and from the 
equations XCIII. (e), we have 

At the same time also dXIdx + dY/dy-^-dZ/dz^O, Since Y and Z 
are independent of y and z^ we have ?>X/'dx = 0, and since, in this 
case, the only forces which occur are periodic, X=0. The direction, 
of the electrical force is therefoi'e parallel to the plane of the u'ar£. By 
a rotation of the coordinate axes we can make the ^-axis coincide 
with the resultant of the components Y and Z, We therefore need 
to discuss only the equation fiK/F^.d^Y/dtr^d^Y/dx^. The integral 
of this equation is (a) y=Z>sin[27r/r. (/-.r/u>)], where 2' is the period 
of oscillation and w the velocity of propagation. The differential equation 
is satisfied if 01= V/JfiK. For vacuum /x= 1, K= 1 ; hence F is the 
velocity of propagation of plane electrical oscillations in vacuo. For 
ordinary transparent bodies, /a=1. The velocity of propagation in 
such bodies is therefore F/jK. Maxwell assumed that electrical 
oscillations are identical with light waves. It has been shown by 
experiment that <«)= F/N, where iV represents the index of refraction 
of the dielectric. The electromagnetic theory of light gives w = F/jK; 
hence we have K=N^f that is, the specific inductive capacity of a medium 
is equal to the square of its index of refraction. The fact that this 
theorem holds for a large number of bodies is a strong confirmation 
of Maxwell's hypothesis. From this hypothesis almost all of the pro- 
perties of light can be deduced. 

According to XCIII. (c) we have, under the above conditions, 
a = 0, ^ = 0, and 

(b) fiy = Fhji^ . 8in[27r/r. {t - x/w)] = Nb sin[27r/r. {t - x/w)]. 

J7i€ direction of the magnetic force is therefore parallel to the plane of 
the toave and perpendicular to the direction of the electrical force. 



Vi 
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hence (e) ^^o^/^yo**** ^^q^Mq^ ^^ ^^® index of refraction N is 
stituted for Vl^a, In this connection it must be noticed that the 
'e is propagated in the direction of the x-axis, that on our assump* 
I the electrical force acts in the direction of the y-axis, and that 
n the magnetic force acts in the direction of the 2:-axi8. Hence if 

nghi hand is held so as to point in the direction in tchich the wave 
n'opagaied, with the palm turned toward the direction of the electrical 
e^ ike thumb will point in the direction of the magnetic force. If we 
resent the magnetic force by M and the electrical force by -F, 
'= fjiM. From (c) and (d) it follows that Vy^ = KY^ui. Substituting 
(e) the value of y^, we obtain V^ = iiKia\ Hence the velocity of 
ipagation is w = VlsJ^ik. From (a) and (b) it follows that the 
ations (e) between the electrical and magnetic forces hold also 
the case of plane waves. In vacuo both forces have the same 
merical value. 



Section XCV. The Hertzian Oscillations. 

H. Hertz succeeded in producing very rapid oscillations in a straight 
nductor, which also caused oscillations in the suiTOunding dielectric, 
e can form some idea of the nature of these oscillations in the 
llowing manner, due to Hertz: 

Let the middle point of a conductor coincide with the origin of 
ordinates, and let the oscillations take place along the ^-axis. The 
agnetic lines of force are then circles, whose centres lie on the 
ixis. The electrical lines of force have a more complicated form. 
^e start with the differential equation XCIII. (f) for the magnetic 
rces. For the sake of conciseness we set VjKti = w. 
We first investigate an integral of the differential equation 

) lltsy^.d^u/dt^'^X/hi, 

1 the hypothesis that w is a function of t and of r^Jx^ + y^-^z^. 
^e have then, from XV. (1), V% = 1/r . ?^{ru)l'dr'y and therefore 
'cu2.32(ru)/3/2 = 32(rM),/0r2. If we set k^27r/T and l^^irjTio, where 
is a constant, then (b) u = a/r. sin (kt - Ir) is a particular integral 
• the differential equation. The function w, as well as its differential 
>efficients taken with respect to x, y and z^ therefore satisfies the 
ifferential equations XCIII. (f) for the components of magnetic 
rce a, ^, y. In the case under consideration y = 0, and hence we 
ive daldx + dp/dy = 0. As the simplest solution of the differential 
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er«2i:»oci w*: rrr.^Zi *. « = - ^^i ItTS. 5= ?^ ?fra', where the differ- 
enrrBh.T7roc. -rkie. refc«K^ :o t i$ intrwlaced ibr use in the sabteqont 

The refrAl^u.t mk^seck forte is thereibre 



where 6 i§ the angie between the ndins Tector from the origm and 
the ^^zis. The force M is perpendicnkr to the j^ime which cootibs 
tbe point considered and the i-axis 

If we aet ii-.V = o, we have Jf =ibEZ</.sin^ r-cos^ r^).8in8. If 
f is venr small in comparison with 1 / = «»r 2r, we have 

Jf =* - la . co« i^ . sin r^, 

tluu is, tkt f/rot u dHermimid by BuA and Samrfs law^ the asdUatkiu 
ta the omdwi^/r tiding like a cutreiU dement. 
For greater distances the magnetic force is 

(d) Jf = 4rti T^r, sin [2i- T. (/ - r «)] . sin 8. 

Hence the magnetic waves proceed forward in space with the velocity 
of light 

We will now calculate the electrical forces. From (c) and XCIII. 

(d) we obtain 

Since u depends only on r and /, the carrying out of the differentiations 

gives 

[ KX; F= ( - c^uj Ir^ + 1 , r . cu; cr) . ^r/r^ ; 

(e) I KV r- ( - e--^i//3r2 + i > . ^e//3r) . i/z_ r^ ; 

The electrical force li in the direction r is (Xx-\- Yij-^- Zz);r^ and hence 
from (e), KUj V= 2//- . ?u ?r . cos 6 = - 2a(/ cos </>/r2 + sin </> r^) cos 0. If 
Ji==0, the electrical force is tangent to a sphere whose radius is 
determined from the equation tg(kt - Ir) ^ - Ir. Let the next spherical 
wave have the radius r ; then ig(kt - Ir) = - //. From this it follows 
that tg/(r' - r) = /(/ - r)/(l 4- l-n). If the radius of the waves is very 
large wo may set l{r' - r) = ir. But since / = 27r/X, where \ = Tw, we 
have /•' - r = iX We thus obtain at last equidistant spherical waves. 



Skction XCVI. Poynting's Theorem. 

Lot there bo an electrical current i flowing from A to B through 
a long cylindrical conductor (Fig. 112) of circular cross-section. There 
iH then a magnetic force il/" acting at every point in the region around 
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le conductor, given by the equation 2irr , M =^ Avi, where r = OCy 

le distance of the point from the axis of the cylinder. We therefore 

a.ve M^2ijr, The equipotential surfeces of the electrostatic field 

r force within the conductor are planes perpendicular to the axis 

f the conductor. Outside the conductor they 

re likewise perpendicular to the axis, at least 

1 the vicinity of the conductor. The equi- 

otential surfaces of the magnetic field of force 

re planes which, like the plane OF, contain 

oth the direction of the electrical force and 

lie axis of the conductor. Let the electrical 

3rce in the surface of the conductor and in its 

icinity be F'. If we designate by S the 

ross-section of the conductor, and by C its 

onductivity, we have from Ohm's law i/S^CF', 

[Tie heat produced in the conductor diwing one 

econd is determined as follows : If the quantity 

>f electricity i flows through the conductor, whose length we may 

all /, the electrical force does work equal to F'iL If / represents 

he mechanical equivalent of heat, the quantity of heat thus developed 

equals F'UjJ, The work done by the electromotive force is therefore 

ra = J . MrF'l 

Now Poynting assumes that this quantity of energy enters the 
ionductor through its surface. That portion of the surface which 
s to be considered is equal to 27rr/. The quantity of energy which 
inters the conductor through unit area on its surface is therefore 

This quantity of energy moves in the direction CO, which is deter- 
DQined by the intersection of the electrical and magnetic equipotential 
lurfaces. The relation of the direction in which the energy is pro- 
[>agated to the directions of the electrical and magnetic forces is 
ietermined in the same way as that given for the propagation of 
waves in XCIV. 

The electrical force is here measured in electromagnetic units; if 
we express it in electrostatic units, and represent it by F, then 
f = VF. The quantity of energy which enters in one second through 
\ unit area of the surface, which is parallel to the directions both 
^f the electrical and of the magnetic forces, equals F/iir .F.M, 

We will now treat a more general case. Represent the magnetic 
force at a point in the region by My the electrical force at the same 
point by F, and the angle between the two forces by (3/, F), We 
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assume tbat the quantity of energy passing in one second throng 
unit area, which is parallel to the directions of M and F, is 

Fl^ir.M.F,s\n{MF). 

The direction in which the energy flows makes angles with the 
coordinate axes whoso cosines are /, m^ n. We have then 

l^{yY- pZ)lMF8m (MF) ; w = (aZ - yX)/MF sin {MF) ; 

n = (PX - aY)IMF sin (MF), 

^ ^i P% 7> are the components of the magnetic force M, and JT, J, 2, 
the components of the electrical force F, From these equation! 
it follows that la-^-vip + ny^O-, lX-{-mY+nZ=0 ; P + m^-^n-^l ' 
Hence the energy flows in a direction which is perpendicular to the 
directions both of the magnetic and of the electrical forces. 

If we represent by E^ E^ E,, the components of the flow (rf 
energy in the directions of the coordinate axes, we have 

E,= Fliir.MF sin {MF)J, 

Hence we obtain the equations 

E,= Vliir,{yY-pZ)] E,=^FIA7r,(aZ-yX); E,=^Vjiir .(pX'oY\ 

The energy present in a parallelepiped, whose edges are dx, dy^ <^ 
increases, in the time dt, by an amount equal to 

- (dEJdx + 'dEJdi/ + dEJdz)dxdf/dzdL 

Hence the increase of energy A which a unit of volume receives 
in the unit of time, is ^= -(dEJ'dx -{-?}£ ^fdy-{-'dE^i'dz). If we sub- 
stitute in these equations the values previously given for E^ E,^ Eg 
we have 

A = F/iir . [X(dyldi/ - dp/dz) + Y(da/dz - dyl-dz) 

+ Z(dp/dx - dajdt/)] - r/47r . [a(dZ/dl/ - 'dY/dz) 
+ pidX/dz - dZ/dx) + yidYjdx - dXjdjj)]. 
By the help of equations (c) and (d) of XCIII., we obtain from this 

A = A78;r . d(X^ + i'2 + Z')ldt + /x/87r . d{a^ + /?2 + y'i)ldL 

On comparing this expression with those given in (g) and (b) XCIII. 
for the electrostatic and electrokinetic energies, wc see that A repre- 
sents the total increase of energy which the unit of volume receives 
in the unit of time. Poynting's Theorem is thus proved, provided 
the dielectric is not in motion. The demonstration can easily be 
extended to the conductor if we use the developments of LXX XVIII. 
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.ncl remember that a part of the energy absorbed by the conductor 
transformed into heat. 

We will now apply Poynting's theorem to a simple case. Accoi-ding 
XCrV., we may, in the case of vibrations in a plane, express the 
electrical force Fy there designated by T, by F=h. sin [27r/r. {t - a;/ai)], 
BLTid the magnetic force if, there designated by y, by 

ilf = Vhliii^ . sin [27r/r. (/ - xjio)], 

"During any complete vibration there passes through unit area the 
<|uantity of energy 

V^l^irim . /"'sin«[27r/r . {i - a:/(u)}f ^ = VWTj^ii'^ 
Jo 

"We may set F'=(ii and /^=1, and obtain for the quantity of energy 
'which passes in one second through a unit area perpendicular to 
the plane of the wave, the quantity Vh^jdur, 

The quantity of heat which a square centimetre receives in one 
minute from the light of the sun is equal to about three gram-calories. 
This quantity of heat corresponds to the energy 3.4,2.10760 de- 
veloped in one second. If we now set J^=3. 10^^ we have 6 = 0,04. 
Since the unit of electrical force in the electrostatic system equals 
300 volts, we obtain for the maximum electrical force of sunlight 
12 volts per centimetre. The maximum magnetic force is 0,04, and 
amounts therefore to a fifth of the horizontal intensity of the earth's 
^gnetism in middle latitudes. 



ITTW. 



The experimental basis for the mathematical treatment of electro- 
statics was given by Coulomb. Poisson handled a number of problems 
in electrostatics and gave the general method for their solution. Sir 
AVOliam Thomson (Lord Kelvin) also treated the same problems in 
part by a new and very ingenious method ; his papers are specially 
recommended to the student (Reprint of Papers, 2nd Ed., 1884). 
Faraday (1837) developed new views of electrical polarization or dis- 
placement. On the foundation of these concepts, Maxwell constructed 
his development of the theory of electricity {Treatise on Electncitii 
and Magnetism, 1873). Helmholtz treated electrostatics in a different 
way and solved new problems. His papers may be found in 
Wiedemann's AnruUen. 

The theory of magnetism advanced parallel with the theory of 
electrostatics. The same authors, and sometimes even the same 
works, deal with both subjects. 
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CHAPTER XII. 

REFRACTION OF LIGHT IN ISOTROPIC AND 

TRANSPARENT BODIES. 

Section XCVII. Introduction. 

the number of facts discovered by the study of light increases, 
1 as additional relations are found between light and other natural 
enomena, it becomes increasingly difficult to construct a theory 
light. According to the emission theory, which in its main features 
ty be attributed to Newton, and which was handled mathematically 

him, energy is transferred by minute bodies, called light corpuscles, 
lich pass from the luminous to the illuminated body. It was 
pposed that these light corpuscles carried with them not only 
eir kinetic energy but also another kind of energy, to which the 
minous effects were due. In the last century the emission theory 
as sufficient to explain the phenomena then known. But its develop- 
lent could not keep pace with the advances of experimental knowledge; 
tiis became evident early in this century in connection with the 
Teat discoveries in optics which were made by Young, Fresnel and 
lalus. In opposition to this theory, Fresnel developed his first form 
f the ivave theory, which originated with Huygens ; in this form of 
!ie theory, the light waves were supposed to be longitudinal, 
ccording to the wave theory, the space between the luminous and 
■uminated bodies is filled with a material medium. By the action 

the particles of this medium on each other, the energy emanating 
^ni the luminous body is propagated from particle to particle 
^ough this medium to the illuminated body. Hence energy resides 

the medium during the transfer of light from one body to the 

^^r. The wave theory has many advantages over the emission 

^fy. Notably the phenomena of interference are explained by it 

^ perfectly natural way. It succeeds also in explaining some of 

phenomena of double refraction. But the explanation of the 
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pobrizsLtion of light by this theory oSered difficulties which could be 
orercome only by the a-ssumption that the direction of the light Yibn- 
tions are perpendicular to the direction of the rays. Since Fresnel 
retained the idea that the medium in which the light vibrations 
are propagated, the «?^.7cr, is a fluid, he encountered an obstinate 
resistance to his new form of the wave theory; Poisson righUy 
maintained that transverse vibrations can never be propagated in a 
fluid. Although the wave theory, in its original form, was 8om^ 
what open to criticism, and in many respects was insufficient, in 
that, among other matters, it could not explain the dispersion (f 
Uijhi^ yet it was a decided advance on the emission theory. 

Since the phenomena of optics cannot be explained on the 
assumption that light is due to vibrations in an elastic medium, 
not even when this medium is supposed to be a solid, we must 
endeavour to explain them in another way. Among recent efforts 
in this direction, the eUdrymatjmftic theory of lights developed by 
Maxwell, has special advantages. In Maxwell's view, light is also 
a wave motion, but it consists of periodic electrical currents or dis- 
placements, which take the place of the etherial vibrations of 
Fresnels theory. Maxwell determined on this assumption the 
velocity of light in ^'acuo and in transparent bodies, and reached 
conclusions which agree very well with the facts. Polarization 
and double refraction can also be readily explained by Maxwell's 
theory, and it has even been applied successfully to the study of 
dispersion. 

Since FresneFs formulas are of great importance for our subsequent 
study, we will develop them at the outset. We may here recall 
briefly the principal laws of light which hold for isotropic and 
perfectly transparent bodies. The knowledge of these laws is neces- 
sary for the deduction of FresneFs formulas, but is not sufficient. 

I. Light is propagated in any one medium with a velocity which 
depends on the wave length of the light, but not on its intensity. 
The velocity of light has different values in different media. 

II. If a ray of light falls on a plane surface, separating two 
different media, both refraction and reflection occur at this surface. 
All three rays — that is, the incident, the refracted, and the reflected 
— lie in the same plane, which is perpendicular to the refracting 
surface. If a represents the angle of incidence, P the angle of 
refraction, and y the angle of reflection, we have 

y = a and sin a/sin P = N, 
The index of refraction N is constant for homogeneous light. 
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III. If ci> represents the velocity of light in the medium con- 
taining the reflected ray, and <o' its velocity in that containing the 
refracted ray, we have N— w/w, and therefore sin a/sin /S = (o/o)'. 

IV. Light can be considered a wave motion in a medium, called 
the ether. It is a matter of indifference whether we here consider 
the bodies themselves, or an unknown substance, or perhaps changes 
in the electrical or magnetic condition of the bodies. We wish 
only to indicate that the luminous motion may be expressed by one 
or more terms of the form acos (27r//r+<^), where a is the ampli- 
tude, T the period of vibrationy 4> the phase, and t the variable time. 
The intensity of light is then expressed by a^, 

V. The motion of the ether is perpendicular to the direction of 
the ray of light; that is, the vibrations are transverse. Either the 
motion takes place always in the same direction, in which case the 
ray is reciilinearly polarised, or two or more simultaneous rectilinear 
motions may give the ether particles a motion in a curve, which is 
in general an ellipse. Eays of light of this sort are said to be 
eUipticaUy polarized. If the path of the ether particle is a circle, 
the light is circularly polarised. FresneFs conception of natural light 
was that its vibrations were also perpendicular to the direction of 
the ray and rectilinear, but that they changed their directions 
many times, and on no regular plan, in a very short interval of 
time. 



Section XCVIII. Fresnel's Formulas. 

Suppose the plane surface OP (Fig. 113) to be the surface of 
separation of two transparent isotropic media. We represent the 
velocity of light in the medium above the surface of separation 
OP by w, and that in the medium below the surface by (u'. If N 
represents the index of refraction of the ray of light in its passage 
from the firat to the second medium, we have ia = N<a\ We select 
the point in the bounding plane as the origin of a system of 
rectangular co-ordinates, and draw the ar-axis perpendicularly upward 
and the ^-axis in the plane of incidence, that is, the plane passed 
through the normal to the surface at the point of incidence and 
the incident ray SO. The z-a.xi8 is therefore perpendicular to the 
plane of incidence. Further, let SO be the incident, OT the reflected, 
and OB the refracted ray. We designate the angle of incidence 
by a, the angle of refraction by /3. The amplitude of the vibrations 
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It is farther ^Tantageoo? to introduce srmbok for the components 
of motion which lie in the p!;kne of incidence and are perpendicular 
to the direction of the rays. These components of motion for the 
three rays are designated by «-. >_ *, respectively. We then obtain 
the following e<^{nations : 



(a; 



/■ _ 
/- _ 

^3- 



^sina, >ij = >^cos.2, V^V-rfr, tgdi = fi.<j; 
.?.^5in3, 7^ = .v^cosd, 9jJ = sJ-i-iJj ^g<^2 = ik-^2? 
-.*.sina, I?. = .*;^ cos a, w/ = V + C/, tg<^ = i;^.<3. 



In order to express s^ ^\, and f^, (^ in terms of 5^ and ^^ we 
miiiit make certain assumptions with regard to the behaviour of the 
light at its {jassage from one medium to another. 

I. Fresnel assumed first, that no light is lost by reflection and refradim^ 
or, ty xum of th^. intensities of the reflected and refracted light is equal 
to thnt of the incident. This law is only a statement of the laic of the 
c/f7iHervatioa of energt/ in a |)articular case, it being merely the assertion 
that the kinetic energy of the incident ray is equal to that of the 
njflcctcfcl and refracted rays. Let OPSS' (Fig. 113) be a cylinder, 
the area of whose base OP is Ay and whose slant height SO is equal 
to o>, the velocity of light. If we represent the density of the vibrating 
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medium by p, the kinetic energy ij of the light contained in the 
cylinder considered is i^ = J . p . w cos a . ^ . u^. 

After the lapse of a second this kinetic energy is divided between 
the reflected and refracted rays. The kinetic energy L^ in the 
reflected ray is ig = J . p . <o cos a . ^ . u^^ and the kinetic energy Xj 
in the refracted ray is L^ = \p .to' cos /3. A . u^^ when p represents 
the density of the vibrating medium below the bounding surface. 
Therefore, on the assumption made by Fresnel, we have 
Zi = Lj + 2/3 or pa)(i*j2 _ |^^2 J gQg a = p'oi' . u^ , cos jS. 

Taking into account the relations w = iV.w' and sina = iV.sinj8, we 

may give this equation the form 

{b) p . (t*j2 _ ttg2) . sin a . cos a = pu^ . sin j8 . cos j8. 

If the vibrations of the ray lie in the plane of incidence, t^i = Si, 
•and we obtain 

•^c) p . (s^ - s^) . sin a . cos a=^p ,s^ , sin fi . cos j8. 

But if the vibrations of the ray are perpendicular to the plane of 
incidence, we have i^ = fi, and hence 

^d) p{^^ - fg^) sin a . cos a = /o' . (^ . sin jS . coB ^. 

II. Fresnel assumed, secondly, that th^ components of the vibra- 
tiona^ which are parallel to the bounding surface^ and on ettiver side of it, 
4ire equal. If the vibrations lie in the plane of incidence, we have, 
on this assumption, ti^ + V3'=V2* or 

{e) {s^ + 53) cos a = ijg . cos p. 

But if the vibrations are perpendicular to the plane of incidence, 
we obtain (f) fi + {i = i2- ^^ follows from (c) and (e) that 

cos P + p . cos a . sin ^), 
sin /?)/(/). sin a . cos ^ + p' . cos a . sin j8), 

and from (d) and (f) that 

{h\ f ii^^i'^P'^^^^- ^^^ ^l(P • sin a . cos a -}- p . sin ^ . cos ^), 

\ f3 = fj.(p.sina.cosa-/3'.8inj8.cos^)/(/3.8ina.cosa + /3'.8in/?.cosjS). 

III. Since the relation between p and p is entirely unknown, Fresnel 
was compelled to make a third assumption, so he assumed that the 
elasiicUy of the ether is everywhere the same^ hut that its density differs 
in different media. On the other hand, F. E. Neumann assumed that 
the density of the ether is the same in all media, hut that its elasticity is 
different in different media, Fresnel's assumption was natural, because 
he considered the ether as a gaseous body, but this is not justified, 
as haa already been remarked. He further assumed that ui and ta 
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can be expressed in the same way as in the theory of elastidtj 
[cf. XXXV. (k)], and therefore set ci> = V^/p, <a = Jfi'/p\ Now, oo 
FresneFs assumption, ft = ft', and hence, (i) p/p = w-/***'^ = -V^- By the 
use of the third assumption the equations (g) and (h) can be given 
the form 

' 82 = s^.2co8a, sin i8/(sin (a + f3)cos(a - j8)), 
Ci = fi . 2 cos a . sin P/ sin (a + j8), 

. ii = - fi sin (« - ^)/8in (a + P). 
These formulas are due to Fresnel. 

.Experiment alone can decide as to the value of these formulas. 
It follows, from the expression for s^, that ^j = 0, if a + jS = Jr or if 
tga==iV. Brewster showed that the light which is polarized per- 
pendicularly to the plane of incidence, according to the definition 
of Malus, is not reflected when tga = iV. This value of the angle a 
is called the angle of polarizdtion. It is that at which the reflected and 
refracted rays are at right angles to each other. This conclusion agrees 
with experiment, if we make the assumption that the vibrations of 
polarized light are perpendictdar to the plane of polarization. On the 
whole, Fresnel's formulas agree very well with the results of experi- 
ments on the intensity of the reflected light. 

In the notation already employed, the plane of vibration of the 
incident ray makes the angle </>i with the plane of incidence, the 
corresponding angle for the reflected ray is (f>y Brewster found that 
tg<^3 = tg</)| . cos (a - 13)1 cos (a + /?). This follows from Fresnel's formulas, 
since tgc/).^ = CJ^^s = d cos (a - f3)ls^ cos (a + jS) = tg<^i . cos (a - ^) /cos (a + py 
This agreement argues for the correctness of Fresnel's formulas. 

Fresnel assumed that the elasticity of the vibrating medium is 
the same on both sides of the refracting surface. We have seen 
that this assumption is to some extent arbitrary. On the other 
hand F. E. Neumann assumed that p = p'. We obtain on this latter 
assumption from (g) and (h) 

f s.^ = 2 sin a . cos a . 5j/ sin (a + /?), 
(0 \ fo = 2sina. cosa .fj/sin(a + ^)cos(a-^), 

[s^ = s\n{a-f3).sJs\n(a + /3), C3 = tg(a- ^). fi/tg(a + /3). 

These equations agree with the results of experiment, on the 
assumption i/uit the vibrations occur in the pUuu of polarization^ as well 
as those of Fresnel. 

We will now consider the components of motion along the normal 
diu'ing the passage of light from one medium to the other. This 
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component above the bounding surface is ^^ + fg, that below it is f y 
It follows from (a) and (g) that 

^1 + ^3 = 2p. sin a . cos a . sin ^ . sj{p . sin a . cos j8 + p'. cos a . sin P), 
^2 = 2/3 . sin a . cos a. sin 13 , sj{p . sin a . cos P + p- cos a . sin jS). 

From these equations it follows that ^i + ^3 = C2 • pVp- I^ ^® 
assume with Neumann that p = p, wo have ^1 + ^3 = ^2 J ^^^^ ^^» ^^^ 
components of vibration perpendicular to the bounding surface are equal 
above and below it. On the other hand we obtain from Fresnel's 

assumption (m) f j + ^3 = -AT^ ^2- 

FresneFs equations agree fully with experiment only when the 
index of refraction is about 1,5; it is in this case only that 53 = 
at the angle of polarization. In other cases s^ is a minimum, but 
does not vanish. Several attempts have been made to explain this 
£Eict. Thus, for example, Loronz assumed that the passage of the 
light from one medium to another occurs through an extremely thin 
intervening layer of varying density, and that therefore the change 
of density is not discontinuous. 



Section XCIX. The Electromagnetic Theory of Light. 

In XCIV. it was proved that electrical vibrations are propagated 
in vacuo and in a great number of insulators with the velocity of 
light. This fact suggests the assumption that light consists of 
electrical vibrations. It was also shown that, when the wave is 
plane, the electrical and magnetic forces lie in the wave front. In 
the most simple case the electrical force F is perpendicular to the 
magnetic force M, If the permeability ft of the medium is equal 
to 1, which is approximately the case for most dielectrics, we have 
(XCIV.), (a) M=NFf where N is the index of refraction. 

We will now develop the usual expressions for the reflected and 
transmitted light, considering first the boundary conditions. Since 
no free magnetism is present, and since the electrical current 
strength is everywhere finite, the magnetic force varies continuously 
during the passage from one medium to another. We take the 
refracting surface as the ^^-plane, and the u;-axis as the normal to it. 
Hence if a, ^, 7 are the components of the magnetic force on one side 
of the refracting surface and a', ^, y' those on the other side, we have 

(b) a = a',^ = ^', y = /. 
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The electrical force arises partly from induction and partly from 
the free electricity on the refracting sur&ce. Let a- denote the 
density on this siir&ce, Jl, T, Z the components of the electrical 
force immediately above, and X, F, Z those immediately below 
this surfece. We then have, from LXVI., 

4ircr = X- KX\ K= y , Z=Z*. 

The components of the electrical force which are parallel to tlie 
refracting surface vary continuously during the passage from one side 
of the surface to the other. 

Let SO, OB, and OT (Fig. 114) be the directions of the incident 
refracted, and reflected rays respectively. Suppose the direcim of 
the vuxgnetic force to lie in the plane of incidence, and therefore ikt 
electrical force to he perpendicular to thai plane. The direction of the 





Fio. 114. 



Fig. 115. 



electrical force may be found by the rule given in XCIV. Since 
the magnetic force varies continuously, we obtain, by referring to the 
directions indicated in Fig. 114. 

(d) M^ . cos a - il/3 . cos a = 3/2 . cos P, 

(e) il/i . sin a -}- il/3 . sin a = M,y sin /?. 

Since the electrical force also varies continuously, we have 

(f) F, + F3 = K, 

But from equation (a) J/, = F^, M.^ = F.^, and M^ = NF^ if JV = sin a sin ft 
is the ratio between the velocities in the first and second media. 
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Lence equations (e) and (f ) are identical. We obtain from (f) and (d) 

J i'2 = -^i.2co8a.8in^/8in(a + /?); 
^^ \F^=-F^ sin (a - p)l sin (a + p). 

Now let the electrical force he ^parallel to the plane of incidence. If the 
lectrical forces are i)ositive in the directions indicated in Fig. 115, 
he positive directions of the magnetic forces may be obtained by 
he rule given in XCIV. 

The boundary conditions are 

b) F^ . cos a + -F3 . cos tt = -^2 • ^^^ A 

1) M^-'M^^M^ 

[n this case also M^^F^, M^ = F^ M^^NF^ so that (k) 

F2 = -^i.cosa.sinj8/sin(a + ^).cos(a-jS) and F^^ -F^.tg{a-P)/tg{a + 13), 

Equations (g) and (k) correspond to FresneVs equations XCVIII. (k). 
Hence, the electromagnetic theory of light leads to the same results as those 
which are contained in FresneVs formulae, provided that the electrical force 
Is parallel to the direction of the vibratums assumed by Fresnel, 

We can further show, by the help of Poynting's theorem (XCVL), 
that the energy which in a given time is transported to the refracting 
mrface by the incident ray is equal to that which is carried away 
Prom it in the reflected and refracted rays. Since in this case the 
electrical and magnetic forces are perpendicular, the energy passing 
through unit area equals ViMF/^ir. The bounding surface S receives 
the quantity of energy 1 1 Air, VATy^F^ , S cos a in unit time. We may 
svrite similar expressions for the energies of the reflected and trans- 
mitted rays, and have the relation 

l/47r. FAf^Fy. S , coaa^ll^TT , FM^F^, S , cos f3 + l/Air , FM^F^ , S , cos a, 

)r (i/ji^i - J/3F3) . cos a = AfgFg . cos ^. By reference to the relations 
between the electrical and magnetic forces, we obtain 

{Fi^ - i^32)cos a = NF^^ . cos 13. 

It appears from equations (g) and (k) that this equation is satisfied 
if the electrical force is either perpendicular or parallel to the plane 
of incidence. 



Section C. Equations of the Electromagnetic Theory of 

Light. 

If we at first consider only bodies in which there is no absorption 
of light, and in which the velocity of light is the same in all directions, 



238 



REFRACTION OF LIGHT. 



[chap. xn. 



(a) 






we have, from XCIII. (e), the differential equations of the electrical 
force, 

/(o2 . 32Z/3/2 = V2X, 1 /co2 . 327/3/2 = y27^ 

l/cu2. 32^/3/2 = 72^, 'dXfdx + dYfdy + dZ/'dz = 0, 

The boundary conditions are obtained by remarking that the com- 
ponents of the electrical and magnetic forces parallel to the bounding 
surface are equal on both sides of it. Therefore, if the x-axis is 
perpendicular to the refracting surface, we have 

(b) Y=r,Z=Z'; p^P', 7 = 7'. 

The last two conditions (b) may be put in the form [XCIII. (e)\ 

( dX/dz - 3Z/3a; = 3Z73^ - dZ'/dz ; 

\ 3 r/dx - dX/dy ^dYfdx- dX/dy. 



(c) 




Fig. 116. 

Let us suppose that a plane wave moves in a direction which 
makes angles with the axes whose cosines are Z, m, 7i. Let the elec- 
trical force / at the origin bo expressed hy f= F.cos(27rt/T). The 
electrical force at a point whose coonlinates are a*, y, z is then 

/= F, cos[27r/T{i - (Ix + Twy 4- nz)lu>)']. 

If the direction of the electrical force makes angles with the axes 
whose cosines are X, /i, v, we have X=X.f, y=fjf, Z=vf. These 
expressions satisfy the equations (b) ; that they may also satisfy the 
last of equiitions (a) we must have IX + w/x + nv — 0, that is, the direc- 
tion of the electrical force is perpendicular to th^ direction of propagation. 

Let OP (Fig. 116) represent the refracting surface, and SO, OB 
and OT the incident, refracted, and reflected rays respectively. The 
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system of coordinates is drawn in the same way as in XCVIII. For 
the incident wave, in which the direction of the dedrical force lies in 
the phne of incidence^ we can set 

/ = - cos a, m = sin a, n — 0; 

A = sin a, fi — cos a, v = 0. 
We have, for the reflected rays, 

/ = cos a, w = sin a, » = ; 

A = - sin a, /x = cos a, V = 0, 

and for the refracted rays, 

Z = - cos j8, m = sin jS, n = ; 
A = sin j8, fi = cos jS, i' = 0. 

If the direction of the electrical force is perpendictdar to the plane of incidence 
we have X = 0, ai = 0, v=1. 

If F^y F^ F^ are the electrical forces in the incident, refracted, and 
reflected rays, when they lie in the plane of incidence, and if Z^, Zg, Z^ 
are the electrical forces in the same rays when they are perpendicular 
to the plane of incidence, we have 

. ( X=F^,s\na,cosF^, y=/\.co8a.cos Fp Z^Z^^cosF^^ 

'^^ I F^ = [27r/r .(<-(- X COS a + y sin a)/(o)]. 

We obtain for the refracted ray, if w is the velocity of light in the 
second medium, 

jr = -F2-8i^i^-cos Fg, y = ^^2 • cos ^8 . cos V^, Z^Zj.COS Fg, 

^2 = [2^/^ . (/ - ( - a; COS jS + y sin i8)/(o')]. 

^or the reflected ray we have 

/ V r Z = - -Fg . sin a . cos Tg, Y= F^ . cos o . cos Fg, Z^Z^, cos Fg, 

I Tg = [27r/2'. (/ - (a; cos a + y«in a)/a))]. 

■*^ simplify the calculation we replace the trigonometrical form 
w cos^(<-( -a:cosa + ysina)/oi) 

V the expression (g) ^('-(-xcosa+ysinoyw)^ where t = >/^l and k^^irlT- 
^^ the final result we use only the real part of (g), namely (f ). Both 
^^pressions satisfy the same differential equation, and therefore in 
^'culations one of them may be replaced by the other. 

If the refraction occurs at a plane surface, we may replace the 
^^^ressions (c), (d) and (e) by the following: 

' X= F^ . sin a . «*«(«-(-a:cosa+y8in a)/«)^ 

(h) . F=i^i.cosa.e*^(«-(--«^<^«>«a+^»*'»«)M, 



(d) { 



' X= J., fin i. -f^'-' -r=».i-f«aA«r>^ 
: . T _ r y,j f ^1 r-^ >r 9» J^/ «a;i'j*r"i^ 



Thise eiziasicQs <xpr»sf ta*? o^aLp*xient$ of the electrical foree for 



the TBCTiiicz, r^fratf^aL insi r^lfecte*! 

In ordf^r to sazL^fw- the •^:aiin&3Qs fb> uid 4c> it is necessary tlot 
ixn ft 4t = iizL 3 4t'. Scice zke Tei<c<irfi» of propagatioD m and «' are 
cooiStAnt, we can set -V= sin « «m 3. where A" is the imd^x ofrtfradm. 

From eqnadoQS 'b; we hire 

From (c; we obcun 

(m) </'j-/'3;5in,iB=/'j.5inft : tZ; -Zj^)co6a.sin)8 = Z2. sina.coBjS. 

From ^1> and (m> we obtain Fresnel's equations [XCVlIL (k)] for 
the reflected and refracted waves. The problem is solved when ^ 
is not imaginarr. p becomes imaginary when sin )3 > 1, and therefore 
when sin a > X. In this case we most use the complete expressions 
(i; and (h). 

If the eUcirical force i< f»erj**:nd\CHlar to the plane of incidence^ the 
reflected wave is determined by the real part of the expression 
(ri) -Zi.sin(a-y3; sinu + /?). ^■'('-(-^«»o-rysiiio).w). 

We get this expression by the use of the last of equations XCVIII. 
(k). But since cos p — s!\ - sin-'a^ A'-, and therefore 

(o) Xi . cos ^ = v'sin-a - X- 

we have 

- sin (a - ^) sin (a + ^8) = (cos a + iVsin-tt - A'^-)/(co8 a - uj sin-a - N-). 
If we now set 

(p) cos a-C . cos ly, v/sin-a-iV- = C . sin Jy, 

w<} o])tain 

(rj) tg Jy = V sin-'a - A^7cos a, (T-^l^N^-, 

(r) - sin (tt - ^)/8in (a + ^) = 6**^. 

n<;nco the real part of the expression (n) is 
(h) Z^ . cos [/:(/ - {x cos a + y sin a)/w) + y]. 

In IhiH caHo ////.' rejleciion is ioial^ since the component Z^ appears 
in thu expression for the incident as well as in that for the reflected 
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'wave. But while, in the case of ordinary reflection, no difference 
of phase arises between the two waves, we have in this case a difference 
of phase 7, which may be determined from (q). 

If the electrical forces for the incident wave are parallel to the plane of 
incidence, we determine the real part of the expression 

(t) - F^ . tg(a - Pytgia + P) . e^«-(^ COS a+y sin a)/«). 

Using equation (o), we have 

^g(« - i^)/tg(a + iS) = (NK cosa + iv/sn?irrp)/(iV2. cosa - uj silica - N^). 
If we set 

(U) IP. C08a=^I). 003^8; J Silica - N'^ ^ D . Sin ^8, 

so that (v) tg ^8 = Jsin^a - N^N^ cos a, Z)2 = iV* . cos2a-iV2 + sin2a, 
we obtain (x) tg(a-/?)/tg(a + ^)=«*A Hence the real part of the 
expression (t) is (y) -/\cos[A;(^-(a;cosa + ysina)/<o) + 5]. 

The reflection is therefore total. To determine the difference of phase 
8 between the reflected and incident waves, we may use equation (v). 
We obtain from (q) and (v) tgJ(8-7)=N/sin2a-iV2/sinatga. If a^ 
is the limiiing angle of total reflection or critical angle, we have N = sin a^, 

and hence (z) tgJ(8-7) = \/sin(a + ao)- ^^"(""^^oV^^'^'^^'g^^- 
Since 8 and y are not equal, a linearly polarized ray of light, in 

which the vibrations make any angle with the plane of incidence, 

is elliptically polarized after reflection. 

If the electrical force is perpendicular to the plane of incidence^ the 

transmitted light is determined by the real part of the expression 

(a) Z^ . 2 cos a sin j8/sin(a + j3) . e^<-( -*coe a+ymnpw), 

Koferring to (p), we have 

2 cos a sin /?/ sin (a + ^) = 2 cos a/C . «V«ry 

and ( - a; cos j8 + y sin P)lto = (tWsin^a -N^ + y sin a)/a). 

Hence the real part of (a) is 

(P) 2 cos a/C . e^xv^SEs^jN^/o) . z^ . cos [k(t - y sin a/oi) + Jy]. 

Since (P=l-N^, we obtain 4cos2a/(l -•■^)--^i^- ^'"^^^^^^^^^^N for 
the intensity of the transmitted light, where X denotes the wave length. 

The expression shows that, in this case also, a motion exists which 
corresponds to the refracted ray in the case of ordinary reflection ; 
it is, however, appreciable only within a very small distance from 
the refracting surface. 

Similar results are obtained in the investigation of the refracted 

ray if the electrical force of the incident light is parallel to the plane of 

incidence. 
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Besides the incident wave we have to consider four others, namely, 
the wave reflected from Ay the wave passing through B, and two 
waves in the plate itself. 

L We will first consider the case in which the electrical farce of the 
incident wave is perpendicular to the plane of incidence. The component 
of the electrical force outside A is expressed as in the former para- 
graph by 

Z=Z^ . e«(«-(-J:coea+y8lna)/w)^_^ ^^H(<-(xco«a+yslna)/«). 

1 o 




Fio. 117. 

Similar expressions hold for the component Z' of the electrical 
force in the plate, which are obtained by replacing a by ^, to by to', 
and introducing the new constants Z^ and Z^. Thus we obtain 

We have for the component Z" of the transmitted ray 

Z" = Z.. «*■'(' - ( - « COS a+y sin a)/«). 

The boundary condition Z=Z when a: = 0, gives (a) Z^-hZ^ = Zo + Z^. 
Similarly Z = Z^ when x= -a, or 

Z^ . e-Ha.co8/3/W 4. 2^ , giia. cos /3/«' = ^^ ^ g - iia . cos o/w. 

Now if we set ka . cos jS/cu' = Uy ka. cos a/to = r, we can write the last 
condition in the form (b) Zj . e""' + Z^ . e"' = Z^ . c ■"'. 

We have, further, when a; = 0, dZ/dx = dZidXy and similarly, when 
j;= -a, ZZ/dz^dZ'/dz. These equations of condition give 

{c) {Z^ - ir3)cos a . sin ^ = {Zo - ^4) sin a . cos /? 

and (d) (Zj . e""* - Z^ . «'**)sin a. cos 13 = Zr^. g"'. cos a . sin jS, It follows 
from (b) and (d) that 

ZJZ^=^e-^', sin(a -^)/sin(a + i8). 
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or if sin(a-jS)/8in(a + ^ = €, ZJZ^^€,e~^. From (a) and (c) 
have also ZJZ^'={- eZ^A- Z^yiZ^- ^Z^), and therefore 

(e) ZJZ, = - (€-' - «-')/( l/c .«-*-€. «--'). 

If N is greater than 1, u is always real, and we may set 

ZJZ^ = - 2u . sin t//[(l - €2)cos tt + (1 + c^)/ . sin u]. 

Designating the intensity of the reflected light by C^, we obuin, 
by the method indicated at the end of C, 

C'' = Z{^. 4€2.sin2tt/[(l -€2)2 + 4€2. sin^ti]. 

But because k = 27r/r= 27rw/X and u = 2ir , N. cos /3 . a/A, it follows Uni 

/^x f (72 = Z^^, 4€2. sin2(27riV. cos JS . a/A)/[(l - £2)2 



{ 



+ 4€2. sin2(27riV^. cos ^ . a/A)]. 

Hence no light is reflected if 27rN . cos P . a/A =pir, where p is i 
whole number. This result is of special importance in the stodj 
of Newton's rings. 

On the other hand, if iV<l and at the same time sina>iV, jSiriH 
be imaginary. In this case we can no longer use equation (f). We 
then have [C. (o)] M.cos P^'^in^a-N-, and hence 

ui = 27ra/X . v/sin-a - N'\ 
If wo set m = ui and c = ~ g+»7 [C. (r)], equation (e) takes the form 

Designating by C'^ the intensity of the reflected light, we obtain in 
the same way as before, 

(g) C2 = Z^K 1/[1 + 4 8in2y/(e" - e— )2], 

where tg ^ y = v/sin^a - A'^-'/cos a and ra = 27ra/X . >/8in2a - iV2. 

The relations which we have here considered occur in the case 
of two transparent bodies which are separated by a layer of air. V 
the thickness of the layer of air is very much greater than the 
wave length of the light, total reflection will occur. This is in accord 
with equation (g), which in this case gives C^ = Z^^, On the other 
hand, if a is small in comparison with the wave length, all the light 
passes through the layer of air. In consequence of this a black spot 
is seen if the hypotenuse of a right-angled glass prism is placed on 
the surface of a convex lens of long focus. If the angle of incidence 
a in the glass prism is less than the critical angle, a dark spot appears 
surrounded by coloured rings ; but if the angle of incidence is greater 
than the critical angle, the rings disappear while the spot remains. 
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The spot is larger for red than for blue light. This result is contained 
Jso in the expression for the intensity of the reflected light. The 
xansmitted light is complementary to the reflected light. 

II. If the direction of the electrical force of the incident light is parallel 
k> the plane of incidence^ the disturbance outside the surface A is 
determined by 

X=f\ . sin a . gAt(t-(-ireosa+y Bin a)/w) 

- -P3 . sin a . e^-'C -<' ^^ «+y •'" «)/^), 

F= F^ . cos a . g*»(< - ( - X COS a+y sin a)/w) 
4 /"g . COS a . e*»(' - (■« cos a+y sin aVw). 

The disturbance inside the plate is given by 

X-=F^. sin P . 6*^(<-(-' c<» /3+y «*« /SVw) 

- f^i . sin /? . e«(«-(' c<»/3+y 8in/3)/c^)^ 

F = /'a • cos iS . ««(« -(-* cos/3+y sin^Vw') 
+ ^4 . COS ^ . e**('-(' cos/5*+y sin ^/w') . 

and outside the surface B by 

X" = F^. sin a . e*»(<-(-'co«a+y «intt)/«), 

r* = -P5 . cos a . e'^^C' - (- * COS a+y sin a)/w). 

We must now determine the constants F^ F^, F^, F^ When 
«=0 the boundary conditions give Y=Y', or 

(h) (Fi + i'a) cos a^{F^+ F^) cos /i. 

Similarly, when z= -a, 

F^,co8p,e-^''''^Pf"^ + F^.coaP.e'^''''''^pi»' = F^,cosa.e-'''^'''''''^'^'<^. 
Using the same notation as before, we have 
(i) F2 . cos ^ . e-^'^ + F^ . cos^ . e«/ = F^ . cos a . <{ 

We have, further, when x = 0, 

dVjdx - dXjdy = ar/ar - ^X'/dy, 

or (k) (i'l - i'3) sin /S = (jP^ - .P^) sin a. 

The same condition holds when x= -a, or 

(1) F^, sin a . «-"*- 7^4 . sin a . ^"* = /'^ . sin ^. 6 

We obtain from equations (i) and (1) FJF.^^e'-''* Ag{a^ P)/tg (a + f:i). 

But if we set tg(a-^)/tg(a + ^) = €', we will have FJF^^e' ,e-^*. 

It follows from (h) and (k) that FJF^ = (-€' + €'. €-^')/(l - c'-' . e-*"')» 

or (m) i'sZ-^i =-(«"'- 0/(1 A' •«"'-«'-«-"0- ^^'e thus obtain the 
intensity D^ of the reflected light in the same way as we obtained 
the expression (f) from (e), 

/nx 7)2=7^2 4€^^sin2(27rxYcos^a/X) 

^ ' ^ 1 • ( I _ c' '^f + 4c' ^ sin-'(27rA^ cos ^a/ A.)* 
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Purther, if we set 

a''=FyK\, l^^V^lK^ c^^Vy-K^ J^dX/dz + dY/dy + dZ/dz, 
We obtain 

1/62 . 327/9/2 ^ y27_ ^j-^f^^ 
1 /c2 . d^Z/dt^ ^V^Z- dJ/dz. 

JVe will consider a plane wave moving through a body to which these 
equations apply. Its direction of propagation is determined by the 
angle whose cosines are l, m, n; the direction of the electrical force 
/ is determined by the angle whose cosines are X, /x, v. We then 
have 

(c)- X=kf, Y=fjLf, Z=vf, /=i'.cos[27r/r.(/-(/a; + wy + n^)/u))]. 

F is constant, arid the velocity of propagation w depends only on 
the direction in which the wave is propagated. It follows from (c) 
that V^X= - 4ir2X//r2a,2, and if cos 5 = /X + m/x + nv, we obtain 

(d) /= 27r/rco . f* . cos 6 . sin [27r/r ,{t-(lx + my + w5:)/u))]. 

We obtain from the first of equations (b), (d') X - / . cos S = w- . \/a^. 
This equation and the two similar to it take the forms 

(e) (a^ - u)2)X = a^l . cos 8, (b^ - (o^)fj. = b'^m . cos 8, (c^ - oj'^)i' = c-w . cos 8. 

We use these equations to obtain the physical meaning of the 
magnitudes a, 6, c. If co = a we have either / = or cos 8 = 0. In 
the latter case ^a = 1/ = and X = ± 1 and therefore also / = 0. Hence 
a plane wave parallel to the ar-axis is propagated with the velocity 
a when the electrical force is parallel to the same axis. The meaning 
of the magnitudes b and c is obtained in a similar way. By the 
optical ax€S of elasticity we mean the three directions in a body 
which have the property that a plane wave, in which the electrical 
force or the direction of vibration is parallel to one of the axes, 
for example a, is propagated with the velocity a in all directions 
perpendicular to the axis a. 

We can find the velocity of propagation and the direction of the 
force from equations (e) and (d), in connection with the relation 
X^ + /jL^ + v^=l, If equations (e) are multiplied by /, 7/2, w, respectively, 
and added, it follows from (d) that 

a^PI{a^ - 0)2) + bhnyib' - w'^) + c'n2/(c2 - w-*) = 1. 

For brevity we will write for this equation ^'P/'(a' - w^) = 1 . But 
because a2 == a^ - w^ + 0)2, we also have 

•2a2/2/(fl2 ^ ,^2) = V/2 4. v^2/2/(a2 - 0)2) = I. 
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Since 2^=1, it follows that 

(f ) ^;(a2 - cu2) + m^ (62 - ui2) + nV(c^ - w^) = 0. 

This equation is of the fourth degree in <u. Since two of its roots 
are numerically equal to the other two but of opposite sign, ih^ 
eUdrical tcare has two velocities of propagation, cu^ and ta^ 
We may give equation (f) the form 

(g) «*-(/=(62 + c2) + mHa^ + c2) + ;j2(a2 + 52))o,2 + ^262^2 4. j^^a^^ + rM¥ = 0. 
If / = 0, that is, if the plane wave is parallel to the x-axis, we have 

CO* - (a2 + mV + n^}^)i>^^ + a\m^(? + n^^h^) = 0. 

The roots of this equation are Wj = a, Wj = s/mV + «2^2^ 

This result can be represented by drawing lines in the yr-pkne 

from the point (Fig. 118), which are 
proportional to the velocities of propaga- 
tion. The ends of these lines then lie 
on two curves, one of which is given by 
a>j = (i, and is a circle ) the other is given 
by Wjf and is an oval. If a > 6 > c, the 
minor semi-axis c of the curve given by 
(tf^ lies in the ^-axis, and its major semi- 
axis h in the c axis. The relations of the 
plane waves which are parallel to the f 
and >axes respectively, are given in Figs. 
119 and 120. The relation in the x>plane is especially peculiar 
(Fig. 119). In that case, we have, for 7/i = 0, 0)^ = 6, Wg = \^/-<^- + «^^ 





Fig. 119. 




and ^2 + Ti'-^ = 1. The direction of propagation in which the two 
velocities w^ and w^ are equal is given by 

±J(U'~^c')l(a^-c^, 



/= ±v/(a*-'-6-)/(a--C'^); 



n 



{ 
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noN CIII. Discussion of the Velocities of Propagation. 

u>j and a>2 represent the two velocities of propagation of the 
plane wave, we have [GIL (g)] 

(Oj2 + cug^ = P(62 + c2) + wi2(a2 + c2) + n^{a^ + b^), 
(***!- - V)^ = {H^' + c^) + wi2(a2 + c2) + n2(a2 + h^))- 

- 4(/2J2c2 + ;;j2a2c2 + ^2^262). 

3 multiply the last term on the right side of this equation by 
v^-^-nr^l we obtain 

- (u/)2 = /4(62 - c2)2 + m*(c2 - rt2)2 + ^4(^2 _ ft2)2 + 2w2n2(a2 - 62)(a2 - ^2) 
+ 2/2»2(^2 _ c2)(^2 _ ^2) + 2/2m2(c2 - a^){c^ - ^2), 

>h > c, it follows that 

- i^^^f = /4(52 - c2)2 + m4(rt2 - c2)2 + n\a^ - 62)2 + 2mV(a2 - W')(a^ - c2) 

- 2/2n2(62 . c2)(a2 - 62) + 2/2^12(^2 _ c^)Qp. ^ ^2), 

' (!^i - "^2? = {W - c^) + wi2(a2 - c2) + n2(a2 - 62))2 

-4Z2»2(a2_^,2)(^2_c2), 
(0)^2 _ CU22)2 = [^,^^2(^2 _ c2) ^ (iJ^^T^^ + Tljd^^')^] . [m2(a2 - c2) 

e the two velocities cu^ and cd^ are equal for certain directions 
e wave normals. This equality exists when m = and either 

/n/62^^ + nx/a2TrS2 = 0, or iJ^^^-riJd^^^^O. 

3 conditions are satisfied by 7w = and Ijn^ ±J(d'-b'^)/(b'^-c^), 
3 equations represent four directions, which are parallel to the 
ine and perpendicular to the axis of mean elasticity k If we 
sent the cosines of the angles made by these directions with 
oordinate axes by Iq, iUq, w^, we have 
mo = 0, l^=±J(i'^b^)J(ar'-c'), no=±N/(62-"^2)/^-c2). 

lall the directions in the crystal, defined by equations (c), the 
ax£s. There are two such axes, since each of these equations 
sents two opposite directions. 

Oa and Oc (Fig. 121) represent the axes of greatest and least 
city a and c, and if OA^ is one of the directions in which w^ 
UI2 are equal, they are equal not only in the opposite direction 
mt also in the directions OA^ and OB^y if OAo makes the same 
1 with Oa as that made by OA^ 
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Wft will now exprcM the velociiy of propagatifm •« any dir^dum in 
term« of the anglen made by this direction with the opde axes O.l. 
and 0/1.^ The cosineg of the angles which the direction of propagatioQ 
of the plane wave makes with the axes are /, m, n. We then haTC 



r cos A'l = / . J(a' - b'')l{a^ - c^) + n . y/l b^-c^lia"-'C' ), 
\ cos E., - / . v/(«- - P)/(^^ -~?0 - n . J(h^ - f 2) ('»- - f-). 
Prom this it follows that 



(r/) 



M) 



f 2/ = (cos A'l + cos A'j) . ^/(a2 - c2)/(a2 - b^) and 
I 2/i - (cos El - cos ^2) . J(a^ - cy,{h^ - c*). 




Fio. 121. 

If wo oliminnto m from equation (a) by the help of the equation 

Z'' + /;*•■* + w'-* - I . we obtain w,^ + (o./ = a2 + c2 - /2(a2 - h'^) 4- n2(62 _ cS), from 

which wo obtain by uao of ocpiation (d), 

(<0 io{^ + <v =. (i^ + c2 - ((('-i - c^) . cos A'l . cos E^. 

From o<i\iati()!iR (c/) wo obtain 

(^r- - (•-•) . sin-* A\ - a^ - c^ - /2(a-' - ft-') - n2(//^ - c-') - 2In . v/;?^"^^ . Jl7^\ 
(a' - r'-') . sin-'/-;, .^ d-' - r^ _ /'>(,,•» _ //>) _ ,,0(^2 _ ^2^ _^ g^.^ v^,7^3^ . ^'ft^^-. 

Furthor, ninro /*- + m'- + w- - 1 , wo also have 

/•-•(/A' - r-') + m-((i-' - (•-') -}- /,-'(((-' - //-') = (i-^ - c^ - r\a^ _ ft2) _ n2(ft'-* - (•-'). 

By holp of those relations we obtain from the first of equations (b) 

(f) <«»r-«V- ±(^r -(•-•). sin AV sin £,, and from (e) and (f), 

(g) I -*'>i- = '«- + ^•'- - (<'•- - r'-) . cos(^, - E..\ 

Tho grtMvtost value of tho velocity of proi>agation is 'a and the least r. 
Thus tollowa if wo set A\ --=/;, and A\ + ^. = ,r. If the normal to 
the waves 18 imrallel with one of the optical axes, for example OJ,. 
wo have A^^O and cosiA\.^/„ and hence cu.=u>. = ft. The velocitv 
of pr.>i..gation is then equal to the axis of mean elasticity. 
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Section CIV. The Wave Surface. 

Suppose a plane wave to start from the origin of the system of 
coordinates, in the direction in which its normal makes angles with 
the axes whose cosines are /, m, n. After the lapse of a unit of time, 
the distance of the wave from the origin is w. If about each of the 
points of the plane wave we construct a wave surface as it would 
appear after the lapse of unit time, the plane wave thus propagated 
is the envelope of all the wave surfaces. If x^ y, z are the coordinates 
of a point of the plane wave in its new position, we have 

(a) Ix 4- my + n-ar = w, 
and CD is determined by 

( b) /2/(a2 - 0,2) + m^l(b^ - co2) + n^l(c^ - u)2) = 0. 

We have, further, (c) /2 + m2 + n2 = l. If /, m, n, and w vary, the 
planes (a) envelope a surface, which is called the wai^ surface. Hence 
if we consider all possible plane waves passed through a pointy and if we 
determine the position of the sanu leaves after unit time, the v)ave surfojce 
is the envelope of all the plane waves thus determined. We will now 
investigate the equation of this wave surface. We obtain from 
(a), (c), and (b), 

(d) x.dl+ y , dm + z.dn = rfw, 

(e) I ,dl-k-m.dm-\-n , dn = 0, 

(f ) I . dll(a^ - 0,2) + w . dml(h^ - 0,2) + w . dnl{c' - w^) + i'tu . (/a, = 0, 
where (g) F= PJ{a^ - 0,2)2 ^ ^2/(j> _ ^^2^2 ^ ^2/(^2 _ ^2^2^ 

If we eliminate du) by means of (d) from equation (f), we have 

[Faac + //(a2 - (a^)]dl + [Fwy + m/(b^ - a)^)]dm + [Fwz + n/(c^ - io^)]dn = 0. 

We add, to the left side of this equation, equation (e) multiplied by 
a factor A. Since dl, dm, du may be considered as arbitrary quantities, 
we have 

// (a2 - 0,2) + F<M + ^ / = , mKH^ - iD'^) ^ Fi^y + Am = 0, 

n!{c^-u}^) + Fo»z-hAn = 0. 

If these equations are multiplied in order by /, m, n respectively and 
added, we obtain, by reference to (a) and (b), A= - Fm^ Therefore 
;/(a2 - 0,2) = Fui(lio - x), m/(b^ - 0,2) = Fio(miD - y), 
n/(c- - 0,2) = Fu)(nui - z). 

If we square both sides of these equations, add them, and use equation 
(g), we have 1 = i'V(o,2 _ 2w(lx + my + nz) + r-), in which r- = x^ + y2 4. ^.2 



(h) { 



0) { 
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Further, by reference to (a) we obtain (k) f<u2(r2-<u^) = l. f may 
now be eliminated from equations (i) by means of h^ and we have 

x{a^ - 0,2) = \^a^ - r2), y(52 - cu2) = mai(62 - r^), 
z(<? ~ <u-') = nw(c2 - r2). 

These equations enable us to determine the point of contact betwewi 
the wave surface and the plane wave, and therefore (he direction of 
p'opagation of the ray. The plane wave moves in the direction 
determined by /, m, n. 

If wo multiply both sides of equations (1) by x, y, z respectively, 
and add, we have 

a;2(a2 - (o2)/(a2 _ r2) + y'(b^ - a|2)/(62 _ r^) + 52(c2 - a>2)/(c2 - ,•«) = c.,2, 

since by (a) Ix + my + nz == (a. This equation may be written in the 
abbreviated form ^'{a- - iD^-)j{a^ - r-) = a>2, or in the form 
2U;2(a2 - cu2)/(a2 - r^) = ^x\a^ - 1-2 + r2 - ai2)/(a2 - f^) 

= 2x2 + (/•2 - a)2)2Ic2/(a2 - r2). 

But since in this notation ^^ = x^ + y- + z^ ^^r-, we have finally 

(r2 _ cu2)( 1 + 2^2 /(a2 - r2)) = 0. 

The equation of the wave surface is tJierefore 

x2/(tt2 - r2) + yy{b'^ - r2) + z^j(c^ - r^) + 1=0. 
But because 

2x2/r2 = 1 and ^{x^l{a'^ - r'^) + x^jr^) = 'Za^x^l{a^ - r2) = 

we may also write the equation of the wave surface in the form 

(m) tt2 r-7(a2 - 7-2) + h^Kb" - r'') -h c^z^jip^ - r^) = 0. 

We can easily transform this equation into 

(n) (aV + bY + ch^y-(b'^ + c2)a2a:2-(a2 + c^)bhf-{a^ + ^y-z^ + a^^^ = 0. 

77i€ equafutfi of the wave surface is therefore of the fourth d^gret. In 
order to investigate this equation we set x—fr, y = gr, z = hr. By 
substitution of these values in the equation of the wave surface, 
it becomes 

2r-{ay- + by + C2^2) _ [(^,-2 ^ ^lyip + (,^2 + ^^l>g2 + (,,.2 + ^2)^2/^2J = + 21^ 
ir- = [(/,2 + ^2)^^2y2 + (,,2 4. ^2)^,2^2 + (^j2 ^ ^,2)^.2y^2-|2 „ 4a'b^C^(a^f'^ + ^2^2 ^. ^2/^2), 

From which we get 

J>2 ^ [■(tt2 _ c2)i2^2 + (,ifsf¥^^ + c/k^«^^)2] 

X [(a2 - c2)62^2 ^ (^fji;i _ c2 _ chja^ - ^2)2]. 

Hence a straight line drawn from the origin of coordinates cuts 
the surface in two points, which coincide when ii* = or when 

(0) i1 = and fjh ^±ca, J (a' - ^,2);(F"r^). 



SECT. CIV.] 



THE WAVE SURFACE. 



253 



In this case 

There are therefore four such points in the wave surface, all of 
which lie in the 2^plane. Hence the wave surface is a surface of 
the fourth degree with two nappes. The four points which the 
two nappes have in common are called umbilical points. 

To exhibit the form of this surface we will determine the curves 
formed by the intersection of the wave surface, and the coordinate 
planes yz, xz, yx. If, for this purpose, we set in equation (n) a; = 0, 
y = 0, z^O successively, we obtain 

(y2 4. ^2 _ a2)(6y 4. c2^2 . ^2^2) ^ Q, 
(Z^ + X2 - J2)( c2.2 4. a^j.2 _ ^^2^-2) ^ Q, 

(aji + y2 . c^)(a^x^ 4. hY - a2^2) = q. 

Hence the curves formed by the intersection of the wave surface 
with the coordinate axes are circles and ellipses, ^as represented in 
figures 122, 123, and 124. The curves in the aj^-plane are of 






special interest. The equation z^-\'X^ = b'^ represents a circle of 
radius b. The equation c-z'^ + a^x^-ah-^O represents an ellipse 
whose semi-axes are a and c. On the assumption that a>b>Cy the 
circle and the ellipse intersect at a point P, and this point is one 
of the umbilical points. 

Equations (1) and (h) serve to determine the coordinates of the 
point of contact between the wave surface and a plane wave which 
moves in a direction determined by I, m, w. 

The case in which the wave is propagated in the direction of one of 
the optic axes is of special interest. In this case [CIIL], the velocity 
equals 6, and the direction of propagation is given by the equations 

m = 0, / = V(a2-62)/(a2-c2), n = N/(62-c-')/(a2-c2), 

since we here consider only that optic axis which lies between the 
positive directions of the z- and x-axes. Equations (1) then become 

{C(a2 - J2) = /5(a2 - r2), «(62 ^ c2) = 7i6(r2 - c2). 
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If wo introduce in these equations the values for I and it giTeo 
above, we have 

These equations represent two spheres, in whose lines of intersection 
lie the points of contact of the wave plane and the wave surface, 
therefore in this case the plane of the tcave touches the vxive surfau in 
a circle. 

We may also obtain this result in the following way. By the 
use of equations •CIII. (c), we give (p) the form 

(q) J: = i(a2-a;2-y2„^2)/;^(^2_c2), z^b(x^ + f + z^^c^)/n^{a'-(^). 

The curve represented by these two equations is a plane curve 
because (r) xlQ-^zn^^^b, 

We now introduce a new system of coordinates with the same 
origin ; suppose the i/-axis to coincide with the y-axis, while the 
{^axis coincides with the optic axis. To effect this, we set 

(s) a: = ^7io + f'o. y = Vf ^=-€^o + f«o-. 

The equation (r), which represents a plane, then becomes (t) {=J| 
that is, tJie plane of the curve of intersection is perpendicular to the 
direction of ttie optic axis and parses through its end point The first 
of equations (q), by the use of (s) and (t), takes the form 

(u) ^+^Vo^^--c2)/5+^2^a 

This represents a circle, which passes through the point ^=0, 
>; = 0, and C=h, or through the end point of the optic axis. The 
radius r of the circle is r = J{b^-C'){a^-b')/2b, and the coordinates 
of its centre are ^= - r, ^ = 0, C=b. Thus the circle is determined 
in which the plane perpendicular to one of the optic axes at its 
end point touches the wave surface. 



Skction CV. The Wave Surface (continued). 

Let ON (Fig. 125) bo the normal to a plane wave; the direction 
of the normal is determined by the cosines /, m, n. Let OP^ and 
OF.^ be the two velocities of propagation of the wave considered. 
Let Qi and Qo represent the points of contact between the plane 
wave and the wave surface. We then have OQ^ = r^ and OQ.y=^r^, 
We represent the coordinates of the points Q^ and Q.^ by x^, Vi, -i 
and /2' 2/2' '^2 respectively. If Oi^i=i^ ''ind QyJ^o^Pi are the per- 
pendiculars let fall from the points of contact on the directions of 
propagation, we have p^^ = r^- - w^^ and p^^ = r.f - Wg-. 
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3 connection between the direction of the normal and the points 
itact is given by equations (1) CIV. We will investigate more 
ularly the directions of the lines p^ and jpg. The projection 
Q on the a;-axis is od-x. If we 

sent the cosines of the angles which ^^=^s^Clf 

kes with the axes by X', /x', v', we 
bave 

X' = ((!)/ - x)/p, fi={wm'' y)lp, 
V = {(an - z)/p. 

ducing in this equation the values of 
z, given in CIV. (1), we obtain 

V = lu>pl{a^ - 0*2), / = niiopKb^ - a>2), 

-der to find the angle between PiQi 
PjQa ^® determine its cosine 




Fig. 125. 



A 



Decause [CII. (f)] 

2/2/(^2 ^ ^^^2) = and 2/2/0^^ . ^^^2) ^ q, 

Iso have (coi2 - o,,/) . :i:/2/(«*.^ - ia^^)(a^ - co/) = 0. 

e, if the values of Wj and w.^ are different, we have co8{F^Q^P.yQ,2) 
to zero, and the angle between P^Q^ and P.^Q^ a right angle, 
if Wj equals w^p the points P^ and P.^ coincide, as we saw in CIV. 
lis case, there is an infinite number of points of contact which 
1 a circle passing through the wave normals, 
the lines Pj T^ and P2T2 are drawn from Pj and Po perpendicular 
i?i and OQo respectively, and if we set P^T^^q^ and P2^2==?2» 
ave j:j9 = ci>:r, and therefore q=piajr. Further, OT^w^jr. If 
V are the cosines of the angles which q makes with the coordinate 
we have k = ((Dl-OT .xjr)/q, etc., and hence [CIV. (1)], 

X(ar - (1*2) = larp/ry fi(b^ - dr) = Tnb^p/rj v(<^ - w-) = nc^p/r, 

we compare this result with the expressions in CII. (e), which 
mine the direction of the electrical force P, whose components 
X', y, Zf we see that the electrical force is parallel to q. If 
ntroduce in the equation CII. (d) the values for X, /x, 1/ given 
3, and notice that Ix -h mi/ + nz = (o, we have cos5=jp/r. Since 
i are two directions of q, namely q^ and q^^y there are two direc- 
, q^ and q^, of the force in any plane wave. These lie in two 
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planes perpendicular to the plane wave. There are two values for S, 
namely, lOQ^P^ and l.0QJ^2'> ^^^s© angles are equal to lT^P^O ^ 
lT^P^O respectively. 

The electrical forces X, Y, Z cause an electrical polarization, whose 
variation may be looked on as an electrical current. The componrats 
of current [CII. (a) and (c)] are 

u = Zi/47r . ?)XI'dt = K^Xjiir . 3 C//^/, etc. 

^^ ^0) A^o> ^0 ^^^ ^^^ cosines of the angles made by the axes with 
the direction of the current, we have \ : fS) • "o == ^/^^ * 1^-^ • *''^- 
But we obtain, by the help of CII. (e), 

Hence the current has two directions, corresponding to the two values 
of CD. From equation (a) the same ratio holds between the cosines of 
the angles which p makes with the axes as between the cosines 
determining the directions of the current. Hence the two directions 
of the current are parallel to ^j and p^ respectively. 

In order to determine the direction of the electrical force and the 
current, we proceed in the following way. If a plane wave moves 
in the direction determined by the normal ON, we construct two 
planes which touch the wave surface and are parallel to the plane 
wave. These planes are those constructed at Q^ and Q^^ We then 
draw Q^P^ and Q2P2 perpendicular to the wave normal. The electrical 
currents, which are in the wave planes, are parallel to QiPi and Q^P., 
The corresponding velocities of propagation are OPj and OP^. There 
are two directions of current in every plane wave, which are perpen- 
dicular to each other. The electrical forces, which are connected with 
these directions of current, are parallel to P^7\ and ^2^2* 



Section GVI. The Direction of the Rays. 

When a plane wave is propagated in an isotropic medium, the 
direction of the normal to the wave coincides with the direction of 
the ray. In doubly refracting media, the direction of the ray is in 
general different from the direction of the wave-normals. We will 
now determine the direction of the ray. Let MN (Fig. 126) be the 
surface of a doubly refracting body on which the cylinder of rays 
KOPL falls perpendicularly. By Huygen's principle, the separate 
points in the bounding surface OP may be considered as centres of 
luminous disturbance. The luminous disturbance is propagated 
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through the body in such a way that, after unit time, it reaches the 
wave surfaces which are constructed about the separate points of 
the bounding surface OP, Therefore, if the wave surfaces RAj SCy 
etc., are constructed about 0, P, and the intervening points, we obtain 
a plane RS which touches every wave surface and is congruent to 
and similarly situated with OP, The direction OR or PS is then the 
direction of the rays. If from the point we let fall a perpendicular 
OB on the plane RS tangent to the wave surface RA, OB = w is the 
velocity of propagation of the wave. If /, m, n represent the direction 
cosines of the normal to the wave surface, w is determined by 
equation CII. (f) 

(a) /V(a' - w^) + wi2/(&2 - w2) + ny(c^ - 0)2) = 0. 




JV" 



R B S 

Fio. 126. 

- The position of the point of contact of the plane RS and the wave 
surface RA is given [CIV. (1)] from the equations 

(b) «(a« - w2) = lu,{a^ - r% y{b^ - w^) = ma)(62 -. 7-2), z{c^ - 0)2) = nco(c2 - r% 

where a;, y,^z are the coordinates of the point desired, and OR = r is 
its distance from the origin of coordinates. OB represents the velocity 
of propagation of the tuave, OR the velocity of propagation of the ray. 

Instead of the wave surface itself we may sometimes use to 
advantage another surface, called the reciprocal vxxve surface. Let 
be the centre of the wave surface, AR 2k part of the surface itself, and 
BR a plane which touches the wave surface at the point R, From 
the point we let fall the perpendicular OB on the tangent plane. 
The point jB', in the perpendicular OB produced, is determined in 
such a way that (c) OB* ==r^ — s^jm^ where ut^OB, and s is constant. 
The reciprocal wave surface is then the locus of the points determined 
by (c). This surface, like the wave surface, is a surface of two 
nappes. Its equation is obtained in the following way. If I, m, n 

R 
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represent the direction cosines of OB = w, and x\ y\ ^ the coordinates 
of the point B^ we have (d) x' = lr\ if ^im\ t^ ^nr'. But because 

it follows by (c) and (d) that 

af 2/(a2f-'2 _ s4) + y'2/(^2^'2 .54) + ^2^(^2/2 _ ^) = Q. 

We set (c) a! = 8^la, b' = 8^jb, c' ^s-jCy and obtain the eqvuiion of tk 
recijproad wave surface in the form 

(f ) a'^'Jlf^lia"^ - /2) + by^l{b'^ - r'2) + C'2y 2/(c'2 _ /2) = q. 

This surface differs from the ordinary wave surface [cf. CIV. (m)] 
only in that its constants a', 5', c are the reciprocals of the constants 
a, b, c of the wave surface. 

If we draw through the point B (Fig. 127) a plane tangent 
to the reciprocal wave surface BA\ we can show that the plane 



^' 




.^' 



\ i' 



Fio. 127. 



B'R is perpendicular to the prolongation of 07i*, and that therefore 
OR is perpendicular to B'R. Further, if OR^ia\ OR = r, we have 
(g) ui—s-jr. This follows by the same method by which we have 
passed from one surface to the other. We can also prove it directly. 
If the direction OR is determined by the cosines l', m\ n\ we have 
[CIV. (1)] (h) x'(a'2-a)'2) = Z'a,'((r-'-r'2) etc. 

The equations (h) determine w', // m'y n. Setting (o' = S'!r and 

r^J-jr, m' = yjr, n=zjr, 

and using equations (c), (d), (e), (g), equation (h) takes the form 
;r(a- — w2) = Mtt2-r-), etc. Since these equations are identical with 
those in CIV. (1), it follows that the point of intersection of OR 
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and the wave surface is the point at which the tangent plane 
touches the wave surface. It follows further from (e) and (g) that 
(i) r'<o = ra>' or OB .OR = OB,OR, In order to determine the direction 
nf a ray from the reciprocal wave swface, we produce the wave normal 
until it cuts that mrface. The direction of the ray is then perpendicular 
to tJie tangent plane at the point of intersection. 



Section CVII. Uniaxial Crystals. 

If two of the constants a, b, c are equal, for example if 6 = c, the 
equations become much simplified. The bodies for which this relation 
holds are called uniaxial crystals. In order to find the velocities of 
propagation a>j and Wg, we apply equation CII. (g) which is trans- 
formed into (a) <o* - [62 + W ^ (i _ /2)tt2]a,2 + b'2[m^ + (1 - P)a^] = 0. 
From this equation we obtain (b) w^^ = ^2^ w^^ = ^2^2 + (l - /2)a2. Hence 
the velocity <0j is constant ; the velocity Wg depends on the direction 
of the wave normal, or on the angle which the wave normal makes 
with the axis of elasticity a. This axis is called the optic axis; it 
coincides with the principal axis of the crystal. In the direction 
of this optic axis there is only one wave velocity, and therefore also 
only one ray velocity. If we designate the angle between the wave 
normal and the optic axis by c, we have (c) 0)22 = a2sin2€ + J2co82€. 

Hence, a plane wave, on its passage from an isotropic to an 
uniaxial medium, is divided into two waves, one of which is propagated 
with a velocity Wj, which is independent of the direction of the wave 
normal. This wave is called the ordinary wave. The velocity of the 
other or extraordinary wave changes with the direction of the wave 
normal. 

We obtain the equation of the 
wave sur&ce for uniaxial crystals 
from CIV. (n), by setting 6 = c. We 
thus obtain 
(d) (r2 - b^){a^x^ + b\y'^W) - a262) = 0. 

Hence, the wave surface consists of 
a sphere whose radius is b, and an 
ellipsoid of revolution whose polar and 
equatorial axes are 2b and 2a respec- 
tively; the sphere and the ellipsoid ^lo. 128. 
touch at the extremities of the polar axis. In Fig. 128, AJ^ 
represents the polar or optic axis, Ali^A^ a plane section through 
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the sphere and AR^A^ a plane section through the ellipsoid. Let 
OB^R^ be the normal to the plane wave POQ, B^D and B^R^ two 
planes tangent to the wave surface, which are both perpendicular 
to the wave normal. OR^ and OB.^ are the velocities of propagation 
in the direction of the wave normal. We call such a plane section, 
which contains the optic axis as well as the wave normal, tbe 
principal section. The direction of the rays of the extraordinaiy 
wave is represented by OR.^ if the plane BJR^ touches the ellipsoid 
at the point R^, The direction of the electrical force is given bj 
B^U.2y which is perpendicular to OR^. The direction of the rays and 
the wave normal of the ordinary wave coincide, and the direction 
of tbe electrical force is perpendicular to the plane of the figure. 

The polar axis AA^ = 2b (Fig. 128) is greater than the equatorial 
axis 2a; the crystals for which this occurs are called positif?e crysiak 
If a>b, the crystal is called negative, The sphere can enclose the 
ellipsoid or inversely ; crystals of the first kind are called positive^ those 
of the second kind negative, Iceland spar is a negative crystal 
quartz is a jwsitive crystal. 

If we set <o = b in CII. (e), we obtain (e) A^ = and 5j = iir, thati. 
is, the direction of the electrical force in the ordinary wave is perpendicular' 
to the optic axis as well as to the toave normal ; it is therefore perpendicdar' 
to the principal section. 

In order to obtain the direction of the electrical force in the 
extraordinary waves from CII. (e), we introduce in it the value 
for 0)^ given in (b), and notice that I = cos c, m = sin e, n = 0. We 
then obtain 

^ (a^-o-)cosc ^ {a^-b')sm€ 

Hence the direction of tlie electrical force in the extraordinary wau is 
parallel to the piincipal section. It follows from the last equation 
that llcosrS2 = (ahmh + b^co8'€)/(a^-b-)hinhcos\ and hence 

(f ) tg ^2 = ± (a-sin^c + 6-cos-c)/(a'^ - b-)sm c cos c 

We thus obtain the equations 

{k.,= ± a'-sin c/v/a-*sin'^c + 6"*cos-c, 
fi., = qp h'cos ejja^sm^^ + 6-*cos*-c, 
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Section CVIIL Double Refraction at the Surface of a 

Crystal. 

When a ray of polarized light falls on the plane surface of a 
doubly refracting medium both reflection and refraction occur. Let 
the X-axis of the system of coordinates be parallel to the normal 
to the surface drawn outwards, and the z-a,x\8 perpendicular to the 
plane of incidence ; the y-axis is then parallel to the line of intersec- 
tion between the plane of incidence and the refracting surface. For 
the components of the electrical force of the incident ray we have, 
as in C, 

(a) Xt^kJ^ yi = t^ifi, ^, = v^„/, = i^<co8[27r/r.(^-(-;rcosa + ysina)/fi)], 
or, using only the real part, (b) / = i^/ '[<-(- J^coso+ysinaVQ], !„ these 
equations a is the angle of incidence and 12 the velocity of the light 
outside the crystal. In addition to these equations we have the 
condition that the electrical force is perpendicular to the direction 
of the ray. Hence, since the direction of the incident ray makes the 
angles ir - a, Jtt - a and Jw with the axes, we have 

(c) - AjCos a + fifiin a = 0. 

In the corresponding notation we have for the reflected ray 

(d) .Y, = XJ^ r, = ^X Z, = Kf^ f, = F^. €*•'('- ('^•h.«,y+..^)/ni. 

That the electrical force shall be perpendicular to the direction of 
the ray, we must have (e) A^/^ + /^^wi^ + ^'rW> = 0. Finally, for the re- 
fracted ray, we have 

(f) X, = \J^ Y.^ixJ,, Z, = vJ,, (g)/, = ^y-i[^-(/^+-6y+«..)/a,]. 

w depends on 7^, m^, n^, or on the direction of the propagation of the 
refracted wave. The boundary conditions are the same as those of 
isotropic bodies. We have everywhere in the bounding surface, for 
which x = 0, Yi+Y^=Y,y or 

Since this equation must hold for all values of y and z, we have 
(h) sin a/J2 = fw^/fi = mj/o) and (i) = n^/fi = w^/w. By the last equation 
= n^ = n^, that is, the wave nrnmals of the reflected and refracted w<xves 
lie in the plane of incidence. It follows from (h) that m^ = sina, that 
is, the angle of reflection is equal to Oie angle of incidence. Therefore 
the direction of the reflected ray is determined in the same way as 
in the case of reflection by an isotropic body. 
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If 3 represents the angle of refraction, we have 

■'4= -coe^ mK = sin^, »i = 0» 

therefore from ih) sinaO = sindM. If we determine the direction 
of the ware normal by the cosines of the angles which it makes with 
the axes of elastkitT, we have, to determine «», the equation 

If (Ai), {itiK etc, denote the angles between the axes of elasticity 
and the coordinate axes, we have / = /jC06(jYi) + iii^co8(ya) + n»cos (:(!). 
Introducing here the Talaes for /j, iw^, etc., given above, we obtain 

r /= -co8/J.co8(2a) + 8in)8.cos(ya) 
(m) 



I m= - cos P , cos{ji>) -¥ sin P . cos{yb) 
I !•= - CO& P . cos(xc) +8in)8.co8(yc). 

Bv the help of equations (m) and (1), to can be expressed in terms 
of p. The equation thus obtained in connection with (k) determines 
the angle of refraction. In general we obtain two values for ft one 
or both of which may be ima0:inarv : if this is the case the reflection 
is total. 

We can find the direction of the wave normal and that of the ray 

m 

by a construction given by Huygens. About the point (Fig. 129) 

as centre construct the sphere PA 
whose radius is (9Z> = I2, where 
denotes the velocity of light in air. 
If the incident ray is produced, it 
meets the sphere at the point D. 
The plane which the sphere touches 
at I) cuts the refracting surface in 
a straight line, whose projection 
on the plane of the figure is Q. 
The plane Qli containing this line 
is drawn tangent to the wave sur- 
FiG. 129. face FB, whose centre is at 0. 

The perpendicular OB = io is let fall from on the tangent plane 
Qli. The normal to the refracted wave is then OB and L'OB = l^, 
if LOU is the normal to the surface. Now OB = (s} is the velocity 
of propagation in the direction OB^ and also OQ = D/ sin a = OB: sin (i, 
or 12/sintt = o>/sin/i, so that equation (k) is also satisfied. OB is the 
direction of the wave normal of the refracted wave, and OB the 
direction of the corresponding ray. Since the wave surface in general 
has two nappes, two planes tangent to the wave surface can be 
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drawn through Q, The construction therefore determines two wave 
normals and two ray directions. 

This construction really serves only as a representation of the 
refraction; it cannot be used for the determination of the direction 
of propagation so long as the construction is confined to the plane, 
because the point of contact E does not lie in the plane of incidence ; 
we can, however, obtain the direction of the wave normal by a 
construction in the plane of incidence given by MacCullagh. 

If we draw through D (Fig. 129) the line DE perpendicular to 
the refracting surface, the point of intersection B' of DE and the 
wave normal OB is so situated that OB . OR = OD^, for we have 
0B=^0Q.9inp, OB' = 0E/ sin pf and further, as may easily be seen 
from Fig. 129, OQ, OE==OD^. From this follows the relation 

OB,OF^ 0U\ 
But we have OB — in^ OD = il, and if we set OF = r\ it follows that 
(n) r^^il^lio. Therefore the point B' lies on the reciprocal wave 
surface whose equation is [CVL (f)] 

a'^x2/(a'2 - r2) + h'Y/{h'^ - r^) + c'hy{c'-2 - r^) = 

if the coordinate axes are parallel to the axes of elasticity. In this 
equation a'^tl^/Uf b' — il'^/bf d ^Qrjc. If we set 

N^=^n/a, N^^^n/b, N^=n/c, 

and choose as the unit of length the velocity of light fi in the 
surrounding medium, it follows that 

(o) N^hy^/{N^^ - r2) + N^YKN.^' - r^) + N^^z^l{N.^ - r^) = 0. 

This is the equation of the reciprocal wave surface. It follows 
further from the discussion of CVL that the direction of the rays 
OR is perpendicular to the plane tangent to the reciprocal wave 
surface at the point R, 

We can therefore construct the wave normal in the following way. 
About the point as centre with unit radius we construct the circle 
PD ; about the same point we draw the curve of intersection between 
the plane of incidence and the surface (o). This curve is represented 
in (Fig. 29) by FF\ We then produce the incident ray to the 
point D lying on the circle, and draw the straight line DB* perpen- 
dicular to the refracting surface and cutting F'B' at B'. OB is then 
the direction of the wave normal, while the direction of the ray 
OR is perpendicular to the plane tangent to the surface F'B' at 
the point R, We can easily derive the condition for total reflection 
from this construction. It can also be applied to the reflection of 
light within the crystal itself 
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Sbttjis CIS- r».c3LJt EnxA-mc* ix Uxiahal Crystals. 
UsEzir zhti mastt nio^ikiL js zr CTXU. ve kjiT«« to determine tiie 

L lie cue cf ^riiTal ^ryica^ » hks tbe Tihies m^ and w^ ^^<^^ ^ 
.TIL V . -c ' ».- = ■?-. •K- = «^sz^^ • i'^co©^ In tlie firet case the 
1^ </ Ttfraiczxic i- s c<C4z»d fromi the eqmktkm 

le vxaJLed oriinkry i^iex of re^mctioci. The correspoDding direc 

00 otf^ tfe eacc^rkal kvre k perpeodknlar to the principal section 

1 the seoood v^re i>:<iiKiI is^es the angle fi^ with the normal t< 
le sarf^e. we Lare sin * 2 = sin 3^ ••^ If we represent the an^e 
tade bj the axis of the crrsial with the coordinate axes by (a 
wiK. \zi» and notion that t- 3^ t^ - 8^ i?. are the angles mad 
y the reCraeted ray with the coordinate axes, we have 

ow € = - ccfSiya cos i — cos(ju)sin ^^ 

[ence. for the cakolation of 8^ we have the equation 

0%in-d* sin=a = a- - (»i- - f^^ p( cosi jr>i )co8 P^ - cos (yti)sin P^y, 

be corresponding direction of the electrical force is parallel to t 
rincipal section. If the optic axis lies in the plane of incidence ' 
it cos</«) = cos J, COS; !' = sinw, and then obtain 

D-sin-S^ sin-a = •:- - • '- - 6-k cos-( C + BX 

.J =d-sin-J -r6-co5-v, h^'.t-cos'y ^f'-sm'Y, C =(<i- - 6-)sin v^ cos 
re have .^i? - C- = u-?- and D- sin-a = .^ cotg-/i, + 2C cotg jS, + 
'rom this follows 



b) J cotg ^^ = - C* ^ N Jil- sin-^ - a-(r, 

f the axis of the crystal is perpendicular to the plane of incidence, 
ave (j-a) = (m) = J^r, from which sin a = .V^sin p.y, where X^ = Q a, 
he extraordinary index of refraction. If a and h are expressed 
erms of X^ and X^^y we have from (b) 

/ (AV'sin-Y + AV-cos-v^ )cotg /i, = - (.Vo- - .V;-)sin if cos if^ 
^^ [ + .VoA;N'sin--tt(.V.;-sin-i^ + X^-cos'if) - 1. 

In order to obtain the equation of the reciprocal wave surface, 
lit 1!=1, and substitute X, for a, X^^ for h, in the equation for 
^ave surface. Thus we obtain [CVII. (d)], 
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Fi(i. 130. 



blie equation for the reciprocal wave surface referred to the axes of 
sticity as coordinate axes. We obtain the same result from 
^IIL (o), if we set N^^N, and N^^N^^N^. 
In Fig. 130, OP is the refracting surface, and OA the optic axis, 
pposed to lie in the plane of incidence; AM^ and AM^ are the 
i^es in which the plane of incidence cuts the reciprocal wave 
^ace. AM^ is a circle with 
dius Nq^ AM^ an ellipse whose 
mi-major axis OA equals iVg, 
id whose semi-minor axis OM^ 
inals AT,. We draw a circle of 
tdius OD=\y which cuts at D 
le prolongation of the incident 
ty. The line EI), perpendicular 
> the refracting surface, cuts the 
jciprocal wave surface at the 
oints B^ and B^ The normals to the refracted waves are then 
^1 and OB^ For the ordinary wave the direction of the ray 
incides with the wave normal OB^ ; for the extraordinary wave it 
perpendicular to the plane tangent to the ellipsoid at the point B^- 
If the crystal is immersed in a fluid whose index of refraction is 
eater than that of the crystal, the circle PD is replaced by another 
rcle of greater radius, for example FD'. If this circle cuts the 
'olongation of the incident ray at 2/, the directions of the wave 
)rmals are determined by the point of intersection between the 
ciprocal wave surface and the line I/E\ perpendicular to the 
fracting surface. In this case total reflection can occur. If J/E' 
)es not cut the reciprocal wave surface there will be no refraction ; 
HE' cuts only one curve, there is only one refracted ray. If, as 
Fig. 130, DE' touches the ellipse at a point C, refraction will 
cur ; the direction of the ray is parallel to the bounding surface OP, 



Our presentation of optics is based on Maxwell's conception of light 
an electrical vibration. A more extended discussion on this same 
tsis has been given by H. A. Lorenz. Glazebrook published a 
scussion of the most important optical theories in the Report for 
J85 of the British Association for the Advancement of Science, 
m Helmholtz has lately given a theory of the dispersion of light in 
hich he employs the electromagnetic theory of light. 



CHAPTER XIII. 

THERMODYNAMICS. 

Skction ex. The State of a Body. 

If the particles of a system are in motion and exert force on one 
another, the system possesses a certain energy U. The energy of 
a system of discrete particles is made up of their kinetic and patentvil 
eii^'fjies. The former depends on the velocities of the particles at 
any instant, the latter on their distances apart, or on the configuration 
of the system ; together they determine the state of the body. Thus 
the energy at any instant depends only on the state of the system 
at that instant, and is independent of its previous states. The 
principle of energy has been proved only for a system of discrete 
particles ; we make the assumption in the mechanical theory of 
heat, that the same principle or a corresponding one holds for all 
systems of particles. 

A certain amount of energy is inherent in every body. This we 
cjill its internal fnfrfpj, since wo take no account of that part of its 
energy which arises from its mutual actions vnth other bodies. By 
the possession of this internal energy the body is in a condition 
to do work ; thus variations occur in its form, volume, temperature 
etc. The energy is determined solely by the state of the body: 
if the body in a certain state possesses the energy Uy and if it is 
subjected to any variations of form, magnitude, etc., and finally 
returns to its original state, the internal energy will be again 
equal to U. 

To determine the internal energy of a body it is nece8.sary to 
know the (juantities which determine its state. From Boyle's and 
(iay-Lussac's laws the state of an ideal gas is completely determined 
by its pressure and volume. The temperature is given if these two 
quantities are known. Boyle's and Gay-Lussac's laws furnish an 
equation which expresses the relations between pressure, temperature, 
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and volume ; we call it the equation of state of a gas, because it 
enables us to determine the state of an ideal gas under any con- 
ditions, if it is known under definite conditions, for instance, at 
0° C. and 760 mm. pressure. The behaviour of real gases cannot 
be accurately represented by an equation embodying Boyle's and 
Gay-Lussac*s laws, but conforms to other equations which include 
these laws as a limiting case. The state of a fluid is in general 
determined by the same quantities; it depends to some extent on 
the form of the surface and the nature of the bodies in contact 
with it The actions of electrical and magnetic forces may come 
into play in both gases and fluids. As a rule the knowledge of a 
great number of quantities is required to express the state of a 
solid, especially if it is subjected to the action of forces. The 
equation which unites all quantities which determine the state of 
a body is called the equation of state. 

Since the state of a gas only depends on the pressure p and the 
volume V, it may be represented by a point in a plane with the 
coordinates p and v, a series of such points, or a curve, represents 
a series of successive states. The I'-axis of this system (Fig. 131) 
is drawn horizontal ; and the 
/)-axis vertical. We represent 
the volume and pressure of the 
gas in its original state by r^ 
and Pq', its state is then given 
by the point A. If the gas ex- 
pands under constant pressure, 
its state is represented by a 
horizontal line AB^ parallel to 
the t^axis. This is called the 
curve of constant pressure. The 
curves of constant volume are 
vertical straight lines. If heat 
is communicated to the gas whose original state is given by Ay at 
constant volume v^^ the variation of the state of the gas is represented 
by the straight line AC, and its pressure increases. If the tem- 
perature of a gas remains constant during its successive states, we 
have, from Boyle's law, v.p = const. Hence the curves of constant 
temperature or the isothermal lines are rectangular hyperbolas whose 
asymptotes are the coordinate axes. In order to change the state 
of a gas in such a way that its temperature remains constant, 
there is required either compression uith abstraction of heat or expansion 
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uiik commmmicaiiam of heai. If a gas whose original state is represe&td i 
b J ^ is subjected to compression with abstraction of heat, or to' 
expansion with communication of heat, in such a way that id 
temperature remains constant, its successive states will be representel 
by the hyperbola DAE. We may suppose the gas enclosed in \ 
receptacle put in connection with an infinitely great source of heik| 
whose temperature is equal to that of the gas at the point A, If 
we change the volume of the gas, the source of heat sometimes 
takes up heat and sometimes gives it out, but the gas retains the 
temperature of the source. If the gas is enclosed in an envelope 
through which heat cannot pass, it is heated by compression so 
that its temperature rises, or cooled by expansion so that its tem- 
perature falls. In this case the changes of state are called adiabaik 
and the curve which represents them is called an adiabaiic or isentropk 
curr€. 

The state of a solid cannot in general be represented in a plane, 
since it depends on more than two variables. 

A series of changes by which the state of a body is altered in any 
manner, and which is such that the body finally returns to its original 
state, is called a cyclic process. If a body goes through a cyclic process 
the energy which it receives from surrounding bodies is equal to that 
which it gives up to them. The steam-engine is a system of bodies 
which periodically returns to the same state. It appears from the 
action of the steam-engine, that heat and icork are similar or equiralffU 
quaiititifj^, which can be transformed into one another, and are both, 
therefore, forms of energy. This conclusion has been established by 
accurate exi>eriment. The quantity of energy produced in the one 
form is always proportional to that applied in the other form. This 
law of the equivalence of heat and energy was first formulated by R. 
Mayer (1842). The later observations of Joule and others have shown 
that the quantity of work which is equivalent to a unit of heat, 
or to the quantity of heat which will raise the temperature of a gram 
of water by T C. is equal to 4,2.10' absolute units of work (C.G.S.). 
This result is called the first laic of thermodynamics. It may be thus 
stated : Heat and work are equivalent ; work can be obtained from 
heat and beat from work. The work equivalent or the meduinical 
equivalent of the unit of heat is designated by /. 

If the quantity of heat ilQ is communicated to a body it receives the 
energy J . dQ. This goes partly to increase the internal energy U 
of the body, partly to do the work dfF. We then have 
(a) J.dQ = dU-\-d\V. 
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This equation is called the first fundamental equation. We will apply 
it to the case in which the work dW is done by expansion against 
external pressure. 

We consider the body ABC (Fig. 132), which is subjected to the 
hydrostatic pressure p at every point on its surface. When the body 
expands its volume becomes ABC The normals AA\ BB' are 
drawn from the surface- element AB — dS to the new surface. We set 
AA' = v and obtain for the work done by the body, 

^vp , dS=p\v . dS=p . dv, 

where dv denotes the total increase in volume of the body. Equation 
(a) then becomes (b) J .dQ^dU+p ,dv. If the state of a body is 
determined by the independent variables p and v, the definite values p^ 





.V 



A 



B' 



FiQ. 132. 



Fig. 133. 



and t7j correspond to a point A (Fig. 133). Suppose the body to 
pass through a series of states represented by the curve ACB; the 
values p^ and v^ correspond to the point B, We then have from (b) 

(c) JQ=U.j.-U^ + j^p,dv. 

Q is the quantity of heat introduced during the change of state, 

1/2 - Ui the increase of the internal energy, and Ip-dv the work done". 

The increase Z/j - U^ is determined by the initial and final values of p 
and V, or by the position of the points A and B. The external work 
is measured by the area of the figure A' ABB' A; this work therefore 
depends on the process by which the change from one state to th€ other is 
effected. This holds also for Q, Since Z/ is a function of p and v, we 
obtain (d) J,dQ^'dUI'dp.dp + {dUldv-\-p)dv. If the function U is 
known, it is possible to find the quantity of heat necessary to produce 
any change in the state of the body. U is determined from equation 
(c), by measuring the quantity of heat received by the body and the 
quantity of work done by it. Our knowledge of the quantity U is 
still very limited. 
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Section CXI. Ideal Gases. 

Clement and Desormes and subsequently Joule showed tbat the 
temperature of a gas which expands without overcoming resisuntt, 
that is, without doing work, remains unchanged.* The initial aal 
final states of a gas which expands without doing work lie on tk 
same isothermal, that is, the internai energy of a gas is a fundm if 
its temperature only, and is therefore independent of its volume if 
the temperature remains constant. If we take the temperature 9 
and the volume v of the gas as independent variables, we have 

J.dQ = dUjdS .iie + Z UI'dv . dv +p . dv. 

Now dUl'dv = and therefore J .dQ = ?>Ul'dO ,dO-^p.dv. If the ujmi 
of gas contained in the volume r is equal to unity then 'dUid6=Jc^ 
where r, denotes the specific heat of the gas at constant volume, tbit 
is, the quantity of heat which must be communicated to its unit of 
mass in order to raise its temperature one degree in such a way 
that, while its pressure changes, its volume remains constant. If ^ 
specific heat of the gas at constant volume is constant^ its internal energfj 
must he a linear function of its temperature. 

For ideal gases the equation giving the relation between pressure, 
volume and temperature is pv = R6, where JK is a constant. If ^ and r 
are the independent variables of the gas, wo have (a) J,dQ = Jc,.dd+p.dt. 
From the observations of Regnault, c, is independent of the pressure 
and temperature of the gas. If $ and p are chosen as the ijuhpendtnt 
variables, v must be considered as a function of them, so that 

dv = dvjdO . dO + dv/dp . dp, 

and substituting this in equation (a) we have 

J.dQ^ {Jc, -\-p . 'dvj'dOydd ■\-p . ^^•/^p . dp. 

From the equation pv = BB, it follows that 

p . dvjdO =r. R and p . ^v/dp = - v, and / . rfQ = (/c, + B)dO - v , dp. 

In order to obtain the specific Jwat c^ at constant pressure, that is, the 
(juantity of heat which must be communicated to the unit of mass 
of the gas to raise its temperature one degree, in such a way that, 
while its volume changes, its pressure remains constant, we set dp = 
and obtain r^, = c, + /iV/, (b) J.dQ^Jc^.dO-v.dp. If p and r nr( 

*More exact nieasuieinents show that the gas, in these circumstances, is 
slightly cooled. From this it follows that there are attractive forces l>etween 
its separate particles. 
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\oseii as the independent vaiiahles^ we have dO = d6/'dp . dp + dO/'dv . dv, 
'» follows from pv = EO that 

B,30/'dp=Vy B,'d6jdv=p, E,d6 = v,dp-\-p.dVy 

Qd from (b) that (c) R.dQ=^ c^v . dp + Cj,p . dv. If therefore the specific 
eat c^ and the constant B are known, the equation (c) enables us to 
etermine the specific heat for any change of state in the t^plane. 
Tie specific heat has an infinite number of values for a given state 
:i the t?/>-plane, depending on the direction in which this change of 
tate takes place. 

The expressions (a), (b), (c) show a noteworthy peculiarity. If 
►lie of them, say (a), is divided by 0, we obtain by the use of the 
undamental equation pv==BO, J,dQI0=^Jc,.d6/0 + B,dv/v, If, for 
xample, the gas passes from the state A (Fig. 133) to the state B, 
.nd if the temperatures and volumes at these points are ^j, v^ and 
l^, Fg respectively, we have by integration, 

d) /. \dQ/e =^J,c,. logiOje,) + B . \og{v^lv,), 

^re/ore, while the integral \dQ depends on the jtath on which the gas 
Kisses from one state to another, the integral ^dQjO does not depend on 
his path. 

Clausius called the quantity S=J.\dQjd the entropy. This concept 
s of great importance in the theory of heat. If a body pisses from 
yn€ stnte to aiwther the change of fite entropy is detemiin^d by the coordinates 
?/ th€ initial and final points. This theorem is here proved only for 
1 gas, but holds also for all bodies. 

If the clmnge of state of a gas occurs along an uiothernuil curve, we 
have from (a) J.dQ=p.dv. Using the equation of state and inte- 
grating, we obtain 

(e) JQ = Cp . dv = BO . \og{v^v^). 

All the heat communicated is therefore used in keeping the tempera- 
ture constant. If we set v^ equal to fiv^, fJL\, p.h\, etc., in succession, 
where fi is any number, the corresponding values for Q are 

Q^BO/J.\ogfjL, 2Be I J. log fJL, 3 BO/ J. log p, etc. 

If the change of state occurs along an isothermal curve, and ii the 
quantities of heat introduced are in arithmetical progression, the 
volumes, according to equation . (e), are in geometrical progression ; at 
the same time the pressure changes proportionally to the density. 

If the change of state occurs along an adiabatic curve, we have from 
(c) c.log^ + Cplog V = Cj. Setting cjc, = k we obtain (f ) pv^ = c, where c is 
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constant. The equation (f) is the equation of the adiabatic curves. Cob- 
bining this with the equation pv = BO, we have from (f) RBi^'^^l 
If we introduce in this formula the density 8 = M/v of the gas, when 
M denotes its mass, it follows that its temperature is proportional 
to the (k- 1 ) power of the density when the state of the gas changes 
along an adiabatic cur\'e. 

Further we obtain the relation [CX. (b)] lp,dv=U^-U^ The 

work is therefore done at the expense of the internal energy, if the 
change of state is adiabatic. 



Section CXII. Cyclic Processes. 

A simple reversible cycle is one in which all changes occur in sach 
a way that if reversed they may be effected under the same circum- 
stances. The body which performs the cycle is called the working 
body. In the performance of a simple reversible cycle the working 
body must be associated with two others, one which communicates 
heat to it, and another which receives heat from it. In a gas engine 
the working body is the gas in the cylinder ; in a steam engine it is 
the water or steam. The gases of the fire and the walls of the boiler 
give up heat, the water in the condenser receives heat. The gas or 
steam jiasses through a series of states and, at least in some machines, 
returns to its original state ; it is then in condition to repeat the 
same process. Since the value of the internal energy U at the 
beginning and end of the process is the same, we have [CX. (a)] 

(a) JQ=Jr, 

where Q is the difference between the heat received and the heat 
given up. 

The (luantity of heat received by the working body and not given 
up to the colder body is the equivalent of the work done. If the 
working body is a gas, we have for the cycle JQ=^pdv. The 
entropy of a gas depends only on the coordinates and therefore has 
the same value at the beginning and end of the process. If «S\ denotes 
the entropy at the starting point, the entropy at any instant during 
the process is equal to 5^ + ^dQ/O. If the integration is extended over 
the whole cycle, the entropy returns again to its value S^, and we 
have therefore ^dQ/0 = 0. 

We will discuss more particularly a special case, the so-called 
Canwt's cycley which is of great importance in the theory of heat. 



CXII.] 



CYCLIC PROCESSES. 



273 




B'JS' CD' 

Fig. 134. 



pose a gram of gas to be in the state represented by the point B 
;. 134) in the i^plane. The curve representing the cycle is in this 

I composed of two isothermal curves BC and ED and of two 
ibatic curves CD and BE, The gas first expands at the constant 
perature Oy This is accomplished by keeping it in contact with 

infinitely great body M^ at the temperature d^ and by so 
Ilia ting the external pressure on the gas 
t it passes to the state C along the path 
During the change of state BC the 
ntity of heat Q^ is absorbed and the 
k represented by the surface BCC'B is 
e. The gas then expands adiabatically, 
he manner represented by the adiabatic 
^e CZ), and its temperature falls to 0c^. 
n the gas is brought in contact with an 
litely great body M^ at the temperature 
ind compressed; during this process it 
!8 up to Afj the quantity of heat Q. Its state is represented by E. 
illy the gas is fiuther compressed without communication of heat 

II it returns to the original state B, The integral ^p . dv^ extended 
? the whole cycle, equals the area BCDE, and represents the work 
e by the gas. We have [CX. (a)] (c) J{Q^ - Q2) = W. 

IThen the gas expands from B to C, its entropy is increased by 
^1 ; it remains constant along the path from C to Z>, is diminished 
QJO^t along the path from D to E, and again remains constant along 
path from E to B. Since the gas on its return to B has the 
e entropy as at the outset we have 

QA-Q.je.,=o or Qje,=Q.je.,. 

m (c) and (d) it follows that 

refore the work done by this cyclic process is proportional to the 
ntity of heat Q^ absorbed and to the difference of temperature 
^2, and is inversely proportional to the absolute temperature ^j, 
hich the heat is absorbed. The heat received from the source M^ 
>t wholly transformed into work, but is divided into two parts, one 
hich is transformed into work, and the other transferred to Mo, 
he efficiency ( of the Carnot's cycle is the ratio of the heat trans- 
led into work to that communicated to the gas. We have 
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HcDce the efficiency depends only on the temperatures 6^ and 6,rf1 
the sources of heat. If we consider the reversed cycle, the state of tk' 
gas first changes along BE; along the path ED it receives a certn 
quantity of heat from J/o, and has a certain quantity of external wnfc 
done upon it along the (lath DC. The heat received and the woik 
done transformed into heat are given up by the gas to the body Ifj 
along the path CB. In the case of the cyclic process first considered 
heat is transformed into work ; in the reverse process work is tnur 
formed into heat. 



Seitiox CXIII. Carnot's and Clausius' Theorkm. 

It was shown in the preceding section that \dQi6 = for any 
reversible cycle, when the body describing the cycle is a gas. We 
will now see if this theorem holds when any other body is used 
as the working body instead of a gas. Let us take the simple 
case in which the process is carried out along two isothermal lines 
BC and ED (Fig. 134), and two adiabatic lines CD and BE. Suppose 
the change of state to take place in the sense given by the letters 
BCDE. If the l>ody at the temperature ^^ expands from fi to C, 
it receives the cjuaiitity of heat Q^ ; when it is compressed from 
D to E it gives up the quantity of heat (J.,. Along the paths CD 
and EB heat will neither be receive<l nor rejected. In this process 
the totiil quantity of heat received by the l>ody is Q^ - Q.^ Since 
it returns to its original state, the quantity of heat Q^ - Q^ is 
equivalent to the work done, which is therefore JiQ^ - Q.,). 

S. Carnot publislied, in 1824, a work on the motive power of 

heat, in which he proposed an important theorem on the connection 

])etwoen heat and work. He was of the opinion that heat was a 

fundamentiil substiince whose quantity remained invariable in nature. 

Applying this view to explain the action of the steam-engine, he 

supposed that the steam gave up a (piantity of heat (>, at the higher 

temperature 0^, that this heat was transferred to the condenser at 

the lower temperature 6.,, and that the motive power of the heat 

was due to its passjige from the higher to the lower temperature. 

The work thus done by this passage of heat from a higher to a 

lower temperature was considered analogous to that done by a 

fallin<' tluid or by any falling body. This latter is proportional to 

the wei«'ht of the falling body and to the distance which it falls. 

Hence for the work done by the heal Carnot proposed the expression 
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^o) where iiT is a function of the absolute temperatures 6^ 
This conclusion of Carnot was confirmed by experiment, 
not agree with the mechanical theory of heat in so far as 
led heat as an invariable quantity. If for the present we 
1 this error, we have for the cycle just described 

must be independent of the nature of the body doing the 
3 have, if the body is a gas [CXII. (e)], (b) K^J/O^, It 
J follows that (Q^ - Q.2)/(0^ - 0.^) = QJO^ and hence QJO^ = QJO^, 
if a body traverses a Carnofs cycle any number of times, by being 
ternatehj in cantact %vith two infinite sources of heat, the quantities 
which it receives from one smwce and gives up to tJie other are 
me ratio as the temperatures of the sources, 

can be no doubt that this theorem holds for a cycle of 
d considered. The application of the theorem in many 
ents of physics and chemistry has led to no results which 
et contradicted by experiment. Several attempts were made 
a direct proof of the theorem, the first and most important 
li is due to Clausius, whose method may be presented in 
»wing way : 

»se a gas to traverse the cycle BCDE (Fig. 135) composed 
isothermal curves BC and DE, which correspond to the 

temperatures 0^ and 6^, and of 
batic curves CD and BE, During 
nsionfrom B to C, the gas takes 
itity of heat Q^ from an infinitely 
urce il/j whose temperature ^j is 
It then expands from C to D 

communication of heat. It is 
)ught in communication with the 
( great source of heat M.^, whose 
ture ftj IS constant, and by com- 

is made to give up to it the p^^ ^^ 

' of heat Q.2, Finally it is 

back to its original state B, During the cycle the gas 
jived from the source M^ the quantity of heat Qj, which 
ed into two parts. One of these parts is transferred as a 

of heat Qo to the source il/.^, the other is transformed 
rk and is represented in amount by the area BCDE, 
>se B'C and E'D' (Fig. 135) to be the two isothermal curves 
nding to the temperatures 0-^ and S.^ ^^^ another body, say 





276 THERMODYNAMICS. [chap, iiil 

for water vapour. CU and BE are two adiabatic curves so choea 
that the surface BCUE equals the sur&co BODE. If the waUf. 
vapour is subjected to a process similar to that just described for the 
gas, the heat which it will receive while in contact with the soone 
if J is (^j + //, and during its passage from U to E^ while in conUd 
with the source J/^, it gives up to that source the quantity of heil 
Q^. The work done by the vapour is equal to that done by the gas, 
because the sur&ce BCDE is equal to the surface ECUE^ and we 
therefore have Q^-k-q- Q^ = Q^- Q^ and therefore Q^ = O2 +^. The 
vapour in expanding along EC receives the quantity of heat O1+?, 
and gives up the quantity Q^-^q along the path I/E. 

The cycle described can also be performed in the opposite sense. 
For example, the water- vapour can expand along the isentropic curve 
EE; it may then be brought in contact with the source of heat 
M^ and expand from E to E, during which expansion the quantity 
of heat Q^-^q is taken from 3f2. It may then be compressed along 
the isentropic curve 2/(7, and lastly along the path CE, while in 
contact with the source of heat My During this compression it 
gives up to Ml the quantity of heat ^1 + ^. To carry out this pro- 
cess, a quantity of work roust be done which is equivalent to the heat 

this work is represented in Fig. 135 by the surface ECUE. 

We consider finally two engines, one of which is a gas engine, 
in which the gas performs the cycle BCDE, and the other a steam- 
engine, in which the steam performs the reversed cycle ECUE. 
The work done by the one is cciual to that supplied to the other, 
if we neglei't friction and other resistances. The gas engine in 
each revolution takes from the source M^ the quantity of heat (?i 
and gives up to the source 3/.j the quantity Q.y : at the same time 
the steam-engine takes from J/o the quantity of heat $0 + !? ^^^ 
gives up to J/^i the quantity C^i + </. Hence, in these circumstances, 
the source of heat at higher temperature receives during each revolu- 
tion the quantity of heat q, while the source at lower temperature 
Mo gives up the same (juantity of heat ; this transfer of heat q from 
the lower to the higher temperature being effected without the doing 
of work. 

By this process, therefore, heat can be transferred from a colder 
to a hotter body. This Clausius declares to contradict experience. 
While heat invariably tends to flow from hotter to colder bodies, 
in the process described above the opposite occurs. The objection 
has been raised to this conception of Clausius that a thermoelectric 
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•cuit, in which one junction is at the temperature 100** and the 
her at 0', can produce a current which will heat a platinum wire red 
»t, so that heat passes from a colder to a hotter body, that is, to 
e red hot platinum. Clausius answered this objection by asserting 
at this transfer of heat to a higher temperature is compensated 
r by the heat generated at the points of contact. 
Clausius therefore proposed this theorem : Hmt can never pass 
mi a colder to a hotter body vnthout th£ expenditure of ivork or the 
rurrence of some change of state. Hence, by this principle of Clausius, 
= 0, and therefore for any cycle of the sort described, whatever 
dy is used in it, we have (a) Qi/0^ = QJ6^, 

We can now show that a similar theorem holds for a cycle of 
ly sort. Suppose that the change of state of a body proceeds from 
along the curve BC (Fig. 13G). If the isothermal curve BD passes 
rough B and the adiabatic curve CD through C, we may replace 
e path BC by the path BDC^ that is, the body may first expand 
constant temperature along BD and then at constant entropy, that 
without communication of heat, along DC. If BC is infinitesimal, 
D and DC are so also, and the change of state BC may be replaced 
' the two changes BD and DC. On both paths the body receives 



N, 




Fig. 13C. 



Vr 



Fig. 137. 



le same increment dU of internal energy. The external w^ork is 

the one case BCC'B, in the other BDCC'B. But since BC'^dv 

infinitely small, while B'B=p remains constant, the surface BDC 

inishes in comparison with the surface BCC'B. If dQ represents 

le quantity of heat supplied, we have J.dQ=dU+p.dv along the 

ith BCy as well as along the path BDC. 
Let BCPDEQ (Fig. 137) be any cycle, Bcy Cc\ Ed, Dd' isothermal 

irvos, and BE^ CD, etc., adiabatic curves. Let the body receive 
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r rta i ir ? ■ nf tiM- f\ iaiixi£ BC^ laii CT* ap Oke quantity di)^ 
uiiiur JZ. .L« "V5t j;i"^ ij-^kix «Ka- "lie hcdT wooM recore 
lo- 1 asiiiiSf if ta;2 lanuc 3*: "3f* slus* y*"^^*^ of heat dQ^, iDd 
HT^ TO uumr i^ 3xi* sum* nan' -' ^ f ^ -. T^iac^Jte we have for tas 
:7»stt i-rf JL £\- -f- = «\ . -^^ x -^ laii ^. ir? zibi abaohite tempentnni 
nil— ^*sy: n»rmvr ij "rixt* siiciKnukrf 3' A2ii -Sfl In ilw sune way we 
HfcT-^ :3ir . mi£ JT**' i^^. i\ + =f,. r.- iv/ ^i' = rf^/ ^/i «^ 
If t AOJi J itfniicf tie i^irn::* ic ▼^a:a lirf rriie looelies two uothenul 
nTTr-a. TTf jci"^ 17- Mnnom "7 i\ ^i = _*Vi^j- wlierc </<?i is the 
irEiacTr- :t let: r'K^r'^i i^io:r la. -fjtmtstiz of <iBCP and ^j the cent- 
♦ccmrniC "iHiL3«nz3ni. i\. lie rBkiSz:n' zf^^ec op along an element 
il rll^ iai£ f. litf r:rr*s:«:iiirzi:r ifSLr^sacsreL // tke heat rftmi 

"^<»if» ^icr\ miotic Jf i^ n^f*,itr^ '>^k3tfr'j:xr'. r:: vkirk U is r^^ivedj egwik 
z/fTj^ laa^ 2^ : c\ r='\. Tii» if la* -y^cW I'T" 'f iA^frmodyiumict. 
TTl^ i2ricresL : wx^:^ CI;ks<r2i irss expreaewd in this form may 
re rrrm -jz AsrcifT ttxt. L« AFCI- Ylz. 1^» represent a cycle, 
fo tiai *\ r = v. W* zir^i-t zht iriecral into two parts, 
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:c wh:\-h the firsi is extended from A 
.Trr i-' :o '-\ tie second from C over 
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r= -r; .JV,^ = i^/ t/V 0. 
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It thrrtrore. :te body passes from the 
suiic .^ :o the state T. the value of 
ihc iLrejTAl ;"v ^ is independent of the 
i*i:h. If r, and r, are the coordinates 



of the print .:/, ani f, and •. those of the point C, we have 






I- 1 






Claaijius iutroduce«i a special symbol for the entropy by setting 

dS = J.dQ 0, from which Jf dQ = S..- Sy The function 5 represents 

the entropy of the Ixxly ; it depends only on the state of the body 
at any instant, and is independent of all previous states. 
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Section CXIV. Application of the Second Law. 

We have already obtained [CX. (a)] the equation 

(a) J.dQ = dU+p.dv, 

If the state of the body is determined only by the independent 
variables 6 and t;, equation (a) may take the form 

(b) J.dQ = {dU/de\ . dO + {(d U/"dv)e + j?)rfr, 

where the indices attached indicate that the quantities which they 
represent remain constant during differentiation. If S denotes the 
entropy, we have 

ds=j. dQ/0=\/e.(dU/dei.de+{iie,{du/^v),+pie)dv. 

Since S is here a function of v and 0, we may set 
But for the same reason we have also 

d{ds/de)j'dv = d(dS/dvyde, 

and further 'di^dSI'dOy^v =1/6, d{d U/dO)J'dv, 

?i(ds/dvyde = 1/^ . didui-diydo - i/e-^. (du/dv), + d(p/0)jde. 

WTionce it follows that (c) {dU/dv)s = e'^.d(pie)Jde, since U is also 
a function of 6 and v only, and 

d(dUjdv)e/de =. d{dU/de)J'dv. 

The internal energy must satisfy the differential equation (c). The 
second law furnishes the means of determining the internal energy. 
It follows from equations (c) and (b) that 

(d) j.dQ= {duide\ . do + {e^'d{pje\i'de ^p)dv. 

Hence if the equation of state and the specific heat c,= l/J. (dU/'dd), 
are known, the quantity of heat required for a given change in the 
state of the body may be determined by equation (d). 

The quantity of heat which a body has received is not determined 
by the state of the body at any given instant, and therefore cannot be 
considered as a function of the coordinates. We can, however, set 

(e) J{dQfde). = (dU/de)^ J{dQrdi% = (dUi^v),+p, 

since (dQ/dO), . dO is the quantity of heat which is used in raising the 
temperature by dS^ while the volume remains constant, and (dQjdv)^ is 
the quantity which is absorbed during an increase in volume by dv 
at constant temperature. But d^QidO?>v is not equal to 'd'^Q/'dvdS, 
From equation (c) we obtain 
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The differential equation (c) is applied to the relations of m iM 
gas, for which p/ 6 =:J{ji\ From this relation (BJ7/dr), = 0, which agreti 
with the results in CXI. 

If the energy of a body at constant temperature is independent of 
its volume, its equation of state, from (c), will have the form 

p/e=f{v). 



Section CXV. Thk Differential Coefficients. 

As a rule the equation of state of a body is unknown. There are, 
however, many bodies for which, within narrow limits, we know 
approximately the relations of volume, pressure, and temperatort 
Within these limits, therefore, an equation of state may be constructed 
of the form (a) /(r, j?, ^) = 0. If the pressure p is constant, we have 

/(y>, r + (ir, ^ + dO) = and 'dfj'dv . dv + 'dfl'dS .dS^O, 

The ratio between dv and dO is written in the form (dr/dd)^,. The 
volume V of the body is generally given in the form 

r = rt,(l+a/ + i8f^+...), 
where ^=^-273. Hence we have 

(^^V^^X, = r(a+ 2^( (9 - 273) ■f...)/(l+a((9- 273) +...). 

If p is very small, we obtain (b) (dr'dO)^ = va. This formula can be 
used even when a is a function of 6. 

If the temperature 6 is coiuitant in equation (a), we have 

W ^p-dp-^- 'dfi'dv ,dv=^0. 

From this equation the change of volume due to change of pressure 
at constant temperature can be determined. Since the volume always 
diminishes when the pressure increases, (dv/'dp)^ is negative. From 
the theory of elasticity (cf. XXIX.) we have found that 

Xdvlv= -dp and 6 = 0i'/r= - (\ -'2k)3^p/E\ 

in the case of fluids and solids respectively. Therefore 

(c) (^0^7^)e= -*V^- 

It follows from the equation of state of an ideal gas that 

(di'/dp)e= -r.>, 

and hence X=p. 

If the voliune of the body i.< con^unty the pressure is increased by dp 
by the rise of temperature dO; we obtain in this way a third quantity 
(dpIdO)^ Besides these diflerential coetticients we must also notice 
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"^Iiree others, dSldo, dp/dv, and dSjdp, which are connected with those 
already mentioned by the following relations : 

(d) (dvide)^.(de/zvi^i, (dv/^p)e.{dp/dv),=i, {dp/de).,(deidp).^h 

Let LM and NP (Fig. 139) represent two isothermal curves cor- 
responding to the temperatures and O-k-dS, We then have 

{^pl^v\^tgAEv, 

if AE is the tangent at the 
point A of the isothermal curve 
whose parameter is ft If BAD 
is perpendicular to Or, and AC 
parallel to Ov^ we have 

t^AEv=^ -^AD/DE^ -AB/AC, 

and hence 

(dp/'dv),= -'AB/Aa 

Further, we have 

{dvide)^=^ AC/de, 
{?>ei'dp\=^deiAB, 

and hence we obtain (e) {'dp/dv)g,(di'/d0)^.{d6/'dp\— -1. 

Equations (d) and (e) show that if we know two of these differential 
coefficients which are independent, the others are also known. Equa- 
tion (e) may be derived in the following way : If j» is considered 
a function of v and 0, we have dp = (dpfdv\ . dv -I- (dp/dS), . dO, Assum- 
ing the pressure constant, so that dp = 0, we have 

dv/de= -'(dp/de)j{dpidv)e. 

The quantity dv/dS in this equation is that which has already been 
designated by (dvjdS)^; we therefore again obtain equation (e). 

For gases we have (dp/dv)^^ -p/v; {'^'/'^^)p='B/p; {d6/'dp)^ = v/B. 
These values satisfy equation (e). 

For liquids and solids we have {dv/d6)j, = aVy (dv/'dp)Q= -tyX, and 
hence by equation (e), (f) (^p/^^), = aX. 




Fio. 139. 



SEcrrioN CXVI. Liquids and Souds. 

If 6 and v are the independent variables, we have [CXI.] 

(a) J.dQ = {d U/de\ . dS + {{d U/dv), -f i>) . dv. 

From the second law of thermodynamics we obtain as in CXIV. (c), 

(b) (dU/dv\=^e^ .d(p/0)Jde=^e , {dp/dO\--p. Hence equation (a) 
takes the form (c) J.dQ = {dU/de\. dO + 6.{dp/de),. dv. If we designate 
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Eivrxaoiia : liffli "i»**:-.iiiiiT* tlX* z ' * i \ = \ . i^r • •icA . Jr J. It 

' f 7. >, ~ - = ?- r > > = * . T: ?j ?^ , ?r. 

aoii liiiff'joi-rt *r-:aL 'rXT f lia: z T. ?,?*•=?. ItoAi?*^. This 
■lAT "-* 'jC-cxziiiii lis*: rr.m ■f;-Eid!i:a •* tT tie ase of the second 
Jaw. Efi-iAciiitt r ia«:Trj titic :, is rufufc^rceci of the volume if 

la oriiT 10 express "Ji'H i*tz^^i'tn<^ -it zhi '^Tsmthv of heat c«n- 
B!Z!iS:a:efi ^> i ^i-tiT oe hs rr!«sir»? xsfi z^mjMTMXJsrt^ we set 

and chen oi)C&izi fr:>izL : 

or X'XV. (e/. -li. /.iv = ■/:. - ^.« > > ; > :i'\,]J^ - «*-(>. ?^,.rff 
If <", is the speciJSc heat a: con^CAnt pn?5sare, we have 

Xow since rr ?/» is always negatiTe, '.-^ is greater than c„ so long as 
?t;?^ is not equal to zero : the case in which 7t Zt* = is exhibited 
bj water at 4' C. 

Introducing the irjlues tor the dirferer.tial coefficients found in 
CXV., we obtain 

(i; J.'i(^=^{J'',^'i-\'-':*\i^- a:*:* .'/'■. and ik) ,, = ••,-»- a-Xre? /. 

The temperature of a fluid or of a solid is changed by compression. 
If we set dQ-0 in e<|uation ui the rise of temperature dO due to 
the increase of pressure dj' is 'W= -rart* ••^•^.•-//>, that is, the tempera- 
ture rij^^ trith increosiifj j're.<<urt if a i.< j*>i7itY, that i.<, if the bod}/ 
0'j'ftiindji xchen hmted ; it a i> ne*:oti»y: th^ t^rthji^riifure falls icith incrctimg 



Skction CXVII. The Development of Heat by Change of 

Length. 

If the pressure p is exerted on each unit of surface of the ends of 
a solid cylinder, each unit of length of the cylinder is shortened by 
p/c, where c is a constant. If / denotes the original length of the 
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cylinder at 0* C, its length L at the temperature and under the 
pressure p, if the limits of elasticity are not exceeded, is 

(a) i = L(l-W0-(l + ^(^-273)), 

where P is the coefficient of expansion. 

If the length of the body increases by dL and its temperature 
rises by dS, the quantity of heat dQ must be supplied to it ; the work 
done by the elongation is A .p , dL^ if A is the cross-section of the 
cylinder. If M represents the mass of the body when the tem})era- 
ture is 6 and the length Z, we have 

(b) J.dQ^M.Z U/dO . dS + (M. d U/dL + Ap) . dL 
Applying the second law to this expression we obtain 

d{M/e . d u/de)/dL = d{M/e . d u/dL + Apie)/de 

or M . (3 U/dL), = 6^-, A, d{p!e)Jde. 

Hence J.dQ = M.(d U/dO)^ .dS^O.A. (dp/dS)^ . dL 

If 6 and p are taken as the independent variables, we have 

dL = (dL/dO)^ . dS + {dL/dp)e . dp and 

J.dQ=^[M. (dU/dS)^ + 0.A. (dpi'de)^^ . (dL/de)^]de 

+ e.A. (dp/dS)^ . (dLfdp), . dp. 

Since the deformation is very small, we have, representing by c^ 
the specific heat at constant pressure, 

(c) J.dQ^ JMc^ .dS-OA, (dLidBX, . dp, 

since by analogy with CXV. (e) {dp/de)^.{de/dL)^.(dLldp)e= -l. 
If the pressure on the ends is increased by dp, so that the total 
pressure is A,dp — P, and if there is no communication of heat, the 
temperature of the body increases by d6 = 61*LpjMCj,, or, if m is 
the mass of unit length, by dO=OpP/Jmc^, If the cylinder is 
stretched by the force F a corresponding cooling will occur. 



Section CXVIIL Van der Waal's Equation of State. 

The equation of state of an ideal gas is pv = 116, and its isothermal 
curve is therefore a rectangular hyperbola. Real gases, however, 
at low temperatiu*es and under high pressures, do not conform to 
this equation. Suppose that a certain (quantity of gas at a given 
temperature has the volume OC (Fig. 140) and is under the pres- 
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sure CC If the pressure is increased while the temperature remaiin 
constant, the volume will be diminished. At last the space in whidi 
the gas is contained becomes saturated with it ; let the corresponding 
pressure be DU, DU is then the pressure of the saturated vapow or 
the ixipour pressure at the given temperature. If the volume is stiU 
further diminished, the pressure remains constant, while a part of 
the vapour passes over into the liquid state. At last all the vapour 
is transformed into liquid; let the corresponding volume be OF. 
So long as the mjx>Hr and liquid are in the same spitce, the uothermal cwrrt 
is a straight line parallel to the axis Ov. If the volume of the liquid 
is now diminished, the pressure increases very rapidly ; the corre- 
sponding isothermal curve is represented by FG (Fig. 140). Andrews 
found, by experimenting with carbon-dioxide, that, as the temperature 

rises, the line DF becomes shorter, 
and that, at a certain temperature, 
which he called the critiad tempera- 
furey it disappears altogether. If 
the temperature of the carbon- 
dioxide remains constant, its state 
changes along curves which are 
represented in Fig. 141. The 
abscissas represent volumes, the 
ordinates pressures. For example , 
let us examine the isotherm^A 
curve AJBCD, which correspond-* 
to the temperature 15-FC.; s»-^ 
the point A the carbon-dioxide '^^ 
still in the gaseous state ; at J5 it may be considered as saturates ^ 
vapour. If the compression is continued, condensation begins, ar^^-d 
the pressure remains constant until the substance has become liqui- 
that is, until its state is represented by C, From C on, the pressi 
increases very rapidly as the volume is diminished. At the tei 
peraturc 21*5'* C. the condensation begins at //, and the horizonU^' 
part of the curve is shorter. At 31 -TC. the horizontal part of tt:»e 
isothermal curve vanishes ; the critical temperature has now l>e«^^ " 
reached. Isothermals corresponding to higher temperatures a"^"® 
continuous curves ; it is therefore impossible to reduce carbon-dioxi<^ ^ 
to the liquid sUite at a temperature higher than 31 -rC. At higb^^ 
temperatures than this there is no apparent difference between ^^ 
liquid and gaseous states. The liquid, at the critical temperatu^ ' 
has the same density as the saturated vapour. A gas can be redii^^'^ 
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the fluid state by compression only when it.s temperature is lower than 
le critical temperature. 

James Thomson substituted for the isothermal ciure here described 
I continuous curve CDHEJFG (Fig. 140); the part DHEJF cor- 
responds to an unstable state. It appears from various investigations 
on the relations between vapours and their liquids at the boiling 
point, that it is possible to obtain a vapour in the states represented 




Fio. 141. 



by DH and FJ, while the states represented by HEJ are always 
unstable, since in these states the pressure and volume change in 
the same sense. 

J. Clerk Maxwell called attention to an important peculiarity of 
these isothermals which may be deduced by applying the laws of 
thermo-dynamics. If a gas traverses the cycle FEDHEJF, in passing 
along the straight line from F U> D \t receives the quantity of heat 
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L> and in passing along the curve DIIEJF gives up the quanti^l 
L ; the temperature is the same along both paths. Since the pk\ 
has traversed a complete cycle, we have \dQl6 = L/d- L/d^QyVdl 
therefore L = L. Therefore, since no heat is used in this cycle, m 
work can bo done, and hence the surface FJE is equal to the sur&n 
DHE. Thus, if the isothermal curve CDHEJFG is given, Um 
maximum pressure of the vapour can be determined, by determining 
the line FD so that the surfaces FJE and DHE are equal. 

Van der Waals has proposed an equation of state for gases, which 
represents, more exactly than the simple one, the behaviour of the 
gas and which permits the calculation of the critical temperature. 
The volume of a gas is determined not only by the extenial 
pressure but also by the attraction of its molecules ; we may think 
of this attraction as replaced by a pressure p added to the extenial 
pressure p. Since the attracting and attracted molecules approach 
one another as the density increases, // must be directly proportional 
to the square of the density, and therefore inversely proportional 
to the square of the volume. Hence we set p'^aj}^, so that the 
total pressure of the gas is p + ajv-. Further, the molecules are not 
free to move everywhere in the region v, for they themselves occupy 
part of the region. Van der Waals assumed that the volume of a 
fluid cannot fall below a certain limit without the particles losing 
their freedom of motion. In place of the apparent volume r, he used, 
as the true or efl*ective volume, v - h, where 6 is a very small quantity, 
though much greater (about 4-8 times) than the volume of all the 
molecules of the gas. We thus obtain the equation of state 
(a) {p + a:v%v - h) - IW, 

If the volume v is very great, this equation becomes the equation 
of state of ideal gases. 

The positions of the points // and J (Fig. 140), at which the 
tangents to the isothermal curves are parallel to the r-axis, are 
obtained from the equation dp!dv = or (b) p-^ajv- -2n{v — h)!v^ = ^. 
This is the equation of the curve which passes through all points 
at which the tangents to the isothermal curves are parallel to the 
axis Ov. All these isothermal curves correspond to temperatures at 
which the body can be either liquid or gaseous. When the two 
points coincide we reach the critical state. But since the two coin- 
cident points must have a line joining them parallel to the axis Or, 
we introduce the condition for the critical state by setting dp/dv, 
obtained by differentiating the foregoing equation (b), equal to zero, or 
(c) (jfi(v-h),t'^-4(f:r' = 0. 
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If Pj denotes the critical volume, that is, the volume of unit mass 
of the gas or liquid at the critical temperature, we obtain from the 
last equation (d) i\ = 36. The critical temperature 6^, and the critical 
pressure p^^ which must exist in order that the fluid shall not boil 
jkt a temperature which is lower by an infinitesimal than the critical 
temperature, are (e) 6^=l/E,8a/27by p^=o/27b'^. These values are 
obtained by introducing the value of t\ in (b) and (a). 

Choosing t\, 6^, and p^ as units of volume, temperature, and 
pressure, we may set 

r=Fri=r.36, p^Pp^^P .ai'lW, 6=16^ = 1 .Sai'27bB, 

and thus give to the equation of state the form 

(f) (P + 3/n(3r-l) = 8r. 

From this equation we obtain the following law : If the critical pressure 
w taken as the unit of pressure^ ths criticnl volume as the unit of volume^ 
and the absolute critical temperature as the unit of temperature, the iso- 
thermals of all bodies are the sam£. We will now consider some applica- 
tions of formula (f). 

{a) Equation (f) may be, written in the form 

SVT 

The following table shows how the product PV depends on P 
when the temperature is constant: 



1 

V 


T= 
PV 


1-0 

p 


PV 


1-5 
P 


7- 


2 


r- 


2-5 


r- 


3-0 


PV 


P 


PV 


P 


PV 


P 


00 


2-67 


000 


400 


00 


5-33 


000 


6-67 


0-00 


8 00 


0-00 


0-2 


2-26 


0-45 


3-69 


0-74 


511 


102 


6-54 


1-31 


7-97 


1-59 


0-4 


1-88 


0-75 


3-42 


1-37 


4-96 


1-98 


6-50 


2-60 


8 03 


3-21 


0-6 


1-53 


0-92 


3-20 


1-92 


4-87 


2-92 


6-54 


3-92 


8-20 


4-92 


0-8 


1-24 


0-99 


3-06 


2-44 


4-87 


3-90 


6-69 


5-35 


8-51 


6-81 


10 


100 


100 


3 00 


3 00 


5 00 


5 00 


7 00 


7 00 


9 00 


9 00 


1-2 


0-85 


1-01 


3-07 


3-68 


5 29 


6-35 


7-51 


9 01 


9-73 


11-68 


1-4 


0-80 


M2 


3-30 


4-62 


5-80 


812 


8-30 


11-62 


10-80 


1512 


1-6 


0-91 


1-46 


3-77 


6 03 


6 63 


10-60 


9-49 


15 38 


12-34 


19-75 


1-8 


1-27 


2-28 


4-60 


8-28 


7-93 


14-28 


11-27 


20-28 


14-60 


26-28 


2-0 


2-00 


4-00 


6 00 


1200 


10 00 


20 00 


1400 


28-00 


18-00 


36 00 



The results of this table may be represented by a figure, in which P 
is the abscissa and PV the ordinate ; in the neighbourhood of the 
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critical temperature T=l, PV is very variable, and the departara 
from the ordinary laws are in consequence very considerable. Ai 
the temperatures rise the relations change rather rapidly, PV becomii^ 
nearly constant. The product PV has a minimum value, which io 
some cases is reached only when the pressure is negative. Tb^ 
minimum is determined by dPF/d F^ 3/ VJ-ST/iSF-- 1)^ = 0, PV 
is therefore a minimum if 3F-l/F=JSTpi. 

The corresponding values of P and F, which we may designate 
by P^ and F^, are, by the use of the equation of state, equal to 

P^ = 3(2v/8r/3 - 3)(3 - >/8i73), F^ = 1/(3 - JST/S), 

and hence P^r^ = 6s/8r/3- 9. 
Hence we obtain tor 

r=10 1-5 20 2-5 3-0. 

P^=109 300 3-35 2-72 1-37. 
i>^r„ = 0-80 300 4-86 649 7-97. 

As an example of the application of the relations hero developed, 
the following table has been calculated for 18** C. or ^ = 291: 





Crit Temp. 


Crit. ProM. 


T 


p- 


1 


Hydrogen, 


33 




7-3 


neg. 


neg. 


Nitrogen, 


127 


33 


2-29 


3 08 


102 


Carbon-monoxide, - 


132 


36 


2-20 


319 


115 


Oxygen, • 


155 


50 


1-88 


3-37 1 


169 


Nitrogen-monoxide, 


179 


71 


1-63 


3-21 ; 


228 


Methane, 


191 


55 


1-52 


305 ' 


168 


Ethylene, 


263 


51 


111 


1-68 


86 



The product of pressure and volume therefore diminishes as tt 
pressure increiises, if the pressure is less than 102 atmospheres, 
the pressure is greater than this the product increases with the pressur 
(h) The coefficient a^ which is called the coefficient of pressu - 
(formerly called the coefficient of expansion at constant volume), au 
which denotes the change of pressure for a rise of temperature ^ 
r C. at constiint volume of the gas, is determined in the followin 
way : ^^'e have 

a.= \/p.dpr^e= \iej\ -dPidT^ i/o^ . 8/(3Pr- P) 

= l/^,.l;(r-^l;^-f^l/n. 
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Tor very great values of ^, a, = 1/6', corresponding to an ideal gas. 
Purther a,. ^^ = l/(r- » . l/T+f . IjV^), Van der Waals defines cm-- 
responding states as those in which the volumes, temperatures and 
pressures of both gases are in the same ratio to the same quantities 
in the critical state, that is, in which 

v/v, = ,//v,' = F, pip, =p'ip{ = F, die, = ffie^ = T, 

where the quantities r', ?;/, p\ etc., refer to the second gas ; thus we 
have o,^j = a,'^j' or «,/«,' = ^//^i- Hence the coefficients a, and a/ in 
corresponding states are inversely as the cntical temperatures, 

(c) The coefficient of expansion a^, which represents the increase 
of volume for a rise of temperature of 1" C. at constant pressure, is 
defined in the following way : 

a,= i/v.zv/de = i/e^F. dFidT= i/e^ . i/(r+ jp - f . i/r+ 1 . i/v^). 

With increasing values of V, a^ approaches the value a^ If the bodies 
are in corresponding states, we have ap^i = V^i'- ^^ ^^® basis for 
this method is sound it should find application in the expansion of 
liquids by heat. Since changes of pressure have only slight effect on 
the volume of liquids, it is sufficient to compare the coefficients of 
expansion at corresponding temperatures. The calculations made 
by van der Waals have shown that this law is in essentials correct 
for liquids whose critical temperatures are known. 

(d) The pressure of saturated vapours. — To determine the pressure of 
saturated vapours we use the above-mentioned theorem of Maxwell, 
which states that the surface F FED 17 (Fig. 140) is equal to the 
surface FFJEHDU, that is, setting 

OF^F^, OD'^V^ and FF=D'D^P^, 

we have P^{ V^- V^)= fp .dV. 

Effecting the integration and using the equation of state (f ) it follows 
that 

(g) |. ^•iog((3r2-i)/(3ri-i)) =(/>,+ 3/ r,r,)(F:,-r,). 

For the points F and D the following equations hold : 

(/>i + 3/ri2)(3Fi-l) = 8r and (P^ + ZIV^^){ZV^-^\) = ^T, 

If F\ and V^ are eliminated from these equations, a relation is obtained 
between the pressure P^ of the saturated vapour and the tempera- 
ture T, We may therefore conclude with van der Waals that: If 
for different bodies the absolute temperature is the same multiple of the 
critical temperature, the pressure of their saturated vapours is also the same 
multiple of their critical pressures. Similar laws hold for the relation 
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between the volume of the saturated vapour and its pressure ud 
temperature. 

On the basis of van der Waals' investigations, Clausius haf pre- 
sented a slightly altered form of the equation of state, viz., 

This equation represents the actual relations better than the other, 
but leads to essentially the same results. Starting from the equAd'oo 
(h) J,dQ^{dUj'de\de+{{Wldv\-\'p)dv, and applying the second 
law we obtain the relation [CXIV. (c)], {dU/^v\=0^ ,d{p/e\M 
From Clausius' equation pjS ^ Rl{v -h) - al&^{v ■\' P)\ and hence 

(i) {dUI'dv),= 2a/e{v\-py. 

If the temperature increases by dO and the volume by dv, the intenuJ 
energy increases by 

(k) dU^ Jc, . d6 + 2al6{v + py- . dv, 

where /c, = (d U/d6\ is an unknown function of 6 and v. If tie 
changes of temperature are slight, c, may be considered constant, as 
is shown by observation. If the temperature increases from S to 
6 + A^, while v increases from i\ to v^ the increment ^U of the 
internal energy is approximately equal to 

(1) ^u= Jc, . iie + %iie . ( i /rj - im,). 

If the gas expands without resistance the internal energy remains 
constant. Hence, if we set df/ = in equation (1), we have 
(ra) \e=- 2alJr,,0 . (l/t\ - l/v^). 

In this case the temperature falls. 



Skction CXIX. Saturated Vapours. 

If the volurac of a gram of a certain substance, or its specific rdumt^ 
is called i\ when it is a vapour and r^ when it is a liquid, the volume 
V occupied by a gram of liquid and vapour is (a) v=^t\x + r.J[\^^\ 
if the volume contains x grams of vapour and therefore (1 -x) gram^ 
of liquid. U U^ is the internal energy of the vapour, Z/g that of 
the liciuid, the internal energy of the mixture of the two is 

(b) U^U^x-^-U^il-x). 

So long as the vapour is saturated, its internal energy and pres- 
sure depend only on the temperature ; the pressure and volume 
of the liquid are also determined by it. Hence, for a mixture of 
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liquid and saturated vapour, wo have (c) p=f{0\ where p is the pres- 
sure of the scUarated tnipour at tJie temperature 6, and consequently 6 u 
the boiling point of the liquid under the pressure p. 

That quantity of heat which is needed to transform one gram of 
liquid into vapour at constant temperature 6 and under the corre- 
sponding pressure p is called the heat of vaporization L. This heat 
is partly used in increasing the internal energy, i)artly in doing 
external work. If U^ denotes the energy of the liquid, U^ that of 
the vapour, at the temperature ^, the internal energy is increased by 
CTj - t/j by the transformation. Since the pressure p is constant, 

the external work is / pdv=p{x\''V^. The work needed to evaporate 

a gram of liquid is (d) J,L-U^- ^2+i^(''i " ^'2)- 

If a mixture of liquid and vapour receives heat and also changes 
its volume, the increase of internal energy, since and x both 
vary, is 

(e) dU={U^-U^)dx+{x,'dUJde + {l-x).dUJde)de. 
Since, from equation (a), 

(f ) dv = (Vj - v^)dx + (x . dvJdS + ( 1 - .r) . 'dvjd6)de, 

it follows from the equation /. dQ = dU+p.dv that the heat imparted 
to the mixture is determined by 

(j.dQ= {x{dUjdO+p . -dvjdd) + (1 - x)(dujde+p . 'drjde)}do 

I + ( l\ +pv^ - V\ '-pi\,)dx. 

If in this equation we set dS — O^ and integrate from a; = to .i*=l, 
we obtain equation (d). If equation (g) is brought into the form 
J.dQ^B ,d$-hX.dx, it follows, from the Carnot-Clausius theorem, 
thsit'd(e/e)fdx = d{X/e)/de, But we have 

3(e/^)/Bx= 11$. (dujdo-hp.dvjdo) - i/e,{dujde-hp. ?^vjde) ; 
?ixie)ide = i/e . (d ujdo + j? . -dvjdo + r^ . dp/dO) 

- i/e.idUjdS-^'P.dvjde + iK^.dp/de) - i/e'^iu^ +pi\ - u,^-pi\^^ 

Hence it follows that (h) U^- U^ = {v^ - v.^ . 6 . ^/?/^6? -/>(?'i - ^-o)* ^^^ 
thus the difference between the internal energy of the vapour and 
that of the fluid' is determined. 

We obtain from equations (d) and (h), (i) JL = (i\ - v.^6 . "dp/dO, 
Now we know by observation that i\ > ?^, so that dp/dO is positive. 
The boiling point is therefme higher^ tlie higher the pressure. 

We may also apply equation (i) to the process of melting. In 
that case v^ denotes the volume of the liquid, r^ that of the solid. 
We must here distinguish between two kinds of substances, those 
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like wax, whose volume increases during melting, and those hlce ice, 
whose volume diminishes during melting. For the former ri>f> 
and therefore dp/dO is positive; for the latter t\<r^ and therefore 
3p/d6 is negative. For those substances whose voJumt increases dvring 
melting^ the melting temperature rises as tlie pressure increases. Far thm 
suhstances whftse wlume diminishes during melting^ tht melting tempemim 
falls as the pressure increases. 

If the volume is always filled with saturated vapour only, it 
follows from (g), since .r=l, that (k) J,dQ = {dUJd6-\'p.?^yfd6yiS. 
Hence dQ is the quantity of heat which must be imparted to the 
vapour that its temperature shall increase by d$ while it remains 
saturated. 

From equation (d) we have U^- U^ = JL''p{r^-v^. If c denotes 
the specific heat of the liquid, and if k is a constant, we may set 
U^=:Jr6-{-L If we consider r^ as constant, it follows that 

From e<iuations (i) and (k) we then have dQ^^idLIdd- LjB^-c)^^' 
Designating by h the quantity of heat which must be used in raising 
the temperature of the vaiMjur by 1*C. while it remains saturated, 
we have (1) h^-dL/dS -L/e-\'C. 



Section CXX. The Entropy. 

The methods which have here been applied to the discussion of 
the e([uilibrium of a fluid and its vapour may be used to advantage 
in many other cases, esi)ecially in connection with chemical problems. 
All the methods are based on the equation ^dQ/6 = for a cyclic 
process. M. Planck has given general formulas by which treatment 
of such questions is much facilitated. The bodies whose chemical 
c<iuilibrium is to be investigated are contained in the volume Tat 
the temperature 0, and are subjected to an external pressure. A 
change in the chemical composition, or in the proportions of the 
mixture, is accompanied by a change of volume </^and a change of 
temperature dO^ and at the same time the quantity of heat dQ is 
received from surrounding bodies. If S denotes the entropy and I 
the internal energy of the system, we have (a) dS = {dU + F .dF)lS. 

The state of the system of bodies is determined by the pressure 
I\ the temperature ^, and certain other variables 7t, ?/p n^, etc. If, 
for example, the space contains water and saturated water vapour 
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fltnd if the whole mass equals M^ we may call the quantity of vapour 
Jin and the quantity of liquid Mn^ where n-\-n^ = \. If we are 
dealing with a case of dissocuitwriy we may use // for the number of 
molecules of the original gas, while n^ and n^ are the numbers of 
the dissociated molecules. Hence the state of a system depends 
generally on the quantities 0, P, n, 7^], n.^..., and we have 

(dU=dU/de.de-hdUldF.dP + dUld7i.dn + dU/dn^.dni...; 
dF^dF/de.de + dF/dP.dP + dVI-dn.dn + dV/dH^.dn^... 
dS= dS /dO .d6 + dSfdP.dP + dS /dn . dn + dS/dn^ . dn^ + .... 

From the definition (a) of the entropy we have 

^^ { dSfdF^ l/0.(dU/dF+P.dF/dP), 

since 6 and P are independent. It follows from (a) and (b), since 
6 and P do not depend on n, 7)^ /t^...) that 

'dS/'dn . dn + dSI'dn-i .dn^-k- ... 

= d({U-\-PF)l6)ldn-^d{(U+PF)/e)/dn^-\-.... 

If we set (c) ^ = S'-{U-\'PF)/$, this equation takes the form 

(d) 'd^/dn . dn + d^/'dn^ . dn^ + B^/dWg . dn,^ + . . . = 0. 

If the quantities n, Tip n^.,. are independent of each other, we have 

B*/dn = ^5/^/l - l/e . (dU/dn 4- P . dF/dn) 

and analogous equations, which may also in this case be obtained 
directly from (a). In general, there will be some relation among 
the quantities n, n^ n^.,,. As an example of this method, we will 
consider the problem of the change of state. If a quantity of vapour 
Mn and a quantity of liquid Mii^ are enclosed in a given volume, 
we have as above n + «i = l. Then the following equations hold 

S = Mn8 + Mn^s^f U = Mnn -k- Mn^u^, F= Mnv-{-Mn^t\, 

where SyUyV denote the entropy, the internal energy and the volume 
of the vapour respectively, while ^j, ?/j, and i\ denote the same 
quantities for the liquid. From equation (c) we then have 

* = Mn{s - (m + Pv)ie) + J/wi(si -{u, + Pi\)ie) 
and = M{s - (u + Pr)ie)dn 4- M{>^^ - (w^ + Pr^)/e)dn^. 

In addition, we have dn + dn^ = 0. Hence equilibrium exists between 
the vapour and the liquid if (e) s6 -u- Pr = s^6- Ui- Pr^ Since 
the quantities in this equation depend only on P and 0^ it may take 
the form P—f{0). Hence the equation (e) states the way in which 
the pressure of the saturated vapour depends on the temperature. 
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If the unit mass of the substance is transformed from liquid to 
vapour at the temperature ^, the entropy increases by (f) s-s^^JLiS, 
We therefore obtain from equation (e) /L = w-Mi + P(r-«i), as in 
CXIX. (d). If equation (e) is differentiated with respect to 6, aod 
F considered as a function of ^, and if we use the equations 

d.^/'dO = 1/^ . (du/de + P . 'dr/dO) ; 
d.^Jde =\/e, (duJdS + P . 'dpJdO) 

we obtain the relation J, L = (v-v{)0 .dP/dO. 

We may consider the method here described as having its basis 
in a certain tendency in nature. Almost all natural processes are 
accompanied by the development of heat ; hence energy seems to 
be especially inclined to assume the form of heat, and heat tends 
to pass from bodies of a higher to those of a lower temperature 
In all such transformations the total energy remains unchanged, but 
it loses more and more the capacity of transforming itself into kinetic 
energy. A body which contains a quantity of heat (?, and whose 
temperature is 6^,, while the temperature of all surrounding Ixxlies 
is ^^, may yield [CXII. (e)] the kinetic energy tV^i " ^-iV^i- H®"^® 
the lower ^,, the less the kinetic energy yielded, if $2 remains 
constant. 

Clausius expressed this principle in the statement that the entropy 
ahvoi/s increases and iemis fmvard a maxim urn. For example, if a quantity 
of heat Q passes by conduction or radiation from a body at the 
higher tempeniture ^, to one at the lower temperature O.y, the increase 
of entropy is AN=(//6^., - QO^. The entropy remains unchanged only 
in the case of a cycle, in which the bodies receiving the heat have 
the same temperature as those giving it up, and in which the whole 
system is in neutral eciuilibrium, since after the performance of this 
cycle yQ;0 = O or AS=0. This is also the case at any instant 
during the cycle, if we take into account not only the entropy of 
the working body, but also that of surrounding bodies ; if the first 
receives the quantity of heat ilQj the second gives up the same 
(|uantity ; since the temperature of both bodies is the same, the 
entropy remains unchanged. This holds, however, only for ideal 
cycles ; in any actual movement of heat, the heat passes from a 
higher to a lower temperature, and the entropy must therefore 
increase. 

Hence the condition for a change in the state of a system is an 
increase of the entropy ; changes in which the entropy diminishes 
arc impossible. The state of a body in equilibrium is such that if 
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it undergoes a small change, the entropy will either increase or 
remain constant. 

We thus return to the conditions of equilibrium (a). By the 

communication of the quantity of heat dQ the entropy of the body 

considered diminishes by dS ; hence the increase of the total entropy 

isdS-dQjO, and this must be equal to zero. Since dQ = dU-\-P .dV 

we obtain dS-'l/e,{dU-hP.dF) = 0, 



Section CXXI. Dissociation. 

If a compound gas is separated into two or more constituent gases, 
either by heating or by diminution of pressure, it is said to be dis- 
sociated ; the extent of the dissociation depends on the pressure and 
temperature. In order to determine it, we must determine the 
function (a) # = 5 - ( L^-H PV)IO. If n denotes the number of molecules 
of the original gas, tz^, n.^... the numbers of molecules of the pro- 
ducts of dissociation, we have, as an expression for the total internal 
energy Z7, U=nu-\' n^u^ -h n^u^ + . . . , where u, w^ ?/., denote the energies 
of the separate molecules. If in is the mass of a molecule, and r, 
its specific heat at constant volume, we may set the internal energy 
at ^C. equal to Jmc^O + h, when h is a constant. If we represent 
Jme, by c, we have (b) ^=7i(c^-hA) + Wi(^i^ + ^i) + .... If v denotes 
the volume of a molecule of a gas and p its pressure, we have pv = B6f 
where R does not depend on the nature of the gas. For the sake 
of simplicity Planck sets ^=1. Since the gases are uniformly dis- 
tributed throughout the whole volume, we have nv = it^v^== .., = V, 
and therefore pV= nO, PiF= ^i^, etc., (c) PF= (n + h^ -h Wo -H . . . )0. By 
this equation F is given as a function of P, 6, w, w^ . . . . 

The entropy of the system is equal to the sum of the entropies of 
all the gases, so that S— its + n^s^-h 71^.2+ ...y if s denotes the entropy 
of the molecule. Using c with the meaning given above, the entropy 
of a molecule equals [CXI. (d)] cAog6 + \ogv + k. Here nv=Fy and 
therefore by the use of equation (c), 

s = c . log ^ + log{6/P . (n + «i -H «2 + . . .)//t) + L 
If we set 

C=n/(n + »!-»- Tig +...), Ci = /<i/(« 4-^1 + Wo +...), etc., C+Cj-f ... = 1, 

we have (d) 

5=ii[(c+l)log^-logP-logC-H^-] +//i[(Ci4- l)log^-logP-logCi-HA'i] + ... 
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Hence for hydriodic acid we have 

Vo = 0, and CfiJC^^k^.h^'', 

If no hydrogen or iodine is present except that set free by dis- 
sociation, we have n^ = n2, and therefore C^-C^ and Cy^jC^Jk^Ji^'^, 
Now CJC=nJn, Hence the degree of dissociation is independent 
of the pressure, but increases with the temperature. In this case, 
however, the dissociation can never become complete, since, for 6 = 00 ^ 
we have CJC = iJk^, 

From equation (i) the pressure has no influence on the degree of 
dissociation if the total volume remains unchanged by the dissociation. 
This is the case when Vq^^O. If, on the other hand, the volume 
increases during the dissociation, any increase of the pressure will 
lessen the degree of dissociation. This occurs in the case of nitrogen- 
dioxide, N^O^, in which one molecule is broken up by the dissociation 
into two molecules NOg. Hence v= -1, Vj = 2, and therefore 

This equation, together with Cj + C=l, determines the degree of 
dissociation. 

In order to occasion the dissociation determined by the quantities 
dn^ dn^, dn^ at constant temperature and at constant pressure, the 
quantity of heat dQ is required, which is determined by 

J.dQ = dU-^P,dF, 

or, from equations (b) and (c), by J,dQ = ^{c6 + h)dn + . ^In, Since 
2v6' = 0, the quantity of heat required for the dissociation determined 
by the quantities v, v^, Vg--- is determined by 
(k) /. Q^vh + v^h^^-vji,^^' ,., -^-VqO^v^O -Xogh^, 

We reach the same result from the equation J.dQ=0,dS together 
with the relations (d) and (h). 



CHAPTER XIV. 

CONDUCTION OF HEAT. 

Section CXXII. Fourier^s Equation. 

If the temperatures of the different parts of a body are different, 
a gradual change goes on until the temperature of all parts of the 
body is the same, that is, until equilibrium of temperature has been 
reached. In this statement it is assumed that the body neither 
receives heat from surrounding bodies nor gives up heat to them. 
The rate at which the condition of equilibrium is reached depends 
upon the facility with which the body conducts heat. Without 
making any assumptions on the nature of heat, we may say that 
heat flows in a body until a state of equilibrium is reached. We 
define the rate of Jitnr of heat in any direction, as that quantity of 
heat which passes in unit time through unit area perpendicular to 
that direction. 

Hence, if Q represents the rate of flow of heat through an area 
(IS within the body, the quantity of heat which will pass through 
that area in the time dt is Q.dS. dt. If U, F", JF a.Te the components 
of flow in the directions of the coordinate axes, the quantities of 
heat which pass through the elementary arejis df/.d:, dx.dz, dx.dij, 
in the time dt, are (J . dt/ . dz . dt^ V , dx . dz . dt, and IF, dx . (/// . dt 
respectively. 

Using the general equations (XIV.) of fluid motion, we obtain 
for Q (a) Q = lU^-inV-\- nJF, where /, in, n are the direction cosines 
of the normal to the elementfiry area dS. 

Let 00' (Fig. 142) be a rectangular parallelepiped, whose edges 

OA=(i, OB = h, and OC=r are parallel to the coordinate axes. If 

U, V, JF represent the components of flow at the point 0, those 

at A are U+dU'dx , a, F-hdFjdx .a, JF-^-dJFfdx ,a respectively, 

supposing a, //, r so small that only the first terms in the expansion 
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'^eed be retained. The parallelepiped receives the quantity of heat 
^ ^ dt.hc in the time dt through the surface OBA'C, and loses the 
quantity (U'^dU/'dx,a)bc,dt, which flows out through the surface 
^CTO'B in the same time. The parallelepiped gains, on the whole, 
^he quantity -oUj'dx^a.hcdL If we take account of the other 
^^rfeces, the quantity of heat which remains in the parallelepiped 
^^ -{dUI'dx + dFjdy + d}F/dz).abc.dtf or, if we set a.h,c = dt\ 

- (dUfdx + dFl^i/ + d}r/dz)dvdL 

This quantity of heat raises the temperature of the parallelepiped 
by do, which, if c denotes the specific heat of the body, and p its 
density, is determined by the following equation, 

(b) cp .dO= - {dU/dx + dV;d!/ + dfr/dz)dt. 




Fig. 142. 

This equation holds only if the heat received is used solely in 
causing chaTige of temperature and does not produce any change 
in the state of aggregation or any chemical change. Sometimes, 
too, heat exists in the interior of a body which has not penetrated 
into it in the form of heat, but is produced by friction or by an 
electrical current in the body; and to this the above equation does 
not apply. 

The components of flow b\ V, W depend on the distribution of 
heat in the body and on the nature of the body. If the body 
conducts heat equally well in all directions, that is if it is isotropic, 
we may determine the rate of flow in the following way. Let 
A and B be two points within the body infinitely near each other, 
in which the temperatures are respectively 6 and &. If dv denotes 
the distance between the points A and B, and k the conductivity of 
the body for heat, the rate of flow of heat in the direction AB is 
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given by Q = k{0 - &)ldv. Hence the condtKtivUy is the quantity of 
heat which flows in unit time through unit area of a sur&ce io the 
body, parallel with and between two surfaces whose temperatures 
differ by 1*, and which are distant from each other by one centimetre. 
Now since & ^d-^-dOjdv.dv, we have also (c) 0= -k.dOjdv, ^^ 
obtain in like manner for the components of flow U^ V, /T, the 
expressions (d) U= -k.dS/dx, F= -^-.B^/By, fF= -k.dS/dz. In 
actual cases the conductivity ib is a function of 6; but for the sake 
of simplicity we Mrill assume that k is constant. We obtain from 
(b) and (d) 

(e) rp . do/dt = kc^e/dx^ + d^o/df + d^e/dz^). 

This equation was first given by Fourier, and is therefore called 
Fourier s eqwition. The specific heat c, the density p, and the coxi- 
ductivity k are functions of ^; we will, however, consider thexn 
constant. Fourier s equation may also take the form 

( f ) 'doi'dt = K^{d^e/dx^ + d^e/df + d^e/dz^), 

where (g) K^ = kjcp. 

In the following table the values of k and k for several metals &^ 
the temperatures 0* and 100* C. are given from the experiments ^^ 
L. Lorenz : 

*100 

0,7226 
0,1423 
0,1627 
0,0764 



Copper, . 


. . 0,7198 


Tin, . . 


. 0,1598 


Iron, . . 


. 0,1665 


Lead, . 


. 0,0836 



«0 


*100 


0,909 


0,873 


0,392 


0,344 


0,202 


0,179 


0,242 


0,222. 



Section CXXIII. Steady State. 
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The stiite of the body with respect to heat is called steady^ if tl 
temperatures of the different parts of the body are different, b 
do not change with the time. In this case each particle gives u^-^^ 
on the one side as much heat as it receives on the other, and th^ 
temperature is independent of the time t and dependent only or3 
the coordinates .r, ?/, z. For the steady state, equation CXXII. (f^ ^^ 
becomes (a) d'Ofdx^ + d-^e/d!/' -{-d'^e.d.:^ ==V^e=^0, The components oi^ ^^ 
flow are expressed by equations CXXII. (d). 

Flow of Unit ill a plate. — We will consider a thin plate whose faces^^^ 
L and M are parallel to the //r-plane. The temperatures of the face^^^ 
are respectively 6^ and 6.^. This being so, the flow of heat is paralle 
to the .c-axis, and the temperature in the vicinity of the avaxi 
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depends only on a:, so that from (a) we have d^S/dx' = 0. Hence 
0=px + q. If the distances of the faces L and M from the y5:-plane 
are a and b respectively, we have d^^pa-\-q, O^^jjib-^-q^ and further 

6 = {be, - ae^)l(b - rt) - (6^ - e,)x/(b - a). 

If we represent the distance b-a between the faces by «, the rate 
of flow of heat U between them is (c) U=k{6^-6^le, 

Every integral of equation (a) corresponds to a steady state of heat. 
If e =/(x, y, z) is an integral of (a), 6^ =f{x, y, z) and 6^ =f{x, y, z) 
are the equations of two surfaces of constant temperatures, or of two 
isothermal surfaces, where 6^ and ^g *re constant. If the body is 
bounded by the surfaces which are determined by 0^ and 6^, and 
if ^ is a temperature which lies between 6^ and $^ e=f{Xf y, z) is 
the equation of any isothermal surface. 

7%€ flow of heat in a sphere. — If m and c are constant, and if 

r2 = a!- + y2 ^. ^^ __ ly^y^. ^ ^; 

is a solution of (a). Therefore setting 6^ = mjr^ + r, 6^ — ni/r^ + r, we 

have(d) eJ^^^^^'X'-"'^-'^ 

as the equation of the system of isothermal surfaces, which in this 
case are spheres. For the rate of flow of heat U in the direction r, 
we have (e) U= -k,d6ldr=-k{6^- ^2) V2/^^(^2 - ^i)* "^^^ temperature 
and flow of heat in a hollow sphere, whose internal and external 
surfaces are at the temperatures 6^ and 6^ respectively, are also 
given by equations (d) and (e). The total quantity of heat which 
flows out through the hollow sphere is iin^U=^ ATrk{6^ - B^r^r^i^r^ - r^). 
Tlie flow of heat in a tube, — If c and c are constants and if r^ = 3?'{-y^, 
we have, from XV., ^ = clogr + c' as an integral of (a). Therefore, if 
we set ^1 = c . log r^ + c', ^^ = c . log r^ + c\ we obtain 

(f ) ^ = (^1 - e^)\og r/{\og ?i - log rg) + (6^1 log r^ - ^^log ri)/(log r^ - log r{). 

The rate of flow U in the direction r is U=k{$^ - ^2)/r(logr2- logr,). 
The quantity of heat which flows out through a unit length of the 
tube is (g) 2wrU= 2TrA;(^i - ^2)/Gog ^'2 " ^^g r^). 



Section CXXIV. The Periodic Flow of Heat in a given 

Direction. 

If the temperature of the body depends only on one coordinate, 
say on x, Fourier's equation becomes (a) dO/dt = k^ . dW/dx^. We will 
hereafter investigate in what way this equation can be integrated. 
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r-:--:: :• l^:::-5 i-.i : we "uve /*=l and V = when / = 0, 

A.:: :r.:r. :' 7: = J = j ti-er.ce we obcAin 

^"'i " = - - ^ ' ^ -" . sin. ai - cr s'2). 

SuK?::::;:i::^- :'._.r < i:^ \Mlue, we have 

ty = . "M« <. sin(a/- JTs'^a k). 

The iiitfererue between the highest and lowest temperatures at the 
depth J- helow the surface is therefore i^-'^i^^ This difference 
rlej>ends on the value of a. The faster the temperature changes 
at the surface the smaller the influence of this change on the tem- 
perature in the interior. For example, if we set the temperature 
at the surface cpial to e = 8h\(27rf/T), the difference between the 
igliest and lowest temperatures is equal to '2e-^^^^^/'', and this is 
>ry much greater when T is a year than when it is a day. 
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The temperature relations within the earth are actually different 
from those here described, because the temperature at the surface 
cannot be expressed in any simple way. The main features of the 
phenomena, however, are similar to those deduced in this discussion. 



Section CXXV. A Heated Surface. 

Let the temperature in an infinite body at the time / = be every- 
where zero, except in a plane in which each unit of area contains 
the quantity of heat o-. Fourier showed that at the time t the 
temperature ^ at a point at the distance x from the heated plane is 
given by 

where k is the conductivity and k the quantity defined in CXXII. (g). 
We will now examine whether this expression for satisfies all the 
conditions of the problem. We will first consider the differential 
equation dSfdt = k^ . drO/dx-, From (a) we obtain 

(b), (c), de/dt = ( - 1/2^ + xyiK^(^)e, oOfdx = - xe/2K% 
(d) '^e/dx^ = ( - 1/2^2/ + x^juH^e. 

It follows from (b) and (d) that the differential equation is satisfied. 
Since the function ze''^ approaches zero as its limit if ;: becomes 
infinitely great, it follows that for / = we have ^ = 0, for all values 
of ar, with the exception of the value a: = 0. If ^ is determined by 
the equation (a), we can further show that each unit of area of the 
heated surface S contains the quantity of heat o- at the time ^ = 0. 
The total quantity of heat which is present in the body is given 
by the expression 



'90 



the quantity of heat present at any time must be 60-, and since this 
quantity is present on the infinite surface S at the time / = 0, the 
unit of surface at that time must contain the quantity o-. 

It follows from (a) that ^ = for / = as well as for / = cx) ; there- 
fore there must be a certain time at which ^ is a maximum. This 
time is found from (f) ^ = 0, which gives t = x^l'2K\ The corre- 
sponding value of 6 is (g) 6 = \jj2ne . (rjcpx. It appears from equation 
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1*:* ^x^riss:-:c;? I jkzti : ."'.{i-.aiz :ii-* x^ir'ere sohition of the problem 
b»r::r^ 15. If »-■* 5ec ■= > :i «i;-ii.:::'r. : and make use of (el it 
follows 1: i-.:^ :Li: r = * ,- . 

For exjLzi: -■*. if rr-r irJtijLl :e:z.r«eri:ur>f is constant and eqnal to 
t* with::: :he r*?r:ioc. ■i-rtcm.fr.-si ly -;<7< -^L but equal to zero 
oataide these I:r::::s. the inte-rri:: :: in -h« is effected between these 
limits. $•> tLit 



StxTioN CXXVI. The Fl«»w of Hil\t from a Point. 

Ixit 115 suppose that, at the time / = 0, the temperature in an 
infinitely great body is everywhere equal to zero, except at one 
fKjint, in which the quantity of heat m is concentrated. We will 
invchtigatc the distribution of heat in the body at any subsei]uent 
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time t. This problem was first handled by Fourier, who found that 
the temperature ^ at a point whose distance from m is r is given by 

<a) = niK^k . ( 1 /2Kj7rtf . e - ^''^''X 

We can show that this expression satisfies all the conditions of the 
problem. If the point which contains the (quantity of heat in is at 
the origin of coordinates, Fourier's equation 

takes the form (XV.) (b) deidt = K^d-e/dr^ + 2li\de/dr\ because 
is a function of /• only. This equation may be given the form 

(c) d{re)/dt = K^'^{re)l'drK 
We obtain from (a) 

r 'd{re)l'dt = ( - 3/2/ + r2/4K-Y-0 . rd, 

(d) I 'd{re)l'dr = (\/r- rl2KH) . rO, 

{ a2(r^)/dr2 = ( - 3/2k2/ + r^jUH^) . rO, 

and by the use of these values prove first that Fourier's equation 
is satisfied. Further, ^ = when / = 0. The quantity of heat originally 
present is ///, since the total quantity of heat at any time is given by 

r47rr'^ . dr . pcO - CATn^ . dr . m{ 1 j^Kjirif . e - ^i^>^'^. 

Jo .'o 

If we set q = rl'2Kjt, the integral takes the form 

iin/Jir. I e-'i^f/'dq, 
.'o 

We find by integration by imrts, and by the use of CXXV. (c), that 
the value of the integral is ///. 

The time /, at which 6 reaches its maximum value, is obtained 
from the equation 6 = 0, and is from (d), / = /-/6k-. The corresponding 
maximum value of 6 is 6=(liJ'^Tre)^ .mlcprK 



Section CXXVII. The Flow of Hkat in an Infinitely 

Extended Body. 

We will now investigate, with the aid of the results already 
obtained, the flow of heat in an infinitely extended body, when the 
distribution of heat at a particular time is given. Let ^=/(a, h, c) 
at the time / = 0, where </, />, r are the coordinates of a point referred 
to a system of rectangular axes. The quantity of heat contained 
by a volume-element dn .dh.dc is dm=f(a, h, c).kjK^ .dadbdr. 
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If tluB quantity is propagated througli the body, it produces 
rise of temperature [CXXVI. (a)], 

If we take the sum of all increments of temperature which arise 
from the distribution of heat considered, we obtain for the tempenr 
ture 6 at the point r, y, z, 

(a) e^{l/2KjHf r' r' r'^-i(x-.)«-Kjr-6>«+(z-c)nu^ ^f^Oy 6, c)dadbdc 

J~m --« .'-• 

This expression for is an integnd of the differential equation 

(b) dOfdt = K^d^didi^ + -d^Oj-d^ + ^2^/^^2). 

We notice that the integration of this equation depends on that of 
the simpler equation (c) dX/dft ^ K^X/"dx'. For if X is a function 
of X and /, which satisfies equation (c), and if Y and Z are funcUoDS 
of y, t and r, t respectively, which satisfy equations analogous to 
(c) for y and 2, the equation 6=^XYZ satisfies (b). We have 

YZX'^XZY'\'XYZ^K\YZ.?r'Xi^i^'^XZ.?^YI'df'{'XY.'^ZI'dz^). 

It follows from (c) and the analogous equations for y and z that 
this equation is satisfied, from CXXV. (a), by X= 1/^/^. «"^'~"^*^i 
hence the expression 

is an integral of equation (b). Therefore, also, 

^ = cT' P" \'\\IJtf . g-l(x-a>t+(y-6/+(c-c)-i AKu ff^a, b, c,)dadhdc 

J - X. - -X . -X 

is an integral of equation (b). C is a constant, and /(a, /», c) an 
arbitrary function of «, 6, c. If we set 

a^{a-7:)l'2Kjt, P^(b-y)l2Kjf, y = {c-z)!2Kjf, 

it follows that 

J — X. -'-« .-X 

z-k-^KyJtyiad^dy. 

If we now assume / = 0, we obtain by the help of CXXV. (e), 

6 = (2Kf.C{j7rff{x,y,z). 

If f(x, y, z) is an expression for the temperature when / = 0, we 
set 6'=l/(2K^7r)3, and obtain 

(cl) 1 -'-» •-« • -« 

I y + ^KpJi, z^-2KyJt)dadpdy. 

The expressions (a) and (d) are identical, as may be shown by the 
substitution already employed. 
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Section CXXVIII. The Formation of Ice. 

Suppose that the temperature of a mass of water is everywhere 
^ = 0, and that the surface of the mass is in contact with another 
surface whose temperature is - 6q. 6q may be either constant or 
variable, but must be always below zero. A sheet of ice will be 
formed under this surface, whose thickness c is a function of the 
time L The temperature 6 of the mass of ice is itself a function 
of i and of the distance x from the surface. For x = €, ^ is always 
equal to zero. The equation (a) dd/dt = K^6/dx^ holds everywhere 
within the mass of ice. New ice will form continually on the bound- 
ing surface of the ice and water. The quantity of heat which flows 
outward through unit area of the lowest sheet of ice is given by 
IcdS/dx . dL During the same time a sheet of ice, whose thickness 
is rfc, is formed, and the quantity of heat set free thereby is Z/jrfc, 
where L represents the heat of fusion of ice and p its density. When 
x = €y we have 

(b) kde/dx^Lpd€/dt, or de/dx=L/cK^,d€/dL 

We may write for ^ the expression 

, .^ f^.j__ 1 d(€ ^ xf J d^{€-xy 

W c<//i,___.___ + ^^^ -^. ^^^^_ + .... 

As may easily be seen, this expression satisfies equation (a). It also 
satisfies the condition that 6 = when x — €. In order to find whether 
it satisfies the condition contained in (b), we differentiate (c) with 
respect to x, and obtain 

When x = € this becomes equation (b). 

Since, at the surface, 6= - ^q, it follows from .(c) that 

(d) ^^o/^-T72 • k2(//+ 1 . 2 . 3 . 4 * K^dt'^'^"" 

If the thickness of the sheet of ice is given as a function of the 
time /, 6q may be easily determined; on the other hand, if 6q is 
given, it is in general difficult to determine c 

*Thi8 solution was communicated to the author by L. Lorenz. See also 
Stefan, Wied. Ann., Bd. XLIL, S. 269. 
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5-.:rri,-'e .::w-».kr*i '.v. :h:> .kissuKption, the quantity of heat ^-^y . (// < 
•*.w> -.v^Ar.: trr* .-.ic* :•:? ::r ::: the time •'''. In the same time a 
5h-\-: or -:t\ -Ai .>c thi.kr.T:-^ :> ■'<. :> tonueil. and the quantity of 
hcAt J... « :> ><t rVte. Her.oe we have k*i„. »U ^ = Lp.th. This 
e»i:ut:o:: *-.i:> to the re<;'t we h.ive already obtained. If 0^^ is con- 



Sk»tk»n CXXIX. Thk Flow of Ukat in a Plate whosk 

SrUFACK IS KKIT AT A CONSTANT TeMPERATIRK. 

It is in ♦reneral verv difficult to determine the variations of tcni- 
peniture in a limited IkhIv. We will discuss a few cases in which 
it is possible to solve this problem. Suppose that the temperature 
in the interior of a plate l)ounded by parallel plane faces is 6 = f{.r), 
where x denotes the distance of the point considered from one of 
the faces of the plate. From the time / = on, the surfaces are 
Hup[)()8cd to be in contact with a mixture of ice and water, or to 
bo HO conditioned that their temperature is kept at zero. The law 
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according to which the temperature changes in the interior of the 
plate is to be determined. Designating the thickness of the plate 
by rt, we have 

r for / = 0, 0^f{x); for ^ = 00, ^ = 0; 
^^^ lfor.c = 0, ^ = 0; for x = a, 6 = 0. 

The rate at which the temperature changes at the surface is infinitely 
great; just outside the surface it is equal to zero, while just within 
it, at one face, it is equal to /(O). At the other face the temperature 
outside the plate is also zero, and within it /(a). The function 6 
must satisfy not only these conditions, but also the differential equa- 
tion (b) d6/dt = K^'^6/d/^. An integral of this equation is 

(c) ^ = «-'"''^'(^sin7/w; + ^cos7/w:). 

From (a) ^ = 0, so that (d) 6 = Ae-"'^'^'^ sin m-x. This value of 6 satisfies 
not only equation (b), but also vanishes for x=^0. Since 6 is also 
zero when x=^aj we must have sin7/w = 0, and therefore nui^ ±/wr, 
where ^ is a whole number. Hence we have 

(e) = Ae-P'"'''^!^' . sin (pxir/a). 

If we notice further that 0^f{x) when / = 0, we have 

(f ) f{x) ^ A sin (pTTx/a), 

In general, the function f{x) can not be represented by this expres- 
sion. To solve the problem we use the following method. 

Since the expression (e) is an integral of Fourier's equation, the 
complete integral is obtained by taking the sum of the similar expres- 
sions, which are obtained by giving p all values between 1 and qo . 
The terms which correspond to a negative value of p diflTer from 
those terms for which p is positive only in sign, and can therefore 
be considered as contained in the latter. Hence we set 

(g) e = A^ sm{irxla) . e'^'''''l^' + A^sm(2irx/a) . «-2*r«K«t/a*+ ... . 
When / = 0, we have 0=^f(x), so that for 0<x<rt 

(h) f{x) = ^1 sin {rrx/a) + A^ sin (27rj;/a) + 

We will now investigate whether a function f(x), which is arbitrary 
within the given limits, can be represented by a trigonometrical 
series of this form. For this purpose we choose instead of the 
infinite series (h) another series with (n - 1) coefficients A^j A^,... -^„_p 
which coincides with f{x) at {n-\) points, namely, at the points 

X — ajn , X = 2a/ w, ... a; = (n - I )din. 
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• j^/aiH •?"». -«lt* ir •»•-. -siB^(B - l)r/H)] 

«rr^ -- air::* -- .. ♦anr* ♦-!«> 

>: * -I * 54.1 \^t • -» >;rr^ • - I •* = t^i - I — cos %«. sin(» - l)a/sina]. 
>i:..>>c;rL:::^;j: S:r & :Ca^ rL*i»; r u w« hire 

>;.i • r • • 5d ' IT * ^ kz^ * — 1 fs- s) = f* 2. 

f A>s> r • - .-Osi ,^5- « ^vXlf ix .1' -COS* or »)... 

ArvCyir^ *-- A-X-vie c:'*'>fc s;;~=LiUoc fonnuku we find that this 
t*v:cr i;^ ;^:,iJkl :o r^r^A Ir. :he SLine w;iy the fiurtors of A^ --/^ 
e:o., nnisi. Jk:^i ve oociiis f r-jkllr 

A. = '^ '. . - z % sin, 3- It ' -^/\2j: m) . sin(2r n) + ... 

In general we have, for 0<w<m, 

(i^ / -^^= 2 n . \j\'i a) . sin^wiy n) +/(2ti n) . sin(2wis-;ii) 

I + ... +/\(n - l>i n) . sin((ii - l)ws- «)]. 
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Hence it is possible to so determine the coefficients A^^ A^, ,,. 
that f(x) and the trigonometrical series coincide for (» - 1) values 
of X between and a. The greater the value of n, the more values 
will the two functions have in common, and when n = go , one function 
may be replaced by the other between the limits considered. The two 
functions are not, however, necessarily identical, for their differential 
coefficients may be entirely different. One of them is related to 
the other in the same way as a straight line to a zig-zag line, 
whose irregularities are infinitely small. 

We will now assume that n = ao and write the equation (i), 

A^ = 2/v . v/n . [f{a/n) . sin(m7r/w) +/(2a/n)sin(2mTr/n) + ... 

+f{raln) sin (rmv/n) +...]. 

Setting rtr/n = y, v/n = dy, ra/n = ay/ir, it follows that 

(k) A^ = 2/7r . ffiay/TT) . sin (Tny)dy. 

Jo 

Further, if we set x=^ay/ir, we have 

(1) A^ = 2/a, rf(x)sin(mirxla)dx. 

Jo 

The same result is obtained in another way in XXXVIL (c). 

Therefore, within given limits, we can replace the function f(x) by 

a trigonometrical series, and set, for 0<a;<a, 

(f{x) = 2/a . rsin(ira;/a) . rf{x)sm(irx/a)dx 
V 
+ 8in(27nr/a). / f{x)Bin{2wxla)dx+ ...J. 

Introducing the values for A-^, A^--- contained in (g), the problem 
is solved, and we obtain 

)' ^aO = sin (Tnc/a)^-'^/-' . ffix) sin {'jrx/a)dx 
+ sin(27ra;/a)e-«'»^/-'. j f(x)sin(2wxla)dx'k' .... 

For example, if the initial temperature of the plate is constant 
and equal to Oq, we have 

I 6Qsin{mirx/a)dx = {l - cos mv)ad J mv^ 
Jo 

and therefore 

(o) {irO = 6^ . sin(7ra;/a)e-<"f/-»'' + ^6^ . sin(37rx/a) . e-(«f«/-''' + .... 

When ^ = 0, we obtain, for 0<x<a, 

(p) ^ir = sin (irx/a) + J . sin {3irx/a) + 1 . sin {birxja) + . . . 
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I h(^'f{^) = i . / f{^)da + co8(7ra;/a) . / f(a)cos(ira/a)da 
and (h) ] " ■« 

I + COS ( 27rx/a) I /(a) COS ( 2Trala)da + . . . . 

^ -0 

An arbitrary function f(x) can also be developed in a series of 
sines and cosines, so that the development holds within the limits 
-a<z<(i. To effect this, we set 

/(^) = h ■ [/W +/( - ■')] + i ■ [/(^) -/( - ^)l 

in which i[/(ic)+/( -a;)] is an even function, because it remains un- 
changed when X is replaced by -x. This function i[f(^)+J{-'Jf)] 
can therefore be represented by a cosine series. The coefficient of 
coa(mTrx/a) is 

h' / [f{o)-^f(-(^)]cos{imra/a)da 

"0 

/•a ,-a 

= ^ . / f{a)c08(rmra/a)da + J . / /( - a)cOs(W7ra/a){fa. 

If in the last integral a is replaced by - a, the integral is transformed 

into - ^ . / f(a)co8{jmra/a)da, and the coefficient sought becomes 
-'o 

if f((^)cos{m'7ra/a)da. Hence we obtain 

ia . [f(x) +/( - 2:)] = I . / f{(i)da + cos(7rx/a) I /(a)cos(ira/a)rfa 

+ COS ( 2Trx/a) I /(a) COS ( 2ira/a)da + 

On the other hand, the function J . [/(x) -/( - x)] is an odd function, 
because it changes its sign with x; therefore, by using (g), we can 
represent this function by a sine scries. The coefficient of sin(/«7nr/a) 



is 



i • / L/W -/( - a)]sin(m7ra/ay/a 
-0 

= i . / f(a) sin (rmra I (i)d a - ^ . / /( - a)sm{rnira/a)da. 
-0 .'0 

If we replace -a by a in the last integral, it is transformed 

into -A. / f{oL)am(m7ra/a)da, and the coefficient becomes 

Jo 

h' /(a)sin(m7ra/a)fl?a. 

We therefore obtain 

^a . [f(x) -/( - x)] = sin(7rx/a) . / /(a)sin(7ra/«)rfa 

+ si n ( 2'jrx/a) j /(a) sin ( 2ira/a)da + . . . . 
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By the addition of equations (i) and (k) we obtain finally 

{ « -fi^) = i • n{<^)da + fj{a)c08{ir{x - a)/a)da 

(1) ] ,J'' ^- 

[ +1 /(a)c08(2ir(j;-tt)/rt)rfa+..., 

• ^ €• 

or, for -rt<x<a, 

/•-Hi 

(m) f{x) = \/a. I [J + C08(ir(x - a)/a) + C08(2ir(x - a)/a) + ...]/(a>k 
This series is due to Fourier. It may also be expressed in the fonn 
(n) f{x) - l/2tt . lJ{a)da + 1/a . >J n{a)cos( mir{x - a)/rt Wo. 

We may now ascribe any value to a. If a is infinitely great, and 
if / f{o)da is finite, the first term on the right side of the equation 
(n) vanishes, and we obtain 

f(x) = l/ir , ^ir/a . / /(a) cos (mTr(a; - a)la\da. 

Now setting miria^ky and therefore Tr/rt = rfX, it follows that 

(o) /(x)= l/ir.pXJ'7(«)cos(A(a;-o)>^ 

where - oo < x < ao , Instead of this equation we may often use 
one of the two which are obtained from (g) and (h). The general 
term in (g) is 

sin(7?»7rj/(f). / /(a)sin(7n7ra/a)rfa, 
Jo 
and hence 



m~ao 



f(x) = 2/ir . IT /a . 2®*" {tnirxja) I f(.a)Bm{m^a/a)da, 
Now if we set imr/a = A, and therefore ir/a = c?A., we have for < x < * 

(p) f{x) = 2/7r , j d\. si n(X.r) / f(a)sin{ka)da, 

Jo -'o 

From (h) we obtain in the same way for < .r < oo , 

(an /-oo 

dkcos{\x), I f(a)cOB{\a)da, 
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Skction cxxxi. The Application of Fourier's Theorem 

TO THE Conduction of Heat. 

If the temperature in a certain region depends only on the a;-co- 
ordinate, the temperature 6 must satisfy Fourier's equation 

(a) de/dt=K^eid2^. 

From CXXIX. (c) = e~^*'^{AsmXx + BcobXx) is an integral of 
equation (a) where \^ A^ B are constants. We may also give the 
expression for 6 the form ^ = «"^****cos(X(a;-a))./(o), where f{a) 
is an arbitrary function of a, and X and a are constants, which may 
take all possible values. Any sum of such terms satisfies the equation, 
and as the integral 

(b) e^ljir. rd\e'^*'^J^f{a)cOB{k(z - a) )da 

is such a sum, it will also satisfy the equation. But when ^ = 0, 
we have 

e=\/7r, CdX rf(a)coa(\(z - a))da, 

from which, by comparison with CXXX. (o), we obtain 6=f{x). 

The formula (b) contains the solution of the problem, to determine 
the temperature in a body at any time /, when the temperatiu*e is 
given, at the time / = 0, by $=f{x). This problem has already been 
solved in another way in CXXV. (h) and (i). We proceed to show 
that the solution here given is identical with the former one. 

Since (c) ^ = 1 /ir . ^/(aya ["«- ^"^ cos (X(;r - a))rfA, 

we first determine the value of the integral 

fV^''^ cob{X{x - a))d\. 

If we develop cos(A.(x-a)) in a series, this integral is represented by 
It follows by integration by parts that 

Jo Jq 

and by continued reduction 

Jo V**^ V •'0 
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But because / e'^dq^ijir, 

we obtain I'e-^'-'X^dX - ^'l"-^^^" " ^>- ^ " ' ^^ • 
we Obtain /^ e A rfA - ^^,^,^^. .^^^^^ 

The value of the integral sought is therefore 

v'"" ""V/ _ 1 \'^'' - ">** (2»-lX2«-3)...3.1 _ J^ ^( - 1)'(^-4 

or >^,. «-•-«'••*«*. 

If we replace the integral in (c) by this value, we obtain 

This expression for 6 is identical with that given in CXXV. (h). 

We will now apply Fourier's theorem to find the law of penetra- 
tion of heat into a body. For this purpose we will consider the 
simple case in which the body is in contact over a plane bounding 
surface F with another body whose temperature 6^ is constant and 
given. Let the original temperature of the cold body be zero. 

If we proceed as before and use CXXX. (p), we obtain 

8:^0^, + 2/77 . / \l\ sin( Ar>-^"^ . f /(a)8in (ka)da. 

This exi)re8sion for 6^ satisfies all conditions if only we have, when ^ = ^' 

= ^^^ + 2/7r . j dk sin(A.r) . / /(a)sin(Aa)(/a. 

This condition is fulfilled [CXXX. (p)] when /(a) = - 6^, Hence the 
solution of the proposed problem is contained in 

(e) ^ = ^0 - -^o/'^ • r^^ sin ( Aa-)€-^"^ . Tsin {\a)da. 

.'o •'0 

Using the same method of reduction as that by which (c) is trans 
formed into (d), we obtain 



:kv 

0, 






from which 0=6^--;' . { re-'''dq- re-'''dq] 



+jr"2it\'f 



and therefore 0=0^(1-] ijir . /" e-\lq \ . 
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Since e~^^ is an even function, we obtain 

•0 

or by the help of CXXV. (e), 

(f ) e = iOJJir . (V^'dq. 

Let A and B be two points within the body, whose distances from 
the surface F are x^ and x^ respectively. The temperature ^ which 

-r/ attains after the lapse of the time /^ is ^ = '20JJ'ir . / e'^'^dq. B attains 

the same temperature after the lapse of the time t,^, given by the 
equation S' = 26JjTr . / e'^^dq. Comparing the two integrals, it appears 

that xjjt^ = 2:2/^/^2 ^^ V^ — •'^iV'^i^i ^h^t is, tJie iime.^ required for two 
/joints to attnin the saiiu temperature are proportional to the squares of 
the. di^tance^ of tlie points from the heated surface F. 

We will now determine the quantity of heat which flows into 
the cooler body through unit area in unit time. For this purpose 
we give the equation (f) the form 0^26JjTr,[f(oo)-f(x/2Kjt)], from 
which follows, by (f), -kd6/'dx = kejKjwi.e-'^'*^, Setting a;=:0, we 
find the quantity of heat U desired, (g) U=^k6jKsjTd, 

By the help of equation (g) we may solve an important problem. 
Two bodies L and L' are in contact over a plane surface, the tem- 
perature of one of these bodies being T, that of the other T, If 
the two bodies are brought in contact, one of them is heated and 
the other is cooled. We can also determine the temperature 2\ 
of the surface of contact. Assuming that Tq is constant, the quantity 
of heat which L receives in unit time is, from (g), given by 

U=^k{TQ-T)lKj7rt, 

In the same time, L' receives the quantity of heat 

where k' and k have the same meaning for L as k and k for Z. 
But since the infinitely thin bounding surface can contain no heat, 
U-^ir must equal zero, or k/K ,(To-T)^k'lK\(T - Tq), from which 
follows (h)* TQ = (Tjkcp + T\/k'r7i/)l(Jkcp + JF^'), It is thus shown 
that the assumption is correct, that the temperature in the bounding 
surface between two bodies which meet in a plane surface is constant. 
Strictly speaking, the bodies in contact must both be infinitely large^ 

* L. Lorenz, Lehre von der }Vdnn€, S. 178. Kopenhagen, 1877. 
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bat the formolm (h) may alao be applied to small bodies if we only 
consider them shortly after they are brought in contact. We may 
show from (h) that the temperature of a heated solid is very little 
diminished bv contact with the air ; this holds for the metals and 
for good conductors in generaL It follows from equation (h) that 

If T represents the temperature of the solid, p is always very much 
greater than p\ Hence 7*^-7* is very much greater than T-T^, 
especially since h is also greater than k\ while c and c' are not very 
different from each other. 



Section CXXXII. The Cooung of a Spherk 

Let us suppose that the temperature at a point in the interior 
of a sphere depends only on the distance of that point from tbe 
centre of the sphere. In this case [CXXVI. (c)] Fourier's equation 
takes the form (a) cXrd);?/ = ic^r^)/3r2. If m. A, B are arbitrary 
constants, an integral of equation (a) is 

r^ = ^-*"^. (.^ sin (mr) + iB cos (mr)). 

But since this equation leads to the conclusion that d—(x> when r^O, 
B must equal zero, and we obtain as the integral of equation (a) 

<b) r(^ = .^.^— '•".sin (mr). 

We will first consider the case of the sphere immersed in a mixtur^ 
of ice and water, or so situated that its surface is kept at the tem-^ 
perature 0** by any means. If we represent the radius of the sphere 
by By we have 6^ = when r = B, and therefore 8in(w^) = 0. Hence^ 
if p is an arbitrary whole number, we must have inB^ ±pir. W^ 
•can now set 

<c) re = A^e' <" «" . sin (irr/B) + ^./-<'"^''>'' . sin (2Trr/B) + . . . . 

The constants A^y A^-'-Sive determined by the help of the tem- 
peratures of the different parts of the sphere at the time / = 0. Let 
these temperatures be given by/(r). We then have 

i\f{r) = ^1 sin (Trr/B) -r A^ sm(27rrlR) + ... . 
From CXXIX. (1) we obtain for A^ 

Jd) A„ = 2/B . \\f{r)^m{mi:rlR)dr. 

.'o 
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If the temperature is constant and equal to Oq at the time / = 0, we 
have 

A^=26JR. j r%\n{mmlR)dr^ and hence A^=^ -^O^RImv ,co^(7mr). 



(e) I 



Using these values we obtain finally 

e = 2Rejin' . [sin {irrlR) . ^-t"^**^ 

- i . sin (2irrlR)e-^''f^^ + J . sin (ZirrjRy-^^'^^^ -...]. 

The mean temperature & is 

(f ) & = 6 V7r2 . {e-'-^*'" + \ . tf-(2-«/*)'« + ^-(3-/m +...}. 

This equation may be applied to a thermometer which is immersed 
in a fluid cooler than itself. The temperature of the thermometer 
is then given, to a close approximation, by the fii*8t term of the above 
equation. The rate of cooling is (g) - dd'jdt = Tr^kS^jcpR^, 

We will now consider another important case, that of a sphere 
in vacuo losing heat by radiation. We suppose the temperature of 
the region, or rather of its boundary, to be 0"*. We suppose the 
radiation to take place according to Newton's law, and therefore to 
be proportional to the temperature on the surface of the sphere. 
From (b) the integral takes the form (h) r6^ = 2^ „€""•**'*. sin (mr). 
If E represents the coefficient of radiation, the quantity of heat 
which radiates in unit time from an element dS of the surface is 
dS, E6, We will assume that E is constant. The same surface- 
element dS receives from the interior of the sphere in the same time 
the quantity of heat -k.dS .dOjdr, Since the quantity of heat 
which dS receives must be equal to that which it emits, we have 
(i) -k.d6/dr = E6 or -d0jdr = h6, where, for brevity, we set h = E/k, 
Hence, for r=^ij!, 

^A^e-^'^ . (m co8(mR)/R - 8in(mR)/R^) = - h^A^e'^''^ 8in(mR)/R, 

or ^^^e-"*"*" . [inRcos(mR) - (1 - hR)sm{mR)] = 0. 

If this equation is to hold for every value of /, we must have 

(k) mR . cos (mR) = ( 1 - A/^) . sin (mR), 

This equation must be solved for m. We set mR = x and obtain 
(1) tga; = a;/(l -hR). If we further set y^ — t^x, y^ and x may be con- 
sidered as the rectangular coordinates of a curve (Fig. 143). This 
curve has an infinite number of branches, oa, irh, 27rc..., to which 
the straight lines x = \ir, x^'iir,,. are asymptotes. Further, if we 
set y^^xji} -hR) this equation represents a straight line, such as 
')pq^ which passes through the origin of coordinates. 
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[c, 



The constant A is positive, and its value must lie between and 
First consider the case where A = 0; then y} = x, and this eqiu 
represents the stntight line i^i which touches the curve (wi at 
point 0, and cuts vb at p, 'lire at q, etc. The abscissas 0, r^, r^... 
roots of equation (1). \Vc have further 

ir<j-, <3)r,2 ; 2ff<ij<5ir/2 ; .. .kjt <?,<(«+ J)jr. 

As It increases i. approaches the superior limit (n + ^)>r. Besii 
its positive roots equation (1) has also negative roots, which are eqi 
in alwohite value to the positive. 




Next supjKoe that* 0</i< 1/A', so that 0<1 -kli-cl, and he 
»/^>j-. This represents a line such as oa/S (Fig. 143) which cuts 
curve at ';, u, ji. The alwcissus 0, j-^', f,.J, J'^' ... of these |>oints 
roots of equation (1), and we have 
0<X,'<U; w<x.,'<3n:2; 2jr<:x,;<rw/2...(n- l)7r<r„'<(i(-f 

As h increases, the angle "tnr approiiches the angle W, and 
roots approach their superior limits. If li = \L', we have j" = 0, 
the n)<>t8 are 0, Jt, 3jr,.2, 5ir/:>,.... Now if \:J,'<k<oD, we h 
v., = -.r,'(/(/i'- 1). The straight line then has the jHisition "I^'y'. 
in this case wc represent the roots of equation (1) by 0, .r^', a,' 
we have W<-i'i"<i^: St7''2<j:^' <'2ir,... As A increases, the n 
approach their superior limits. And if A = co , we obtain :>■/ = 
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We may now consider the roots of equation (1) as known and 
determine m from them. The values of m corresponding to the 
several roots are 0, Wj, m.^,,.,. We may neglect the negative roots, 
because the terms in (h) corresj)onding to them may be considered 
as included in those arising from the positive roots. We therefore 
set (m) rd = A^e"*'^"" sin (rn^r) + J^e-"^"'' sin (Wgr) + . . . . If the tempera- 
ture at the time ^ = is given by ^=f(r), we have 

(n) r.f(r)=^A^sin(m^r) + A2&in{m^)-{- .... 

Now let m^ and m^ be two roots of equation (k), and multiply both 
sides of equation (n) by sin(w^r). It follows by integration from 
to R that 

(o) / r. f (r) Bin (m„r)dr=='E A f, I Bin (m^r) sin (mj-)dr. 

Jo Jo 

Now 

j [ Bm{mi,r)8m{mj)dr = J . M coB[{m^ - 7H^)r] - coB[{m^ + m^)r]}dr 

I • -'0 

\ = i sin [(m, - m^)ll]l{m^ - m^) - J . sin [(m, + m^)R]l{m, + w«) 

I = [m^Bin{mi,R)co8{m^E) - m^coB{m^R)8in{m^R)]l{m^^ - mj). 

But because we have from (k) 

m,R={l-hR)tg(;7nJ{), m,7? = (l -^i?)tg(w^), 

and therefore m„ tg (WftJ?) = rrif, tg (rn^R), 

or 7W„ . sin (»?&/?) . cos ( m„R) = m^ . sin {niaR) • cos {^h^\ 

rR 

we have / sin {m^r) . sin (m„r)dr = 0, 

whenever m^ and wi^ are different from each other. But if they are 
equal, (p) is indeterminate. We find the value of the expression (p) 
in this case by setting w^ = m„ + c, where € is a small quantity. We 
reach the same result more simply if we investigate the value of 
the integral 

rR rR 

I Binr(mj-)dr = ^ , f [1 -cos(2m„r)](/r = ^[i?-sin(2Wai?)/2mJ. 

Jo Jo 



(p) 



■'0 

We thus obtain 



A, = 2IR, f\j{r)Bin(mj)drl[l-Bm{2m,R)l2mJll 

Jo 

Hence the complete solution of the problem is contained in 

[ RrO sinCwir^-"*''"'' /*'' ^/ x . / s-, 

2 I '-Bm(2m^R)l2m^R Jq •'^ ^ ^ ^ ' 

sin(w2r)e-"»*"«^ /'''// \ • / xj 



(q) 



(r 
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In the simple case in which the initial temi)erature of the sphere 
is everywhere equal, we have /(r) = 0^ and then find 

r 8m(mr)dr = OJm' . [sin(//j^) - iw^cos(m^)], 

or, by the use of (k), 

eJ'r sin {mr)dr - *^^^^in {mR)lmK 

We therefore get the result 

. X n_hpn /sin (//<,/•) sin (m|r)«~"'»*^ sin(w2jR)8in(Wjr)«""*«^ \ 
) ir«/ - niitf^ . \^-,-[2w7ji/~sTiT(2«T7/r)] "^ liij2in~R -^ 8in{2m^)] "*" "V' 

If the coefficient of radiation E and therefore also h are very small, 
or if the radius of the sphere is small, the product hR is a small 
quantity. In this case, if we neglect the higher powers when the 
sine and cosine are developed in scries, we obtain from (k), 

1 - i . fWi^^ = (1 - hR){\ - I . m^^R^), 

from which follows m^^^Vi/R. 

The other values of in are so very much greater that the corre- 
sponding terms in (r) vanish in comparison with the first term. We 
therefore obtain = 6^, g-"*^^, or, substituting the value of A, 

(s) = 6,/r^^f*'\ 

We can derive this formula more simply. The quantity of heat 
which the sphere radiates in the time dt is irR-EOdt, Thus the 
temperature of the sphere increases by - dS ; and the quantity of 
heat given up is - 4r/3 . lPcf)d6. Hence we have 

iirR^EOdt = - 47r/3 . R^CfjdS, 

from which follows 6 = d^^r"'*^'*'^^, since the temperature of the sphere 
is 6^^ at the time t = 0. 



Skction CXXXIII. The Motion of Heat in an Infinitely 

Long Cylinder. 

Let the cross-section S of the cylinder be so small that its tem- 
perature is constant, and let yi and JJ be two cross-sections separated 
by the disUince dx. The (juantity of heat - Sk . dO/dx . dt flows through 
A in the time dfj and the (juantity - Sk{d6j'dX'\-'d'6j'dz* . dx)ilt flows 
through B in the same time. Hence the part of the cylinder 
between A and B receives the quantity of heat Sk . d-O/'dx^ . dxdt. A 
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part of this heat is given up to surrounding bodies by conduction 
or radiation. If P is the perimeter of the cylinder, E a constant, 
and if the temperature of the medium around the cylinder is 0, the 
heat given up by conduction or radiation is PEd.dxdt. Another 
portion of the heat received serves to heat the cylinder ; this portion 
is S.dx,cp,d$, Hence we obtain the equation 

Sk.dW/ds^^Spcde/dt-^PEe, or (a) de/dt = K^,'dW/dz^-he, 

if we set K^^kjcp and h = PE/Spc, 

If the state of the cylinder or rod has become steady, we have 
'dO/'dt = Oj and equation (a) takes the form K-,d'0ld^£^ = h6, From 
this it follows that (b) = A^"^ -{■ Be'-'^'^f'. If the temperature of 
the rod is given at two points, we obtain from (b) the temperature 
of the intermediate points. We will assume that the temperature 
of a certain point in the rod is 6q, and that at a very great distance 
from this point the temperature of the rod is 0. Then, for x = oo , 
we will have = and therefore (c) 0=6^, g-*^*'*. But if the rod is 
not in a steady ^state the equation (a) must be used. If we sub- 
stitute in this equation B = u, e~*', we obtain du/dt = k^ . ?^u/da?. The 
integral of this differential equation has already been given. By^the 
help of equations (c) and (d) we can determine the cooling of any 
rod which is heated in any manner. 

We will here consider only the case in which one cross-section S 
of the rod has the temperature ^q, while the temperature of all other 
parts of the rod is zero. The heat flows from S toward both parts 
of the rod, and after an infinitely long time the temperature at the 
distance x from S is given by = 6q. g"*^*-*. On the other hand, the 
temperature at the same place at the time t is given by 

(e) 0=6^. e-'^*'-' + u . p"**. 

In this case u must satisfy the following conditions : 

(1) It must satisfy the equation du/dt = k^ . dhi/dx^ ; 

(2) When / = the equation holds = ^^ • ^"^^'^ + ^ > 

(3) When a; = we must have u = 0. 

Conditions (1) and (3) are satisfied by 

u = 2/ir . Tc/A sin (Xx) rf(a)s\n(\a)e-^'^'*da. 

Jo Jq 

And as u also satisfies (2) we have 

O^e^.e- ^^'"^ ^ 2liT . fdX sin {\x) fy(a)8in(Xa)da. 

Jo Jo 
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rod is infinitely great, or if the coefficient of radiation E is infinitely 
small. Setting h = in (f ) we come back to a case already treated, 
since 

This result is also found in CXXXI. The expression (g) gives the 
temperature in an infinitely extended body, having, at the time / = 0, 
the temperature 6^ = at all points, with the exception of the points 
on the surface x = 0, for which 6^6^. 

The solution (f) holds only for positive values of a;; and that it 
shall hold for those parts of the rod which correspond to negative 
values of x, x must be replaced by - x in (f ). 



Section CXXXIV. On the Conduction of Heat in Fluids. 

Up to this point we have treated only the motion of heat in 
solids. The results which have thus been obtained cannot in 
general be applied to fluids, because any diff'erence of temperature 
which causes a diflerent expansion in difl'crent parts of the fluid, 
occasions so-called convection currents. In general, differences of 
temperature are more quickly equalized by these currents than by 
conduction alone. The relations are therefore very complicated. We 
will confine ourselves to developing the general equations of motion 
which will be applied in some simple cases. 

We use the notation of hydrodynamics. The equation of con- 
tinuity, which expresses that the quantity of matter is constant, 
becomes [cf XLL (d)] 

(a) ?ipl'dt + d{pii)/dx + 'd{pt^/'^y + d(pio)ldz = 0. 

The momentum received by the unit of volume in the unit of 
time is equal to the force acting on that unit of volume. We have 
therefore from XLL 

' A = p(duldt + udu/'dx 4- vdu-l'dy + wdHJdz) 
= dXj^x + dXjdy + dXJdz + pX, 

B = p(dv/dt + vdv/'dx + vdvj'dy + wdvlbz) 
= -dYJ-dx + -dYJ^y + -dYJ-dz + pY, 

C = p(dw/dt + iidw/dx + vdw/dy + u^dw/dz) 
= dZJdx 4- dZJ'dy + dZjdz + pZ. 

The symbols Aj B, C are introduced on account of the use to be 
subsequently made of them. 



(b) 



326 CONDUCTION OF HEAT. [chap.xiv. 

Suppose the fluid which is here considered to be a liquid and 
incompressible. In this case it contains energy only in the form 
of kinetic energy or heat If the body, on the other hand, is 
gaseous, we suppose it to be an ideal gas, which conforms to the 
law of Boyle and Gray-Lussac. Such a gas can indeed be com- 
pressed, but the work done by the compression is transformed into 
heat, so that the energy contained by the gas is independent of^ 
the volume, and is determined only by its kinetic energy and 
temperature. 

A volume-element of the fluid d(a = dxdf/dz contains, at the tim^ 
t, a quantity of energy which is the sum of the kinetic energy aw 
the quantity of heat contained in it. We multiply the latter hy 
the mechanical equivalent / of the unit of heat. If E is the uni 
of volume, and if the unit of mass receives the quantity of heat ^ 
we have, designating the velocity by A, E = ^ph^ + JpQ, During tli« 
time dt the volume element d(a receives the quantity of energy 

(c) dE/dt . dtd(o, where dE/dt = U{ph^)ldt + / . d{pe)/dL 

The increment of energy which the element dta receives in the time — " 
dt proceeds from the following causes : 

1. From the work done by the accelerating forces JT, F, Z. 

2. From the kinetic energy which, in consequence of the flow of 
the fluid, i)asses into the volume-element dto through its surface. 

3. From the work done by the surface forces X^, Y^ ...on that 
part of the fluid which is situated on the surface of the element d^a, 

4. From the heat contained by that part of the fluid which flows 
through the surface-element dm. 

5. From the heat which passes into the element dm by conduction. 
We will designate these quantities of energy in order by e^dmdiy 

ejtindty e^doidt, e^dodt, and e^dtadt ; e^ is therefore the quantity of energy 
received by the unit of volume in the unit of time only through 
the influence of the accelerating forces. We will now investigate 
the values of e^^ e^t — 

We determine the work done by the accelerating forces in the 
time dt in the following way. The volume-element contains the 
mass pdm and moves in the time dt through the distance vdt in the 
direction of the x-axis. Thus the force X does the work pdm . Xudt. 
The work done by the forces Y and Z is determined in the same 
way. The work considered is therefore p{uX -\- vY + wZ)d<adt, We 
have represented this quantity of work by e^dmdt and hence obtain 

(d) e^^piuX-^-vY^ioZ). 
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The kinetic energy which d(a receives from that part of the fluid 
which flows in the time dt through the element da), is determined 
thus. The mass which flows through the surface-element dydz in the 
time dt is p.u.dt. dydz ; the kinetic energy of this mass is therefore 
^ .p,udt.dydz,h^. But if we set U=^pufir, U is the component 
of flow of the kinetic energy in the direction of the ii;-axis. Let 
the corresponding components of flow with respect to the y- and 
2r-axes be V and JV respectively ; we then have 

By a method similar to that used in XIV., it may be shown that 
in the time dt the volume-element dui receives the quantity of energy 
-(dU'jdx-{-dV/dy + dH^/dz)d(i}dt, We represent this quantity by 
e^(adt and hence obtain 

^2 = - i[3(f>w/i-')/3x -f- d{pvh^)/dy + 'd(pwh^)ldzl 

or ^2 =" ~ y^' ' [^(p^O/^*^ + ^(p'-)/^y + d{pu')/dz] 

- pu(udu/dx + vdvj'dx + wdw/dx) 

- pv {tidnj'dy -f vdi^/dy + wdw/dy) 

- pw(i0u/dz + vdv/dz + w'dw/dz). 

It follows from this by the help of equations (a) and (b) that 
«2 -= ^h' . dp/dt -f p{ii:dii/dt + v'dv/dt + v/dw/?t) - (Au + Bv + Cw\ 

or more simply 

^2 = \hHpldt -f Ipdli^ldt - {Au -\-Bv-\- Civ), 

(e) «2 = i • d(ph^)ldt - (A u + Br -f Cw). 

The quantity of energy which the surface forces X^ Y^ ...impart 
to the element rfw, may be determined in the following way. The 
force - Xjiydz acts on the surface-element dydz which bounds dm 
on the -side lying in the direction of the negative ar-axis, in the 
direction of the a:-axis. The fluid particles which flow in the time 
dt through the element dydz traverse the path vdt in the direction 
of the /y-axis. Thus the force - X^ does the work - Xjlydz . vdt. But 
the fluid particles in the surface-element have also tangential motions. 
They traverse the path tdt in the direction of the y-axis under the 
influence of the force - Yjlydz, by which the work - YJlydz,vdt is 
done. The same particles also move in the direction of the 2: axis, 
80 that the work - Zjlydz . %cdt is done. The total work done by 
the forces in the time dt on the element dydz is therefore 

- (X^^i + Y^v -I- Z,iv)dydzdt. 
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The increase in energy which d(o receives in the time dt is given 
by [^.d{ph^)jdt-{-Jd(pO)ldt]diDdL At the same time the quantity 
of energy (ei + e^-{-e^-\-e^-{-e^) dindt enters the element (Zw, and we 
therefore have 

(i) i . d{phr)jdt + Jd{pB)ldt = «i + eg + «8 + ^4 + h- 

Introducing in this equation the values found for e^ e.^ ^3, ...it 
follows that 

r Jp(de/dt + vde/dx + vde/'di/ + wdSjdz) - Jk . v^e 

< k) I = X,?^u/dx + Y^'dv/di/ + Z.'dw/dz + Z,{dwldy + 'dv/dz) 

\ + X^duldz + -dwfdx) + Y^Cdvldx + '^iz/^.y). 

If internal friction exists in the fluid, we have from XLVII. (h) 
-^* = "P+^fjL, dufdz - ^/x(du/dz + 2v/dy + dw/dz) 
Z^ = /x(dwldy + 'dv/dz), etc. 
By the help of these relations we may give equation (k) the form 

{Jp(dejdt + udO/dx + vdOjdy + M;3e/3.:) - Jk\^W 
= - p(du/dx + rfv/9y + ^M?/3-?) + 2fjL[(duldxy 
+ (c^/Oi/)'-^ + (9w;/32)2 - :^(diildx + 3r/% + dw/dzf] 
+ p[(divldy + dr/dzf + (a?//o<^ + ^t'/djc)2 + {dv/dx + dv/dy)^]. 

For the determination of the motion and temperature of the fluid 
we have the five equations given under (a), (b), and (1). These ^ve 
equations are not sufficient to determine the seven unknown quantities 
n, Vy w, py py B, and 0. We obtain two other equations in the follow- 
ing way. The total quantity of heat 6 contained by the unit of 
mass must depend on 6, and we assume that (m) B = cd, where c 
is the specific heat, a constant. If the fluid considered is gaseous, 
€ denotes the specific heat of constant volume. 

The second equation must express the relation between density, 
pressure, and temperature. In the case of liquids, we may set approxi- 
mately (n) /9 = /90/(l +a6^), where pQ is the density when ^ = and 
a is a constant. But for gases, if F is the volume of the unit of 
mass at pressure p and temperature 6, V^ the volume of the same 
mass at pressure p^ and temperature 0% we have pV = PqVq(\ -k- aO), 
Since Vp^\ and V^q=\, we have (o) plp=polPo'{^ +olO). The 
equation (o) in connection with (a), (b), (1), and (m) serves to deter- 
mine the unknown quantities. The complicated equations which 
determine temperature and motion in a fluid are very hard to integrate, 
so that up to this time no case has been completely solved. 
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Skction CXXXV. Thk Influence of the Conduction of Heat 
ON THE Intensity and Velocity of Sound in Gases. 

Wo have the follo\nng equations [CXXXIV.] for the determina- 
tion of motion in a gas in which the temperature is variable : 

1. The ei^uation of continuity [CXXXIV. (a)], which may take 
the following form : 

0/3; v?/ + f>(t>M^ ^j" + ?r C^y + Om7, ?c) + u?>pjdx + t'^p/dy + vfdpfdz = 0. 

2. The equations of motion [CXXXIV. (b)]. We replace in these 
equations the forces A'^ A'^, ...by the values found in XL VII. (b) 
and (h), and obtain [cf. XL VII I. (a)] 

p(?M ?/ + M?M ?j: + rdufdij + wduj'dz) 
= pX - ?/», ?J- + ft V-M + lp'd{duldx + dv/dy + dw/'dz)/dXy 

and analogous equations for y and z. 

3. The condition for the conservation of energy [cf CXXXIV. (1)]. 

4. The connection between the heat contained in the body and 
the tenq)erature [cf CXXXIV. (m)]. 

5. The Boyle-Gay-Lussac law [cf CXXXIV. (o)]. 

Let the velocity and change of temperature be very small quantities; 
the same is then true of such differential coefficients as 'dpfdx^ 36/3x, 
etc., and we will therefore neglect the product of these quantities, 
that is, terms of the form udp^x, u'dit'dx, udSjdx, etc The equa- 
tions 1 — 5 are then very much simplified. We obtain 

(a) O(log p): ?t + ?*/. ?.r + ?/• .> + ?«•/?: = 0. 

If we further set p;p = fiy eiiuation (2), by use of (a), takes the form 

(b) ?!/ ^t-k-l'p. ?/> .V = fi'V-if - h'' ' ^-(i^gf>),^-^-^- 

Similar etpiatioiis hold for u and r, if .r is replaced by ?/ and : 
res[)ectively. 

Eliminating 9 in equation (WXXIV. (I) by means of the relation 
B = cO and introducing the heat equivalent J of the unit of work 
for 1;/, it follows that (c) r/).?^ ?f - kV'-t^ = .4j>?{\ogp)pf. We have 
further the equation [CXXXIV. (o)], {<^) J\p=Po'po'{1+clO). We 
consider /x', A*, aud c as constants. We substitute /j^ for p, if p or 
\/p occurs as a coefficient ; we also substitute p^^ for p in (c). In 
these substitutions we neglect only infinitely small quantities of the 
second order. Setting p = Py(l+o-), we obtain (e) log p = log p,) -f (r, 
because o- is a small tjuantity. Hence equation (d) takes the form 
P'=Po{l+<r)(l -{-a6)j or, because is also a small quantity, 

1 P=Po(^ -^(r-haO). 
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Equation (c) now becomes dO/dt - k/cpQ . V^^ = ^Pol^Po • ^P^ ^^^ 
if we set K^ = k/cpQ and ^ — cp^BjApQ^ we obtain from the last equation 
(g) mi'dt - k2 v-6 = '^I'dt. 

By the use of (e) and (f) we may transform equation (b) into 

'duj'dt +pJPo . 'do'/dx +i?o«//>o • "^^/^ = /*' • V'W - J/i' . BV/B/dx. 
Introducing in place of the quantity 6 already defined, we have 
(h ) dufdi + pjpo . dir/dx -{-pJpq . Ap^a/p^c . W/dx = /i' . V^t* - IH'' • 'd^I'dtdx. 

The heat required to raise the temperature of a gram of air 
under constant pressure from 6 to O-k-dO is equal to C.dO, if C is 
the specific heat at constant pressure. A part of this heat, namely 
c . dO, is used in raising the temperature, the other part is used in 
overcoming resistance during the expansion, by which the work p . dV 
is done. We have therefore C.dO = c,dd + Ap.dF, It follows from 
the equation i?^=/?o^o(l + "^)> because p is here constant, that 
p,dV=^pQVQa,ddy and therefore (i) C^c-^-ApQa/p^, since f^Qpo — ^* 

Finally, if we set (l'^=p^JO|p^f and h^=Polpo, the equations (a), (b), 
and (c) take the following forms : 

dir/dt + 'du/dx -{-.'dvfdy + dwjdz = 0, 
du /dt + l^. ?Kr/dx + (a2 - b^-)dejdx = /i' . V'hi - J/i' . 3V/D/3x, 
(k) \ dv /dt + 62 . ^o.py + (^2 ^ h'-)deidy = /x' . V'^'^ - Jm' . d^trldtdy, 
'dw/dt + i»2 . do-ldz + (a2 - ^►•'2)30/9. ^ ^' , ^ij^ _ j^' . df^fdtdz, 

de/dt - k2 v^e = B(r/3^ 

These equations are duo to Kirchhoff.* Reference may be made to 
Kirchhoff's work for the application of these equations to the more 
difficult cases of the transmission of sound. We will here investigate 
only the influence of conduction and friction on the motion of plane 
sound waves. First, however, the physical significance of the con- 
stants (a) and (b) must be determined. 

If there is neither conduction nor friction in the air, we have k - 
and ft' = ; further, if the vibrations occur in the direction of 
the ar-axis, we also have t' = w; = 0. Under these circumstances the 
equations (k) become 

3<r/3/ + 'dufdx = 0, duj'dt + V- . dtr/dx + {a^ - b^) . dSfdx = 0, W/dt = dfrfdL 

If the second of these three equations is differentiated with respect 
to /, we obtain 

^2M/^^ + i»2 . 'd'^a/dxdt + (a2 - b^) . Bse/Da; dt = 0. 

♦KirchhoflF, Pofjfj. Ann., Vol. 134. 1868. 
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It thus follows, by the use of the first and last of these equations, 
that d^/df^ = a^ . d^u/dx'^. An integral of this equation is 

w = cos[27r/r.(^-a;/a)], 

and this expression represents a wave motion which proceeds with 
the velocity (1) a^Jp^C/pQC — b^/Cjc. This value for the velocity of 
sound was found by Laplace. It differs from the value calculated 
in XXXV., which was originally found by Newton, and which in 
our present notation is b — JpJpQ. The difference between the two 
formulas is due to the fact that in the first we have taken into 
account the heating of the air by compression and its cooling by 
expansion. Since the ratio C/c has been determined by direct experi- 
ment, the true velocity of sound in the air may be calculated. For 
atmospheric air at 0° C, C/c = 1,405 ; hence a = 33815 cm. This value 
agrees very well with experiment. 

Suppose that a plane-wave is propagated in the direction of the 
a;-axis, and that k and fi are not zero. The vibrations are parallel 
to the X-axis, so that v = and w = 0. Since w, 6, and <r are then 
functions of x and / alone, equations (k) become 

da-fdl + "du/dx = 0, 
(m) - du/dt + 62 . da-ldx + (a2 - h'^)?eidx = /j! . dH/dx^ - ifif . ^^-a-j^fdr^ 

dO/dt - ic2 . d'^jdx^ = d(rldL 

The unknown quantities ?/, 9, and o- are periodic functions of t. 
We will represent by // a real magnitude, and by n\ 6', and o-' three 
magnitudes which are functions of x alone. It is then admissible 
to make the assumptions (n) u = u' .(^*\ 6 = 6'. e*'', (r = o-'.^", where 
i = s- - i. By the help of these equations we obtain from (m) 

hia-' + du'jdx = 0, 

Jiiu' + b- . dcr'Idx + {a' - b'^)de'idx = fx' . d'hi'ldx'^ - ^fi'hi . d<r';dx, 

hie'-KKd'0"idx^ = hi<T\ 

We eliminate <r' from these ecjuations, and then have 

J _ hiu + h\{a' - />-) . dO'-dx = {V^ + */x7ii) . d;hL'ldx\ 
^^^ \ du'/dx = K-^d-^O'ldx^ - JdQ'. 

If the first of these equations (o) is differentiated with respect to j, 
n may be eliminated, and we obtain the following differential equation : 

(p) K^h'^ + J/iVu) . d-^O'/d.i^ + (/i-V-' + f,fili- - haH) . d'^e'/dx' - hHO' = 0. 

Since this ecjuation is linear, we set 0' = e*^, and obtain 

(r) K'm\b'^ + ifJi'hi) + m^{h'-K- + Jft'A- - huH) - hH = 0. 
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We will determine the exponent m only in the case in which 
the conductivity as well as the internal friction is very small. If 
K = and fJL = 0, we have from (r) m = - hi/a. If therefore we set 
m==(-hi + S)laf where 8 is a small quantity whose higher powers 
may be disregarded, we have from (r), if the terms k-/a', k^S, etc., are 
neglected, (s) 8= -[^fxJi^-{-(l-bya^)KVi']l2a\ But it follows from 
(n) and (q) that one value for 6 is 6 = g^'^" . 6*'<'-''*> ; the other is 
obtained by substituting - i for i, which gives 9 = c^'" . g-*«' -*/«>. Half 
the sum of the two values of 6 satisfies the conditions and is at 
the same time real, since 
(t) 6 = e-[VaA*'*»+a-6«;a^««»q.x/2a^ ^ cosj-/^/ _ a;/a)]. 

From the exponent of e we see that the changes of temperature in 
the wave diminish the further it travels; at the same time u also 
diminishes. The sound, therefore, becomes weaker as the wave travels 
further. If T is the period of vibration and n the number of vibra- 
tions, we have /i = 27r/r=2/i7r. 

By using this value of h it follows, from equation (t), that the 
higher tones lose their intensity more quickly than the lower ones. 

The mathematical treatment of conduction is principally due to 
Fourier, who not only developed the partial differential equation 
which is at the foundation of the treatment of conduction, but also 
gave us methods for the solution of a great number of problems. 
His principal work is : Th^oi^ie Analytique de ki Chaleur, Paris, 1822. 
Of the later works on this subject we mention Eiemann, Partielle 
Differentialgleickungenf edited by Hattendorf, Braunschweig, 1876. 
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